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ABSTRACT

In this Keynote Address, two types of information granules are considered: (i) one for set assignments
of a concept descriptor and (ii) the other for truthood assignment to the concept description verifier.
The first is, the process which specifies the assignment of an object to a clump, a class, a group, etc.,
and hence defines the set membership with a relational constraint. The second is the assignment of
the degree of truthood or the membership specification of the abstract concept of truthood which
specifies the "veristic" constraint associated with the concept descriptor. The combination of these
two distinct assignments let us generate four set and logic theories. This then leads to the concern
of normal forms and their derivation from truth tables for each of these theories. In this regard, some
of the fundamental issues arising in this context are discussed and certain preliminary answers are
provided in order to highlight the consequences of these theories.
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1. INTRODUCTION

Computing with words may be implemented by an assignment of numbers either in {0,1} or
in [0,1] to linguistic terms of linguistic variables in a natural language. Linguistic terms are special
words that are labels for information granules that are represented by sets in formal theories.
Therefore, every information granule has two assignments: (i) a word that summaries our knowledge

in a natural language, and (ii) a set of numbers that represents the word in a computational theory.

Thus, we develop a computational apparatus by representing our knowledge on the one hand
with words and on the other hand with numbers. In two-valued paradigm, the words are assigned
to {0,1}, but in infinite (fuzzy)-valued paradigm, the words are assigned to [0,1]. Next, it should be
recalled that there are many different classes of words that summarized our knowledge. The two
unique classes of words that we concentrate on here are (i) the words that describe our knowledge
for which we use descriptive sets assignments and (i) the words that verify the descriptive set

assignments specified in (i) above for which we use verification set assignments.

Thus there are in effect two distinct but related assignments. It appears that these two distinct
assignments are implicitly assumed to be the same in most articles of the current fuzzy theory
literature. It further appears that this confusion arises because both of the assignments are values
either in {0,1} for the two valued theory or in [0,1] for the infinite valued theory. However, it is
worthwhile to re-emphasize that one specifies an object's degree of belonging to a set identified by
a label, a word of a concept category, and the other specifies the degree of belonging of the set

assignment given in the first instant to our abstract concept of verity, i.e., truthood.

As a mater-of-fact, it is common knowledge that there are two distinct disciplines in the
institutions of higher learning: (1) "Set" theory and (2) "Logic" theory. Furthermore, it is to be
recalled that logicians start out their discussions usually with an expression which state: "it is the case
that (.. .), i.e., F (. ..), where (.. ) represents a proposition, a set definition, which is verified,
asserted or denied, and where the symbol "}'" is a short hand notation for "it is the case that". Many
other examples of such expressions may be found in introductory logic books [1,5]; e.g., "t is true

that (. . .)", "it is affirmed that (. . .)", etc. Introductory logic books make this point rather clear at
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the outset.

Therefore, in fuzzy set and logic research, one needs to come to realize that these two
concepts of "sethood" and "truthood" must be given due recognition in the fundamental derivations

of the theoretical constructs such as truth tables, well formed formulas, normal forms, etc.

In this context, the central concern of this discourse is directed to the formation of generalized
truth tables and normal form expressions. It is hoped that this will shed further light on the future
discussions while we are reassessing the foundations of fuzzy information granulation toward a well

founded theory.

In order to add further clarity to this issue of concern, the following two definitions are

needed for the discourse to be build on a well defined foundation.

Definition . Set Assignment:
Every element (object, person) x belongs to a set X with the set membership assignment, p,(x)

with respect to a fuzzy information granule, a linguistic term, A, of a linguistic variable, 4, which is

generally a word in a natural language or a label of a concept category.

Let s € S, be this assignment statement (Definition 1) given above in the set of all possible
statements S, which denotes Set '"Description", D.
Then symbolically, the set membership assignment may be expressed as:
s i =xeX isr A, p,(x) 1)

where "isr'" [31] indicates that the membership assignment, p,(x) €[0,1], for xeX, is in relation to a

fuzzy information granule A of 4 such that p,: X - [0,1]. In two-valued theory, we have:
s i =xeXis A, p,(x)

where "is" indicates that the set membership assignment, p,(x) €{0,1} for x € X, is in a crisp

information granule A of 4 such that p,: X - {0,1}.
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Definition 2. Verity Assignment:

Every set assignment s , S;, specified by Definition 1 above, has an associated truthood
assignment j1,(s) with respect to the concept of verification of s which may be affirmed or denied to
a degree by a person (a sensor) and that such a verification may be uttered, specified or determined,
either by the same person (sensor) or an independent person (sensor) that is other than the person

(sensor) that makes the set assignment s , S, in the first place.

