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Fuzzy Random Facility Location Problems

Hiroaki Ishii, Takeshi Itoh and Hideki Katagiri

Faculty of Eng., Osaka Univ.
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Abstract. This paper investigates a facility location problem where there are n possible demand points
with demand occuring probabilities and actual deistances between these points and the facility site to be
determined are ambiguous. Further we define the fuzzy goal with respect to the maximum value among
the actual distances between demand points and the facility. We determine the site of facility maximizing
the minimal satisficing degree under the chance constraint. We propose the geometric algorithm to find

this optimal site.
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1 Introduction

We investigate the optimal site of an emergency fa-
cility under probabilistically occuring demands and
fuzzy actual distances. This model is the general-
ization of the our former model ([5])where there
exist. n demand points in the plane and a fuzzy
goal with respect to the maximal distance among
all demands points and the facility site. But in
the model [5], each demand oocurs certainly and
not. probabilistically. Our current model in this
paper includes both stochastic and fuzzy elements,
that is, demand occurs stochastically and distance
is fuzzy. Section 2 formulates the problem. Section
3 presents a procedure to obtain an optimal site of
the facility . Section 4 investigates the further re-
search problems including the possibility of other
facility models .

2 Problem formulation

We cousider the following facility location problem.
1. There areu points Py — (z1, 1), Po = (22, 12),

P, - (x,,y.) in a plane and demand oc-
curs at each point. 2, with

probability p; =- 0,7 = 1,...|n

where py + 2 | -+ + p, = 1.

2. Physical distance d? between each point P,
and the emergency facility site P = (z,y) to
be determined is measured by the rectilinear
distance, i.e., |lr— x| 4y -, i = 1,2,...,n.

3. Actual distance D, between P; and the facility
P = (z,y) is triangular fuzzy number with
the following membership function

pip (di) i~ 1,2,

1 d?f.d‘ (&) - fi<di <d)
pp(d)=q | di & (df < di <&+ gy)
9 T 1

0 otherwise

where f; < d°.

4. Fuzzy goal G with the following membership
function is defined with respect. to the max-
imum value d among actual distances d,, ds,

: vdn:
1 (d<d.)
d-d.
e (d) = 1 P (de <d < dy)
¢  Ue
0 (d > dy)

The membership function of the fuzzy goal G

represents the satisfaction degree of the max-
imum actual distance d among dy,dz, - ,d,,
where we assume d,. > 0.

5. Under the condition that

probability {a possibility of satisfaction de-
gree with respect to naximum actual distance
damong d;,i = 1,2,...,nis less than h}

is not less than «,

we seek the site of facility maximizing A where
1> a > 0(fixed) and 1> h >0 to be
maximized.

Then we have the following equivalent problem P
by some transformations.
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P:Maximize h

subject to Pr{(1 - A)g + &0 > dy > d? — f;(1 - h),

di < (1 RY(dy ~d.) Vd,i 1,2,...,n]
> {(n
1> h>0.
3 Solution Procedure
The condition that
(1 A v & >d;>d - fi(1 - h),
di < (1 - h)dy - do) tdeyi= 1,2,....n
in the above Pr is equivalent to
the following condition:
(1 hg t &> h)(de do)+ de
>d (1- Wi
— (1= Rh)(de —de t i) +de > d?
>(1 h)de —d. gi) +d.. (2)
Now we define d*(h) (1 - h)(de - d. V fi) + d.
and
&(h) max{(l h)(de—d. gi) +d., 0}

Then the following property holds.
Theorem 1 From the definition of d*(h) and
d!(h), we have
1. d¥(h) is an decreasing function of h and less
than dp.
2. Ifdy — g; > d... then d(h) is positive and
nonincreasing function of h.
5. If0<d, - g d., then d(h) is increasing
Sfunction of h and positive .
4. 1f0>dy — gi, then d’(h) is nondecreasing

function of h and zero when

0 < h < e der e denote it with b, )

and positive when h; - h < 1.
A (h)

<t

df(h) is a decreasing function of h.

