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ABSTRACT
In this paper, we introduce new results of law large numbers for mutually T-related
fuzzy numbers, when T is an Archimedean t-norm and spreads are random variables,
and generalize earlier result of Fullér[FSS 45(1992) 299-303].

I Introduction.

Fullér[5] proved a law of large numbers for sequence of mutually T-related symmetric

uy
(u+v—uw)

for all 0<u, v<1.Badard [1] also proved a law of large numbers for fuzzy numbers with

triangular fuzzy numbers with common spreads if T{u,v)< Hy(w, v)=

common spread when T(u, v) = ut. Recently,many different types of

generalization have done by many authors, for exampleFullér{6], Triesch(13], Hong[89],
Hong and Kim[10] and Williamson[15]. We note that Fullér and Triesch[7] show that
the result of Williamson is not valid and Hong[11] also show that Theorem 2(ii)of Fullér
is wrong. On the other hand, Nither et al.f[l14] considered a linear regression model for
L-R random fuzzy numbers. In this paper, we introduce a new type of law of large
numbers for fuzzy numbers. Indeed,we consider the case when spreads are random
variables and generalize the result of Fullér[5].

I .Preliminaries.



As defined in [3],by a fuzzy number we mean a fuzzy subset €& of the real line with
a unimodal,upper semicontinuous membership function such that there exists a unique
real number m satisfying & (m)= SUP,&(x)=1. The number m=m(¢§)is called
the modal value of §&.

Now suppose that a sequences of fuzzy numbers & ;, & 5,-, & ,,--and a t-norm
T(see[17))are given. The T-sum & ;+ £ 5+ -+ £ ,and the T-arithmetic mea
( €+ & ,+-+ & ,)/n are the fuzzy numbers defined by

E1 Eatt £, xzf_[.Jﬂ xp=z TCE1(ED 0 800D

and

Lt bt £0@=(6 1+ &+ € )0,
respectively(sec[3]).It is easy to see that
m( 3 1+ 3 2+"‘+ £ ,.)=m( 3 1)+m( 3 2)+“‘+m( é ”)=nm(—};( é 1+ é 2+"'+ 3 ,,))
For a fuzzy number £ and any subset U of the real numbers, the quantity

: ._1_ SUP
Nes(£|D): =1 weD & (%)

is considered to measure the necessity of £ belonging to D(see[16]).If D is an interval
(a,b) we also write N es(a< & {b) instead of Nes(€ | D).

Recall that a t-norm 7 is called Archimedean if and only if 7 is continuous and
T(x,x)<{x for al x=(0,1). A t-norm 7 is called strict if it is continuous and all
partial mappings 7(x,-),x €[0,1],are strictly increasing; it is called nilpotent if it is
continuous, Archimedean and not strict. A well-known theorem (see[12]) asserts that for
each Archimedean t-norm there exists a continuous, decreasing function
7:[0,11-[0, =] with A1)=0 such that

T(x,,, x)=Ff"UA x)++Rx,)
for all x;=(0,1),1<i<n. Here s'"U:[0,00]-[0,1]is defined by

f[—u(y)z{ F7H () for ye[0,A0)],

0 if ¥>A0).
The function J is called the additive generator of 7. Notice that if a continuous t-norm
7 has an additive generator Jthen this additive generator is uniquely determined up to
a non-zero positive multiplicative constant. A continuous Archmedean t-norm 7 with
additive generator j is strict if and only if f0)=oc0. Hence, for a nilpotent t-norm
7 there always exists an additive generator j such that AQ)=1,
called the normde additive generator of 7.
Since J is continuous and decreasing, f -1 is also continuous and non-increasing, we
have
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(& 4+ & )D)= Sup A OW EHEP))

X1+t x,=2
= -1 INF s
= N0 L 40 g, = (BRI, M
A triangular fuzzy number & denoted by (@, @, 8) is defined as

1——137—11' if a— a<ta,

1-1a=t i pci<ar 8,

_ 8
a(y)= 0 otherwise,

where a< R is the center and a >0 is the left spread, 8 >0 is the right spread of a.

