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Abstract

Fuzzy mathematical programming (FMP) can be treated an uncertainty condition using
fuzzy concept. Further, it can be extended to the multiple objective (or goal} programming
problem, naturally. But we feel that FMP have some shortcomings such as the fuzzy number

in FMP is the one dimensional possibility set,

so it can not be represented the relationship

between them, and, in spite of FMP includes some (uncertainty) fuzzy parameters, many
algorithms are only obtained a crisp solution. In this study, we propose a method of FMS. Our
method use the scenario approach {(or fuzzy random variables) to represent the relationship
between fuzzy numbers, and can obtain the fuzzy solution.
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1. Introduction

In a management planning problem, we have many
uncertainty factors when we plan it. For example,
consumers’ demand in future and process time of
new product. It is very important to consider these
uncertainty factors when we plan. Fuzzy mathe-
matical programming (FMP) is one of the optimiz-
ing methods which consider the these uncertainty
conditions.

FMP [7, 11] includes some fuzzy parameters and/or
goals. When we obtain the optimal solution, we
must interpret these fuzzy parameters by some mean-
ings. Many FMP approaches is obtained only a
crisp solution, in spite of considering the fuzzy con-
ditions. In the management decision, we have long
_time till carrying out the plan. So, it is very useful
information the ambiguous (fuzzy) solution to the
decision maker, because it can show the possibility
of the range of solution. Some of method to obtain
the fuzzy solution is suggested [3, 5, 8].

Ordinal fuzzy number is the possibility distribu-
tion on one dimensional real number line. Hence, it
can not be directly represented the relation between
plural fuzzy numbers. But for example, if busi-
ness condition becomes bad, then the consumers’
demand is down. So the firm should be short entire
working hours. In such way, there are some trend
among the uncertainty factors. It is valuable that
we should consider such the trend (relationship).
Some idea to represent the relationship between
the parameters in FMP is suggested. Inuiguchi et
al. [1] has suggested a method using the canoni-
cal fuzzy number. Ohta et al.[4] has represented
the relationship between the fuzzy coefficients us-

ing the scenario approach which is appeared in the
two-stage problem of stochastic programming. The
other, there are some approaches to represent the
relationship among the fuzzy numbers, for example
T-norm approach and quadratic-form membership
function.

In this study, we suggest a method to the multi-
objective fuzzy linear programming problem using
the scenario approach to obtain fuzzy solution.

2. Formulation

We treat the fuzzy multiple objective program-
ming problem formulation as follow. It is the sym-
metric form which is equated the objective func-
tions with constrains. So, there is not difference
between them.

(P1]
max 2(X) = Z zikj f(j, kel (1)
31
min 2(X) = Z A; X;, kel (2)
J=1
st. X;>0, j=1...n (3)

where Ak]- is the kth objective’s the jth fuzzy coef-
ficients, X = [X,] is the fuzzy variables vector and
11 and [ is the set of subscripts of maximizing and
minimizing objective functions, respectively. We as-
sume that all the fuzzy variables are in positive.
The set of subscripts of all objective is I, i.e. [ =

IyU .
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3. Algorithm

3.1. Fuzzy Goal

First, we put fuzzy goal to each objective function
in [P1]. Assume that G; is a fuzzy goal for the ith
objective functions of [P1]. Using these fuzzy goals,
[P1] is rewritten as following [P2].

[P2]
n -~
Goal  zx(X) :ZA ;2Gk, kel  (4)
~ ; -~ ~
aX) =) Ay X;SGr, kel (3)
=1
st.  X;>0, j=1,.,n (6)
The sign “2” and “S” means almost large and

almost small, respectively. If there is an equal ob-
jective (goal), then we can treat into divide it to
two objective function, i.e.,

O

3.2. Scenario Approach

In this study, we use the scenario approach to
consider the relationship between fuzzy parameters.
Scenario is a discrete probability distribution using
the two stage problem of stochastic programming
[9]. We assume that it is constructed some finite
estimate values (scenarios). If the number of sce-
nario is @ and the probability of the gth scenario is
Pq, then [p2] is formulated as follow.

Q@)

)|/\

i X; SG}, k€ equaling goal(7)

[P3] (¢ =1,...

Goal kel (8)
i=1
~ n ~ -~
‘kq(x) = ZAk]q X_] ,.%qu, k‘ S ]2 (9)
j=1
s.t X; >0, j=1,...,n (10)

where Z(?::l Pq =1

3.3. Integration of objective functions

There are I objective functions for each scenario.
Next, we integrate these objective function. As the
same sense of flexible programming [10], we intro-
duce the minimum operator A. We assign a linear
membership function ps, for each fuzzy goal Gy.
g,f and gfc” is the bound the membership value of
#a, being 0 and 1, respectively. The membership
function for the kth objective function of gth sce-
nario is given p_, (X). Then, [P3] can be rewritten
in [P4].

[P4] (¢=1,..,Q)
- n
max fhzy (X)) = g, Z Xjql, ke@l)
st X;>0, j=1,..,n (12)

There are I objective functions for each scenario.
Next, we integrate these objective functions. As the
same sense of flexible programming [10], we intro-
duce the minimum operator A. Now, we integrate
I objective functions about each scenario.