Proof: Above three facts are directly derived {rom
definitions. Final one is proved from that

dr(h)  di(h) R)(fi + gi),
(1-M(de d.t fi)td},

and both terms in the parethesis of min is positive
and decreasing function of h. Q.E.D.

“min{(l

We assurne without loss of generality that
N<gp< - Sga

by renumbering if necessary. Further let the rec-
tilear distance between possible demand points i
and j be di; — |z, -~ z;| + |y —y,| fori # j and

Ri(h)  {(@Id(h) < |z
dy(h)}.

Then we seek the site (z*,y*) of the facility maxi-
mizing h under the condition that

Ziel(z‘y)(h) Pz«

where Ie.y)(h) = [i € {1,2,... . n}|(z,) € Ri(h)].

il by owl <

The condition that intersection region between
R;(h) and R;(h) is not. empty is:

di'(h) + di(h) > dy; (3)

and

dij > df(h)

dy(h), d5(h) - dy(h)  (4)

Since d(h) - d(h) for any i, j from definitions of
di(h) and d(h), the condition (4) holds automat-

ically and so we only consider the condition (3).
Condition (3) can be rewritten as follows:

(1~ R{2dy  do)+ fi + fi} > dy

From (5), we define

(5).

d

hij = 1 qa—ay 777,

for i / j. Then if h < h;;, R;(h) and R;(h) inter-
sect. each other. Now we sort 0 < h;; and let the

result. be
h° ()\'h]""‘*'hq\/h'h”;;]

where ¢ is the number of different 0 -~ h;; . Under
the above preparation, we are ready to propose our
solution procdure.

Solution Procedure

Step 1: Set ky — 0, k,, —q-+ land k [E‘L—kul

where || is the Gauss notation, i.e., it means
the greatest integer not. greater than -.

Go to Step 2.

Step 2: If there exists a point. (x,7) such that
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2161(3»,1,)(’%) moZ

sel. ke k, x(k)

r,y(k)

k and go to step 3.

y and go Lo step 3.
Otherwise, set. k,,

Step 3:0f &, ks 1 1, then go to step 4. Otherwise,

set k

[fef5« ] and return to Step 2.

Step 4: Let Optimal solution of our problem be

* kD

(x*,y*)  (x(ke), y(ke)) and terminate.

Theorem 2 Above procedure find an optimal site
of the facilily in al most O(n%log n) computational
Lirne.

Proof:

(Validity) First note that if A >~ h;;, region R;(h)
and R;(h) does not intersect and so optimal value
of the problem is one of A*. This shows the validity
of our procedure.

(Complexity) We count computational time of each
operation in the solution procedure.

(Calculation of A*)- -+ Since number of h,; is O(n?),
calculation of h;; takes O(n?) computational time
and sorting of them O(n%log n) computational time.
Totally, it. takes O(n?log n) computational time.

(Iteration number of each step)
Step -+ O(1), Step 2 and Step 3 - --

O(log n?) — O(log n)
since our procedure adopts binary search.
Step 4 -+ O(1).

('Total Complexity)

Each iteration of Step 2 takes O(n?) computa-
tional time since it checks the situation of intersec-
tion among more than 3 regions. So execusion of
Step 2 takes O(n?log n) computational time and it
dominates the computational time of execusions of
other steps.

Therefore in total, complexity of our solution
procedure is at. most O(n?log n). Q.E.D.

4 Conclusion

We have considered a facility location problem with
random demands and fuzzy distances. Though our
model is simple, its solution procedure is compli-
cated and based on geometrically checking the in-
tersection of regions. 1 think our model is only a
stepstone of fuzzy randomn facility location models
and may be first trial of those models. We are now
attacking the more general model, which is a ran-
dom version of our previous fuzzy facility location
model ([3]) with fuzzy demand regions based on

possibility distribution. Of course there exist many
other posibility of fuzzy random facility location
model. For example, the model that demand oc-
curs any place of the some region randomly also
should be considered.
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