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ABSTRACT

We introduce the concepts of extending a fuzzily constrained function and a fuzzy extending

of a real function by using usual limit and illustrate them.

1. Introduction

In [2], we had some limit properties in the fuzzy real line. In this paper, we introduce the
concept of limit to a fuzzily constrained function, define that certain functions can be fuzzily
constrained by using hmit and give examples. Furthermore, we introduce the concept of limit
to the fuzzy extension of a real function and obtain the 2nd and 3rd fuzzy extensions of the

real function together examples.

2. Preliminaries

Throughout this paper, R denote the real line and P(R) denote the fuzzy power set of

R. And the other notations will be used as in [4]. In particular, x, denote the fuzzy point

with the support x and the value «.

Definition 2.1([3])(Fuzzily Contrained Function) Let X and Y be two universes and f
be an ordinary function from X to Y. let A€ P(X) and Be P(Y). The function f
is said to have a fuzzy domain A and a fuzzy range B if

ualx)<pugplf(x)] for all xe X.
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Definition 2.2([5])(Fuzzy Extension of an Ordinary Function) Let f be an ordinary
function from X to Y. By means of the extension principle, the image flA) of
Ae P(X), a fuzzy set in Y, is defined by

SUp e, 1 ealx) if F )+,

ﬂf(A)(y)z -
0 if /7 (y)=¢.

3. Usual Limits Applied to Fuzzy Sets in R

Definition 3.1.(Limit in a Fuzzily Constrained Function) Let a real function f: R—R
have a fuzzy domain A€ P(R) and a fuzzy range B P(R). If f has the limit / at
x=gq and if

a=pala) < pg(l) =4,
we say that f has the limit lg in B at x,= a, in A, denoted by

ligl f(x;) =15 or f(x,) —B>l,9 as xA--/Laa.

X3 a,
Remark. We can consider a left limit and a right limit of f at x= @ in the definition 3.1.

Example 1. Consider the function f: R — R defined by

xX—1/x—1 for x#1,
f(x)=
0 for x=1.

Let pa(x)=1/3 and wug{x)=1/2 for all x& R. Then, f has a fuzzy domain A and
a fuzzy range B and f has the limit 2, in B at 1,;; in A.

Definition 3.2.(Extension of a Fuzzily Constrained Function) Iet f be a function from DC R to
R andlet A,Be P(R). If f has the limit ¢ ateach a€ R — D and if
palx) < uglf(x)] for xe D,

pala)<pg(a) for ae R — D,

we say that f has a fuzzy domain A and a fuzzy range B.

Example 2. Consider the function f(x) = (x*— 1)(x—2)/ (x—1)(x—2) and fuzzy sets
A, B given in the example 1. Then, the domain of f is the set R — {1,2)} and f has the
limits 2,/ and 3,2 in B at 1,3 and 2,3 in A, respectively. Thus, f has the fuzzy
domain A and the fuzzy range B.
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Using the usual limit, we obtain different fuzzy extensions of a real function from the fuzzy

extension of it given in the definition 2.2.

Definition 3.3. (Several Fuzzy Extensions of a Real Function) Let a real function

fiR—R and A= P(R) be given. For y€ R, let S* denote the subset of R given
by

S ={asR|Ax)—>y a x—a}.

Then, the fuzzy set f(A) in R can be characterized by three ways:
(Method 1). (Definition 2.2.).

SUD o, 1y Halx) if fTH(y)#¢,

taan(y) = y
0 if £ (y)= 4.
(Method 2).
SUD rer i(y #alx) if F iy *¢,
tpa(y)= {sup cq #a(x) if f7(y)=¢dand S*+ ¢,
0 if F7H () US =g,
{(Method 3).

SUD Lof i(nus #a(x) if FTHIUS =9,
B (¥)= |
" if f7N(»US =¢.

The fuzzy sets f(A) obtained by using methods 1, 2 and 3 will be called the Ist, 2nd and
3rd C-Z(Choi-Zadeh) fuzzy extensions of f, respectively and will be denoted by f €2l Ay,

FE“2(A) and f“*(A), respectively.
Since AC B implies AU B = B, the following 1s obvious.