Ag = min(ﬂqu (X)> Hazg (X), s Hag g1 (X))

Using the minimum operator for each scenario,
we can formulate from [P4] to [P5].

(13)

P5] (g=1,...,Q)
max Aq (14)
st i, Z 2x, kel (15)
X;> 0, j=1,...,n (16)
Because of 1, (X) = (3°7=1 Akiq Xj—g,fq)/(g{c‘g—

g{;q), Eq. (15) can be expanded as follow.

Z Akm

If we want to solve [P3], there are some diffi-
cult problems such as how to integrate the scenar-
ios whose probability is not equal or how interpret
the fuzzy parameters Aqu. So, we can not judge
whether the fuzzy inequality (17) is satisfied or not
for a A,. The fuzzy inequality (17) should be judged
ambiguous, e.g. almost satisfy or little satisfy.

— ghy = Aglgit — gi,) 20 (17)

3.4. Degree of satisfied the inequality relation

It is not clearly whether the fuzzy inequality (17)
is satisfied or not for a A,. So, we consider the
degree of satisfied the relationship. Generally, if
the value of A, is larger. then the degree of satisfied
the inequality relationship is smaller. The converse
is almost true. The decision maker want to obtain a
solution that both Aq and the degree of satisfied the
inequality relationship are as large as possible. We
express that p Ekq(f() is the membership functions
of the degree of the inequality relationship for the
gth scenario of the kth goal function. Formulation
under considering these conditions is [P6].

P6] (¢g=1,...Q)
max Aq (18)
max uEkq(X), kel (19)
st p (X)2Z N, kel (20)
X;>0, j=1l..n (21)
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Then, in the same manner of A,;, we integrate
the I membership functions of the degree of the
inequality relationship.

[P7]
max g (22)
max Tq (23)
st M (X)Z X, kel (24)
uEkg(X) 274, k€l (25)
X; >0, j=1,..,n (26)
where 7, = min(pg14(X), tE2(X), - t5,#14(X)).
Next, we must integrate Ay and 7,. If the deci-

sion maker has some prior knowledge or information
about Aq and 7,, we can use these information. But
in this study, we suggest a method in the case of
unable to get them.

3.5. Formulation for a level set

As we pointed out above, [P5] has fuzzy parame-
ters and fuzzy relation and it is constructed by plu-
ral scenarios. Moreover, when both the coefficients
and variables are fuzzy number, then it can not cal-
culate these them without the reference function de-
termined. So it is too difficult to solve [P5] directly.
Then, we focus on the «a level set of fuzzy set. «
level set of arbitrary fuzzy number becomes interval.
Divided into some « level sets, fuzzy programming
problem is decomposed some interval programming
problems. Then, we obtain the optimal fuzzy solu-
tion through reconstructed all the solution for each
o level using the decomposition theorem of fuzzy
set. The a level set of fuzzy set A is represented in
the following form.
A% = [a*, a%] (27)

Using the « level set, [P5] becomes as next for-
mulations.

P8 (¢=1,...Q)
max )\q (28)
s.t. Z Ak]q gkq ’\q(gi:‘g - gl%q)a
kel (29)
X$>0, j=1,..n (30)

where Ayj, and X 7 are the interval coefficients and
variables for an o level, respectively. So, whole Eq.
(29) is interval. Eq. (29) is represented in following
manner.

Z Ao XS — Aot — gb) = [I3,, Tg,)(31)

Each element of interval [I%, I_,‘c"q] can be ex-
panded as next.

3

lg‘l = chm £ g;':q - /\q(gﬁg - gllc'q),
. kel (32
= D CRig X;' = 98 — Mal9kg — 9ka),
j=1
] kel (33)
Iy, = > R X5 — gty — Aalaiy — 9kg)s
=1
] kel (34)
n
= DOl X5 — 9% — Aalokg — 9k):
=1
] kel (35)

To measure the degree of the inequality relation-
ship, Kono et al. [3] defined the membership func-
tion for the inequality sign. This is near sense of
Ishibuchi et al. [2].

Definition 1 For the inequality relation (I, ka? Ig W =
the membership function for the inequality sign is
identified as follow,

0, I <0
a o ];:q « T
/J'E'qk(x ) = Je o’ lkq <0< qu (36)
kq = =kq
1, I >0

Using above definition, [P8] can be transformed
into [P9] in the same sense from [P5] to [P7].

[PY]
max Aq (37)
max Tq (38)
s.t. zqk(xa )2 Ay kel (39)
Bong(X%) 21, kel (40)
0 —z5 <0, j=1,..n (41)
22820, j=1,..n (42)

where 6; is a positive threshold value for the jth
variable to prevent a meaninglessly wide range so-
lution. Eq. (40) is equivalence as next inequality
form.

