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Fuzzy-valued cardinality of type 2 fuzzy sets
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Abstract
In this paper, we consider generalized concepts of cardinality of a fuzzy sets and obtaind some properties

of new concepts of fuzzy-valued cardinality of type 2 fuzzy sets as fuzzy-valued functions. Also, we investigate
examples for the calculation of the generalized cardinality of fuzzy-valued functions and compared with

concepts of cardinality of a fuzzy set and a fuzzy-valued function.

1. Introduction

A fuzzy set is considered by a function f: X — (0,1}, where X is a set. D. Ralescu [3,4], D. Dubois and
H. Prade ‘1, R. R. Yager [6] investigated concepts of cardinality of a fuzzy set and obtained some properties
of new concepts. A statement such as ” most students are smart” has a truth value between 0 and 1 ; such
a statement is of the general form ” (Jx’s are A” where () is a fuzzy quantifier and A is a fuzzy subset of a
(finite) universe of discourse X = {zy,z2, -+ .1y}

In this paper, we consider a fuzzy-valued function F': X — F(R) instead of a fuzzy set A. that is, a real

valued function on X. We denote a fuzzy-valued function [ by

I 2 T Ly
MFa, MHFa ~°° [HFa,

Many people have studied the theory of fuzzy sets and fuzzy numbers. We will use the following fuzzy
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numbers. Let R be the set of real numbers and [0, 1] the interval in R. F(f2) denote the set of all fuzzy sets
in R.

Definition 1.1 A fuzzy set A € F(R) is called a fuzzy number, if and only if

(1) A is normal, i.e. there is at least a xy € R such that pa(zy) = 1.
(2) Ais convex, ie. pa(Az+ (1 — A)y) > min(pa(c), ua(y)) forall e,y € Rand A € [0,1.

(3) For any a € (0,1], Aq = {z : palz) > «} is a closed interval and A, = {x: pa(z) >0}

is compact.

Here, A is the closure of Ag.

It follows from above that A € F(R) is a fuzzy number if and only if there exists a closed interval [r, 5|

such that

1 z€rs #£0
palz) =4 Lix) z<r
R(z) z>s

where L(z) is a right continuous function and R(xz) is a left continuous function (see |5]).

2. Cardinality and f-cardinality

Let X = {z;,22, - , T} be afinite set , and let A be a fuzzy subset of X represented by its membership
function j4 : X — [0,1]. We denote the a-level set of A, L,(A4) = {z € X|pa(z) > a} for 0 < a < 1. The
complement A of A has membership function ji; = 1 — j4. D. Ralescu[3] and A.L. Ralescu’2’ discussed
some properties of cardA, the cardinality of fuzzy set A. This should be a fuzzy subset of {0.1, - .n}.
with card A(k) being interpreted as the possibility that A has exactly k elements (0 < k < n). Also, A. L.
Ralescu[2! investigated that cardA was k to the extent to which exatly k elements of X belong to A while

the other (n — k) elements do not belong to A and obtained the following formular, the main formular which

can be used to actually calculate cardA(k). for each k = 0,1.2.--- .
cardA(k) = ,U,(k) AN (1 - ,“(k‘# 1)), k= 0, 1, R 3
where fu(y), f42), "+, fi(n) are the values of pualzy), -, palxy,) arranged in decreasing order of magnitude,

and pg) = 1, figniny = 0.
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Now we will consider a new definition of f-card F, the fuzzy-valued cardinality of a fuzzy set-valued
function F' : X — F(R) with the following membership functions tr@)(z) = pre of each F(z;), for

1=12,-- 7 ;

1 z€r,s]#0
,U‘F,a.“q,dL(;E) = LL(.Z') T <r;
Rz} =>s
where a;(¢ = 1,2,--+ ,n) are some real numbers, s; = m—m—”m and t; = m———ﬂtl a;, functions L; are straight lines

through two points (1, s;),(c;,0) and functions R; are straight lines through two points (1,1;), (d;,0), for
some numbers ¢;,d; and i = 1,2,--- ,n and m is some fixed positive integer. We denote the set of such fuzzy

numbers by Fp.

Definition 2.1 The f-cardinality of a fuzzy-valued function F' is a fuzzy-valued function f-card F' :
{0,1,--- ,n} — Fy(R) by for every k

f-ecardF (k) = HFay, cpdy, 1N BEI-ag d=dygy l—cpe,

where aqy, 2 apy 2 -+ 2 ay) is the ordered values of the a's, agy = 1 and ag,;1) = 0, and ppy(z) =

L, upi(z) = 0 for all z € R. Furthermore, we define the operation A by

HFa.cd A HEbe f = HEanbenednf-
Notes 2.2 Let us compare with a fuzzy set A (see Example 1 [3]);
Ao momm
09 08 01 O
Then the cardinality of fuzzy set is

0 1 2 3 4
cardA =
01 02 08 010

This fact implies that the fuzzy cardinality of fuzzy-valued functions is some generalized definition of cardi-
nality of fuzzy sets, since we consider the fuzzy numbers p14. ., 4., HEA0.8.00,dps HAD.1c5,ds HA,00,0 instead of

the nonfuzzy numbers 0.9,0.8,0.1, 0.