Proposition 3.4. If S*C 7 '(y), then

.U/L'ZI(A)(Y) = Hopenripy ()= W openg gy (v).

Remark. The converse of the proposition is not true. Consider f: R — R defined by

1 for xe R—{0,1},
f(x):[
2 for x={0,1}.

Let A= P(R) be characterized by

1/2 for xe R—{0,1},
/JA(X)Z{
1/3 for x= {0,1}.

Then, F '(1/2)=R — {0,1} and S'? = R. But
/lf“‘Z'(A)(]-/Z):/‘Z/‘\ZZ(A)(]'/Z):/‘L_f"Z:‘(ll)(1/2):1/2'
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Examlpe 3. Let the function f: R —R (see figure 1) be defined by

2/ |xl+1 for x+0,
f(x) =

E(+1) for x=0.
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figure 1

Consider A€ P(R) (see figure 2) characterized by

lx1/2+1/2 for |x|<1,

palx) =
1/« for |x|=1.
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figure 2

Note that f '(1)=¢ and S! = {0}. Thus, we have

/lfm(m(l)=0, ﬂf‘7’3(A)(1):/lfL"/..1(A) (1):#,4(0): 1/2.
Note that for £> 1

FFUR={1-k 0,k—1) and S*={1—Fk, k—1)}
and that for £<1
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F YR =10} and S'=¢.
If £>3, then
pa(l—RB =p(k—1)=1/(k=1)<1/2=p,(0),
if 2<£<3, then
pa(l=RB=p (k=1)=1/(k—-1)21/2=p4(0),
and if 1< £<3, then
pall—hk =pu,(k—1)=Fk221/2=p4(0).
Thus, we have that for £> 3
b jenipy (B = 1 ey (B) =t or gy () = 1 4(0) =1/ 2,
for 2<k<3
1 ey (B = oy (R) = pt yon iy (B) = 1/ (k= 1),
for 1< k<2
ppenay (k) = gt pen( 4y (R) = pt pen 4y (R) = k[ 2,
and that for £< 1

#/C“(A)(k) = #/C”(A)(k‘ = ﬂj"m(A)(k) = llA(O) =1/2.

Example 4. Let the function f: R — R (see figure 3) be defined by
/x| +1 for 0<|x|<2,

f(x)=1{k(*+1) for x=20,

~lx|+5 for |x]>2.
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figure 3

Consider A€ P(R) given in the example 3. Note that f '(1)= {—4,4} and
S'=1{—4,0,4}. Thus, we have
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ppeniay (1) = ppen 4y (1) =1/4, g pen 4y (1) =1/2.
Note that for £ R — {1} S*Cf (k). More precisely, if £>3 then
f7H(k)=1{0} and S*=¢,
if 1< £<3, then
FNR) = {k=5,k—1,1-k 5—k} =S,
and if £<1, then
fN k) = {k—5,5-k} = S".
By the proposition 3.4, we see that for k& R — {1}
tpengay (R) = pt jeni gy (k) = gt g4y (k).

Definition 3.5.(Extension of 3.3) Let f be a function from DCR to R and let f have

the limit @ at each a€ R —D. If A< P(R), then the fuzzy sets f(A) in R can be
characterized by three ways:

(Method 1).
SUP 4o s 1y Ha(x) if FTH ) F¢,
#f(A)(y) = .
0 if /7 (y)=¢.
(Method 2).
SUD pe; 1y #a(x) if FTH(Y) S,
Lray(y)={sup,cq #(x) if /7' (y)=¢and S**¢,
0 if /7Ny US = ¢.
(Method 3).

SUP e/ 1(yus “alx) if FTH(US #6,

0 if /7H(»US =¢.
The fuzzy sets f(A) in R obtained by using methods 1, 2 and 3 will be called the Ist,
2nd 3rd enlarged C-Z(Choi-Zadeh) fuzzy extensions of f, respectively and will be denoted

by F(AY, FP(A) and f?(A), respectively.

Hra) (y) =
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