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Abstract

We introduce the concept of a ‘fuzzy’ map between sets by modifying the concept of the
extension principle introduced by Dubois and Prade in [1] and study their properties. Using
these we generalize Goguen's and Zadeh's extension principles in [2] and {3}
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1. Fuzzy maps

The unit interval will be denoted by I and for a set X, I¥ denotes the set of all fuzzy
sets on X. For @ € I, S(a) = {x€X: a(x) > 0}.

Dubois and Prade’s Extension Principle [1]: For two sets X and Y, a map e¢: X— 1 Yis

said to be a DP-fuzzifing map if there is a fuzzy relation pg: XX Y— I such that for all
(x,y) € XxY, e(x)(y) = plx,).

Definition 1.1 Let X and Y be two sets. A DP-fuzzifing map e: X—1 Y is said to be
a fuzzy map if for each x € X, S(e(x)) is a singleton set or the empty set.

Remark 1) For a DP-fuzzifing map e: X—1 ¥ The following are equivalent:
1) e is a fuzzy map.
i) there is a map g: XX Y—I such that for each (x, v) € XX Y,
e(x)(y) = p(x, ») and w(x, »)N\u(x, 2) > 0 implies y = z.
i) e(X) S {y,:yeY, tel}, where y,: Y—1Iis a fuzzy point defined by

t if x=y
ylx) = -
0 if x#+y

2) For a fuzzy map e: X—1", let D, = {xe X: S(e(x))* @} and
R, = U{(S(e(x)): xe X}. Let f,:.D.,— R, be defined by f.(x) =y iffye S(e(x)).

Then £, is an onto map. For a map f: X — Y and let e: X— IY be defined by

1 if Ax) =y
eA0)(y) =
0 if Ax)+y
Then ey is a fuzzy map. Moreover f, = fand e < ¢, = 1 on D,
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Example let R be the set of real numbers and let e: R— I¥ be defined by

(1+(x—10) %) ! if y=10 and 10< x
e(x)(y) =

0 otherwise

Then e is a fuzzy map.

Definition 1.2 A fuzzy map e: X — IY is said to be equipotent if there is a fuzzy map
¢ Y—1I” such that e(x)(y) = & (»)(x) for each (x,¥) € XxY. In this case we say

that X and Y are fuzzy equipotent under e and we write ¢ = e land XV,

Proposition 1.3 If a fuzzy map e: X —IY is equipotent, then fe:D,— R, is one -

one.

Proposition 14 let e:X—I1" and €&:Y—IF be fuzzy maps. For each
(x,2)e XxZ, let (& -e)(x)(2) = y\e/y(e(x)(y)/\e’(y)(z)). Then € -e: X—I is a

fuzzy map.

Definition 1.5 The fuzzy map € - e in the above proposition is said to be the

composition of e and e’ if R, S D,.

Proposition 1.6 1) If f: X— Y and g: Y— Z are functions. Then e,.; = e, ° ey
NI e: X—I and & : Y— I? are fuzzy maps, then fo.,= fo° fe.

Proposition 1.7 Let e: X— IY ¢:Y—F and ¢ : Z—I" be fuzzy maps. Then

"

(e" »e’) ce =¢" o (e °e)

Theorem 18 Let e: X—1" and ¢ : Y—I° be symmetric fuzzy maps. Then

, 7z . .
e e X— I is a symmetric fuzzy map.

~

Corollary 1.9 = is an equivalence relation on Set.
2. Fuzzy morphisms

Definition 21 let a, £ be a fuzzy set in X and ¥ and e: X—1 Y a fuzzy map. Then
1) e is said to be stabile if for each x€ X, S,(e(x)) +@.
2) e is said to be a (a,8)-fuzzy morphism (or simply fuzzy morphism) if

v e S,(e(x)) implies a(x) < B(y).

Remark lLet e:X — I” be a symmetric fuzzy morphism and el Yy-I*a fuzzy
morphism. If a(x)\VA(3) < e(x)(y) then a(x) = Av).
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Goguen’s Extension Principle [2): For a € I* and Be I a map f: X— Y is said

to be a G-fuzzy morphism if ¢ < 7 Yf).
Proposition 22 let f: X— Y be a map and let @ and B fuzzy set in X and Y
respectively. Then f is a G-fuzzy morphism if and only if ey X—1I" is a stabile fuzzy

morphism.

Proposition 2.3 Let e:X—I' and ¢:Y—F be fuzzy morphisms. Suppose

y € S,(e(x)) implies z € Sy(e'(y)) for some z€Z Thene - e: X— 1 is a fuzzy

morphism. In particular if e and e are stabile fuzzy morphisms, € e is a stabile
fuzzy morphism.

Zadeh’s Extension Principle [3]: A map f: X — Y induces two fuzzifing maps
=17 and I TX
which are defined by

Aa)y) = sup - ga(x) for all a e IF
and

FUBA(x) = B(Ax) foral e I

A fuzzy map e: X— IV induces two maps e I*—TI' and e ': I —TIX which are
defined by

Vo oan it {x:yeSe(x)} * 0
e(a)y) = [ vE Sl for all aeI*
0 if {x:yeSe(x)} =0
and
B N\e(x)(y) if yeS(e(x)
e HP(x) = [ for all ge IY.
1 if Sle(x)) =0

Remark let e: X—1I' be a fuzzy map. If 0< t< e(x)(y) then e(x;) = v, and

¢ Y(y)=1t In particular, if e is symmetric and 0< t< e(x)(y) then e '(v) = x,.

Proposition 24 Let e: X—1" be a fuzzy map. Then one has the following:
(1) ela) = 0 iff @ = 0, where S(a) < {x: S,(e(x)) = @}
(2) if @ < ay then e(a)) < e(ay), where S, (e(x)) € S, (e(x)) for all x € X.
3) e(Vay) < Vela).

el EeJ
(4) e(/_\a/,-) < /\e(a,—).

el =)
(5) if B < B, then e '(B) < e U(By).
® e MVB) = Ve (8.

7 ]

(7 e_l(]/e\],gj) = ]/E\]e_l(ﬁ,-)‘
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(8) @ < e Yela), where S(a) S {x: S(elx)) + ).

) ele(B) < B
(10) if e is symmetric then e( \/]a',-) = \/je(a,-).
e je

Theorem 25 Let X be a set and f; a fuzzy set in a set Y; (j &€ J ). Suppose

(e, X — ]Y’),'Ej is a source of fuzzy maps. Then there is a fuzzy set a in X
satisfying the following:

1) for each j& ], e;: X—*IY’ is a staible fuzzy morphism.

2) Let Z be a set and ¥ a fuzzy set in Z If e: Z— I is a fuzzy map such that for
each j& J, e;° e is a (stabile) fuzzy morphism and x € S,(e(2)) implies 7(2) < e(x)(y;)

for some y;& Y, then e is a (stabile) fuzzy morphism.

Theorem 2.6 let Y be a set and @; a fuzzy set in a set X; (j € J). Suppose

g X]HIY is a sink of (stabile) fuzzy maps. Then there is a fuzzy set @ in set X
satisfying the following: ]

1) for each j&€ J, e;: X]-—>IY is a (stabile) fuzzy morphism.

2) let Z be a set and 7y a fuzzy set in Z If e: Y— Fis a fuzzy map such that for
each je] e-e: X;— ¥ is a (stabile) fuzzy morphism and y € S.(e;(2) implies

ai(x;) < e(x)(2) for some z& Z then e is a (stabile) fuzzy morphism.
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