If a=48, then the triangular fuzzy number is called a symmetric triangular fuzzy
number and denoted by (a, a).

An L-R fuzzy number a=(a, @, 8) 1z is a function from the reals into the
interval [0,1] satisfying

R t/—ga) for a<i<a+ 8,

L( t—a) for a— a<t<a,
a
a(n= 0 else

Where L and R are decreasing and continuous functions from [0,1] to [0,1] satisfying
L(0)=R(0)=1 and L(1)= R(1)=0.

Let (R, T, P)be a probability space and K(R) the set of all fuzzy sets A on R with
upper semi-continuous normalized membership function and compact support

{x eR:A(x)>0}.

Definition[141.A mapping Y|2 — K(R) is a random fuzzy set if every a-cut of
Y, Y.(0)={xeR:(¥Y(w))Xx)=2a} is a compact random set.

For general discussions on fuzzy random sets, see Kwakernaak [13],Puri and Ralescu
[14], and Zhang et al. [21]. Let U, Y,and V be independent random variables on
(Q,T.P). Assume U and Y are positive. Let 7T{K) be the set of all triangular fuzzy
number 7 on R. Then clearly T{R)CK(R).Let g R® — T(R)be a function defined
by g(uw,y,v).Then g(U Y, V=(U,Y,V) is clearly a triangular random fuzzy

set(number).

M. Laws of large numbers for fuzzy numbers.

The function H, : [0,11x[0,1]1 — [0,1], where 7 =0, defined by
H, (u,v)=wuv/ (v +(1— 7 Xu+ v—wv))is called the Hamacher norm with parameter
y . The following result is due to Fullér[5].
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Theorem 1[5). Let 7< H, and let a,=(a;, a;),i=1,2, be fuzzy numbers
with @ = a; for i=1,2,-,then for any >0
imNes(m,— ¢ < A nsm,+e)=1
where mn=(01+“‘+ a,,)/n and An=51+"'+ a,
In this theorem, if we assume { ¢ ;} /=, is non-negative ii.d.(independent and

identically distributed) random variables, what conclusion can we have?
To answer this question we need the following lemmas.The first three lemmas are
well known results in probability theory.

Lemma 1. Let { X,} o, be iidrandom variables and S,= 2,7, X;.Then
S./n —E X a.s. itf E | X [<ooiff 255 P {| X ,l2n}<oo.
Lemma 2. [2, Theorem 543] Let { X,} 5=, be iidrandom variables with
EX;=coand S,=2 7= X ..
Then lim| S,l/ 7,=0 a.s.iff D P{l X,z o

Lemma 3. Let { X,},=; be iidrandom variables. Then E | X [<co iff

7! max j<peqnl X4l =0 a.s.

Lemma 4. Let 7 be an Archimedean t-norm with additive generator jlet
= (a; a; B, 1=12,,n be L-R fuzzy numbers and let A, be the

membership function of the T-sum. Suppose that f< R and f° L are convex function
then

£ (R L(—E2 =2 ))) fA,—ai<z<A,
AL (2)< a

FUN (A R(Z=L2 /9 ) fA,<z<A,+8 .

where

A,= a,+ ay++a, a y=max{ a,,, e} and B ,=max{ B ,,, B ;)

lemma 5 If 7 is an Archimedean t-norm with additive generator 7 and

a,= (a;, a; B4 1=12,,nare L-R fuzzy numbers. Then we have

A nf (U222 )) i A, (et @) S 2 < A,

A, (2)= zl~A
FU (s o (R Ln ) A, <2< A4 Bt B )
B+ + B,
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Lemma 6. Let 7 be an Archimedean t-norm with additive generator Jlet
a;=(a; a;, B i=12,n be L-R fuzzy numbers and let A, be the

membership function of  their T -sum,then for any e >0 such that
min(a 5, 8 W>e>0 J§) N

esCA, /nl( m,— e, m,+ e))<l—max(f " (nf L( ae.),f[_ll(nf°R( BE')))'