Proposition 2.3 f-card F(k) = A7) if and only if F is a nonfuzzy set with & elements.
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From the definition of the cardinality of fuzzy-valued functions, easily, it implies the following proposition.

Proposition 2.4 For every k = 0,1, n, the f-card F(k) of a fuzzy-valued function F' lies in Fy.

In this paper, we define the concept of the following complemented fuzzy-valued function [ of a fuzzy-

valued function F
BE e, diiy = R a0 dy 0 le o

fori=1,2,-- ,n.
Proposition 2.5 For every fuzzy-valued function I, we have f-card F'(i)= f-card Fi(n — i)

We think that the following result will be used in an aggregation of fuzzy-valued functions, researching
in the future. The concepts of an aggregation of fuzzy sets was discussed in D. Ralescu (7]. At first, we

define the maximum V of elements of Fy.

3. Nonfuzzy f-cardinality

Let 0 < @ < 1and F: X — Fy be a fuzzy-valued function. Then the a-level set [jif 4, 4o of a fuzzy set
{(x, pFaca(z)) | © € R} is is denoted by

[,UF,a,c,d}a = {93 €R I “F.a,c,d(x) 2 a}

In this section, we discuss a fuzzy-valued function has a nonfuzzy f-cardinality (number of elements).

Definition 3.1 The nonfuzzy f-cardinality of I, denoted by nf-card I is integer

0 fF=0

nf-card o F =
np] fF#0

where 0 < o < 1, [np] is the greatest integer less than 7p and

j+£ume[m%W%MJ%} if ag) > 0.5

ng = { ‘
G-+ L{zlz € {/ua% e, el 1’] }oifag <05
g

where £(B) = the length of an interval B. We note there are uniquely the length of level sets, because they

are closed interals.
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The following simple procedure can be used to calculate nf-card [,

Algorithm 3.2
(i) If F =0, set nf-card,, F' = 0. Stop.

(i) If F # 0, find j = max{1 < s < njag1) + ag) > 1}

(ii1) Calculate agj). If ag;) > 0.5, set np = j + L{z|z € [/,Lp_aw. d ] -}
%)

CiyieQyy)
If CL(]) < 05’ set ng = (-] - 1) + E{“LI/L‘ € [/’LF.ar}l)«Cvj —ly-d(.%l):l }

agp

(vi) Calculate np]. Set nf-card F' = [ng]. Stop.

Discussing the below proposition, we introduce the order of fuzzy-valued sets on X. We define ' < G
by

(k) < b(k) and .UF',a(k),c(k),d(k,(z) S pes ook ik (x - (b(k) — a(k))), forallz € R

fork=12--,n.

Using the definition of order of fuzzy-valued functions, we have the following proposition, an important

property of the nonfuzzy f-cardinality.

Proposition 3.3 Let F' and G be fuzzy-valued functions on X into Fy. If £ < G, then nf-card 4, F <
nf-card ,,G.

We note that if /' is a fuzzy set, the above proposition is agree with proposition 5 3]. Now, let us

consider some examples.

Example 3.4 Let F be a fuzzy-valued function and we denote by

T (D] T3 T4
F =
HF09,~1.124 HFO5, 1023 HMHFO1,-0918 HF00,0

where m = 5. Then we calculated of f-card I as in section 2 with ¢g = 1,dg = 1 and ¢5 = 0,d; = 0. At first,
we find the f; and g,, where f, = ¢, A1 —d.iand g =d; A1 ~¢ufori=0,1,--- ,n

f():co/\lvdlz1/\1—2.4:——1.4andg“:d“/\1—(:1:1/\1—(—1.1):2.1

So, we obtain fy = —1.4,gy = 2.1 and calculate the remainders by the similar method. Hence we have
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0 1 2 3 4
f-card, F' =
HFEOL, 1421 HFOZ, 1324 MHFOx 0%19 MFO1. 09,1 HFO00

In this example, we know j = 2 and a(y) > 0.5. If we put o = 1, then L {upyx gx19,, = 0.32. So. np = 2.32

and hence nf-card, F' = 2. But if o = 0.5, then we have £ [upgs, 0.819)y5 = 1.57 and np = 3.57. Therefore

we obtain nf-cardysl’ = 3.

Now we will compare with example 1 in the reference[3]. If m = 5 and oy = 1, we obtained the same

1 2 3 4
A=
09 08 01 O

But if v = 5 and ay = 0.5, the number 3 is different from the number 2 of of cradinality of fuzzy set

number 2 of cradinality of fuzzy set A

A. T guess this definition is the useful tool, because we can deal with some fuzziness of the degree of a

membership function of fuzzy set.
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