(43)

(1- Tq)il(:q — Tkq lzq >0

As pointing out above section, the decision maker
wants to obtain a solution where both A\ and 7, are
as large as possible. But These operators have the
trade off relationship. generally. So in this study,
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we normalize A, about 7,. To put it concretely, us-
ing [P9]. The optimal value of A, when 7, equals
1 and 0 is AP® and AR, respectively. Recall that
there has some trade off relationship between A,
and 74, so when it is the largest 74, (1, = 1), we
consider the most pessimistic condition about A,.
Conversely, when 7, = 0,then the most optimistic
condition about A,. Using AP® and AP, we normal-
ize Aq as follow.

Ag — AP®
/l)\q (/\q) = )\2‘) . Aqge (44)
Hence, [P9] can be written in [P10].
[P10] (¢=1,...Q)
max 7, (45)
s.t. ll‘\q()‘q) > Mg (46)
Kg(X) 27 2 mg, k€T (47)
Iy —z7<6;, j=1..n (48)
22720, j=1,..n (49)

[P10] is the single objective programming, but
there remains nonintegrated scenarios that set up
in first. We integrate all the scenarios which consid-
ering the probability of each scenario (p,) as [P11].

P11] (g=1,..,Q)
max  w (50)
s.t. (1-ngpg <w, ¢=1,..,Q (51)
l‘)q(Aq) 2 Mg q= 13 7Q (52)
/‘L%kq(x) Z Tq 2 nqvk € qu = 17 7Q(53)
T} —z7 <b;, j=1,..,n (54)
F2>¢22>0, j=1,..n (55)

In [P11], Eq. (51) is the form that multiplied
the index integrated A, and 7, for each scenario
by its probability. So, we can obtain a solution
considering the index being relatively large value
and large probability.

[P11] is a nonlinear programming problem, but
the optimal solution is in the interval [0, 1]. So, we
can obtain it using the method of bisection and the
first stage of simplex method [6].

3.6. Extention to other a level sets

When we solve {P12], there remain some prob-
lems. I do not know how to select a level to solve
and even if we solved individually about some «
level, these solutions may not consistent. In these
problems, Kono et al. [3] proposed a method that
is based on the solution about a = 1 (they named
it the reference solution), then expanded the other
a{< 1) level sets. Then, they defined the satisfiable
condition for fuzzy inequality sign.

Definition 2 If the value of ugy,(X*) in anbi-
trarily a level sets is not smaller than ,u};kq(x*),
“27 or “<” is satisfied.

~ ~

then the fuzzy inequality

In others words, it is satisfied following relations.

Y

(56)
(57)

/\q
p’%kq(xa) 2

#3Hmg)
Pk, (X5

where X* is the reference solution and 7, is the
optimal solution for the gth scenario.

Based on this reference solution, we obtain the
solution about the other o levels using the next al-
gorithm.

Step 1. Set 7, = min{uj; (X)} for k, o =0.

Step 2. Change the threshold 6;.

Step 3. Solve [P12].

Step 4. Substitute o’ for a.

Step5. Identify a concerned a(a’ < a < 1), go to
Step 2. If no existence such a, then end.

[P12]

min d” —¢€éb (58)

s.t. Ag+d™ > ;.1;:(7;;), g=1,..,Q (59)
HER (X)) +d™ >15, ¢=1,.,Q  (60)
iy -zi>6 kel (61)
£f - i <85, kel (62)
P >z >3l j=1..m (63)
.‘Z_'.?l S/ i;l S L;’ J= 1a' I (64)
P >2f 20, j=1..n (65)

where ¢ is the non-archimedean infinitesimal and
7, is the optimal value of the gth scenario in [P11]
in the case of @ = 1. Moreover, we assume that
g}” =0 and 57]9" = oo in the case of o = 0.

Often, the stochastic programming is that the ob-
jective function is the expected value. In this case,
the objective function is formulated that weighted
by the probability. Hence, its optimal solution may
be biased on the specific scenario which the ex-
pected value is very large. If there is sufficiently
alternative relationship among the scenarios, it is
reasonable to use the expected value to the objec-
tive function. But in many case, we think that these
relationships is not sufficiently, so it has potential
peril to use the expected value to the objective func-
tion. ~

Then, we obtain the optimal fuzzy solution X* =
[f( 7] using the decomposition theorem of fuzzy set.
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X;=|Janxy (66)

acd

where X2* is the optimal interval solution about a
level, ie. [z3*, 2¢*], and @ is the set of solved a
levels.

4. Numerical Example

A numerical example will be reported in the pre-
sentation.

5. Summary

In this study, we considered the fuzzy solution
and the relationship between the parameters in fuzzy
mathematical programming. To represent the rela-
tionship among the fuzzy parameters, we applied
the scenario approach in the stochastic problem.
This approach is relatively easy to introduce the
mathematical programming. Any other approach
to be represented the relationship of fuzzy numbers,
it is difficult to apply to the mathematical program-
ming. So, they are not reasonable to solve realistic
problems. Moreover, we proposed a method to ob-
tain the fuzzy solution. Such a long term planning
problem, we may have some managerial risks such
as changing the business condition. If we can obtain
only a crisp solution, we may puss up the revisable
chance of the planning. So, the fuzzy solution can
be useful information for the decision maker.

We remain some problems such as how to esti-
mate the fuzzy parameters and these relationships.

Furthermore, if the decision maker can not accept
the optimal solution, we need an interactive process.
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