n

i) NesCA ,/nl(m,—e, m,+ e))Zl——max(f[AH(nf“L(ﬁ),

n

[-1] R e
o R 5 g,

N).
Theorem 2.let a;= (a;, o (w), B ,(w)) e i=1,2,-,n denote a sequence of
L-R random fuzzy numbers with non-negative real valued iid random variables
{ a ()2 and{ B ;(w)} =; Suppose that an Archimedean t-norm with additive
generator / is given and that f- R and f- L are convex function with
lirgl*(faR)'(x)= ry 20, lir{)l‘(f°L)'(x)= 7y 20, If Ea ;{0 and E B {0,

then

limNes(m,—e <A, ,/n<m,+e)=1 a.s.

700

The following is the converse of Theorem 2, which can be proved under weaker
conditions.
For a general strict t-norm the converse of Theorem 2 is also true.

Theorem 3. Let a,= (a,, a (w), 8 (w)),, i=1,2,,7n denote a sequence of
L-R random fuzzy numbers with non-negative real valued iid random variables
{ a (w)iZ; and{ B ,(w)} 2, Suppose that an Archimedean t-norm with strict
-additive generator s is given and that f- K and f- L are convex function with
lir{)lr(f°R)'(x)= ry 00, lirgl?(f°L)'(x)= y 5>0.Then E @ {© and E 8 {0,
iff
limNes(m,— e <A,/n<m,+e)=1 a.s.
7n—>00
For the case of E @ = and E 8 ;= oo,we have the following sufficient condition

of law of large numbers for L — R random fuzzy numbers.

Theorem 4. Let a,= (a;, o (0), B (w)) ,,i=1,2,,n denote a sequence of
L-R random fuzzy numbers with non-negative real valued iid random variables
{ @ (0) 2, and{ B ;(w)}i=, with E a = and E B ;=co. Suppose that an

Archimedean t-norm with additive generator 7 is given and that f- R and f-L are
convex function with
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lim (f- R ()= 7 >0, lm(f-L)(®=70. I 2P 2 .2 n?(e

and 2, 5=1P{ B ,= n?}<oo, then

limNes(m,— e <A,/n<m,+e)=1 a.s.
n—>co

Remark. Let a tnorm 7T be a Hamacher tnorm H, with 720 and

L ,= R,=1—xThen we have the following convex additive generator:
r+0=-rk .

In-LHL=TI 5 50,

fr (0=

lfx if y=0.

We also have

. O PY — 1 Ty = v if >0,
lim (7e R = lim (D' ={ | ¢

Therefore. Theorem 1[5] is a special case of Theorem 2, since we can consider a
sequence of constant real numbers as a sequence of ii.d. random variables.

Lemma 7.let # be a continuous and increasing function from [0,1] to [0,0) with
7(0)=0.

Then exists a increasing and convex function #%° such that

B (x)<h(x) for x[0,1].
If we modify the proof of Theorem 2 using Lemma 7,we have the following general
result.

Theorem 5. Let ( a;, a (w), 8 (®)),,,i=1,2,,n denote a sequence of L-R
fuzzy numbers with non-negative real valued iid random variables { ¢ ;(w)} ;=; and
{ B i:(w)}{=,. Suppose that an Archimedean t-norm with additive generator j is
given and that jrlir{)l (f-R"(x= 7 0, ;113)1' (f-L)(x)= 7 »0.

If Ea {0 and E 8 <%0, then

lim N es(m,—e< A, /n<m,+e)=1 a.s.

Theorem 6. Let ( a,(w), a (0), 8 (w)),,,¢=1,2,,n denote a sequence of
L-R fuzzy numbers with real valued iid. random variables { a,(w)} =, and
non-negative real valued iid. random variables { a (@)} =, and{ B ;(@)} =,

Suppose that an Archimedean t-norm with additive generator j is given and that
lim, (fR"(x)= 7 D0, lim, (f- L) (x)= 7 0.

If £Ea{© and E B8 {0, then liﬂhes(mn—esA”/nS m,+e)=1 a.s.
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