Let "} " stand for "it is the case that" as the usually accepted symbol in logic. Then the verity

assignment statement 7, Sy, within the set of veristic "Truthood" statements is defined as:

tt s, Spisv T,pq(s)or (2)

tt (x, Xisr A,pa(x)) , Spisv T,p(s), (3)

where ¢ , Sy, a truth verification statement in the set of truth verification statements Sy,

"s ' x, X isr A,pa(x)" as defined by (1) above; and "isv" [31] indicates the verity assignment

1,(s) for every s, Sp in relation to an information granule of truthood 7, of the abstract concept of
truthood T, such that 7 stands for a linguistic term such as "true", "false", "very true", 'somewhat
true", etc., of the linguistic variable of "Truthood", T, in infinite valued logic theory such that p; S,
6 [0, 1], where T', T = {true, false, very true, somewhat true,..., false, very false} or it stands for the
dichotomous truthood in two valued logic theory such that, p;: S, 6 {0, 1} where "1" stands for

"true" and "0'"" stands for "false", i.e., pr : Sp 6 {¢}, ¢, {0, 1}. At times, due to classical convention,

weuset, {F, T}.

In particular, it should be re-emphasized that in expression (1), "X isr A" is a fuzzy proposition
identified with a fuzzy information granule A, such that "s ;> = x , X isr A with p,(x) , [0,1]"
identifies a single generic element x of X in the fuzzy information granule A with a specific
membership value p,(x). On the other hand in expression (2), "} s,Spisv T, ps), [0,1]"is a fuzzy
predicate which is truth qualified by p,(s), where "s : : = x , X isr A, p,(x) , [0,1]" is a generic but

specific element s , Sy, a linguistic statement, more generally identified with the fuzzy proposition
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"X isr A". In Figure 1, these concepts are depicted in a Fuzzy Ven Diagram.

Furthermore, it should be noted in this context that our knowledge representation, K, is a
tuple made up with Set "Description"”, D, and Truthood "Verification", V, ie., K = (D, V) is
expressed more explicitly as

D:"s:=x,Xisr A, p,(x)" forevery s, Sp, and

V:'"to=5,8yisv T, pis)', forevery t, Sy

Thus it is proposed that the usual notation (x, p ,(x)), or p,(x)/x, be extended to be [(x, p,(x)),
(s, pp (5)] or [pa(x)/x, pr (s)/s] and to be read "every element x , X is assigned a set membership in
an information granule A of A with the membership p ,(x), within the context of s :: = x , X isr A,
n,(x); such that s, Sy and it is independently verified by the assignment of truth degree in an

information granule 7 of T with the membership p{s), within the context of "'t :: = s, Spisv T, pnz(s),

such that ¢ 0 S,".

It is to be recalled that a witness, in a Court of Law, is asked to affirm or deny a statement,
an event, a description, etc., in terms of two-valued logic as "true" or "false" which is separate from

the statement that describes a situation and in addition to such a statement.

In this regard, let us next briefly review the interpretations of membership concepts from the

current literature.

2. SET AND LOGIC COMBINATION

In the light of the foregoing discussion given above, it is natural to propose four basic theories
and one myopic theory that combine the set and logic assignments that form the basis of our formal
knowledge representation. These are: (i) the set and logic theory based on two-valued set and two-
valued logic assignments. This is the well known Boolean set and logic theory. Let us call this S,
L..1; theory; (ii) the set and logic theory based on infinite valued (fuzzy) set and two valued logic
assignments. Let us call this S, ;; L, ,, theory; (iii) the set and logic theory based on two-valued set
but infinite valued (fuzzy) logic assignments. Let us call this S,,, Ly, ;, theory; and last (iv) the set

and logic theory based on infinite valued (fuzzy) set and infinite valued (fuzzy) logic assignments.
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Let us call this Sy ,; Ly, ; theory. The last two theories, i.e., Sy, Lyo 1y and Sy ;) Ly ;) theories, has

not been investigated properly to this date.

In our view, these are the four basic theories, but there is a fifth theory which is the one most
commonly referred to as the "Fuzzy Logic" theory in the current literature. This is essentially the first
theory, i.e., two-valued set and two-valued logic theory that is fuzzified directly in a limited manner.
Let us call it the myopic theory and identify it as F(S, L) In this myopic theory, only the
shorter forms of the well formed formulas of S, L, theory are just fuzzified. In the myopic
theory, the short forms of the well formed formulas are taken at times to be the Disjunctive Normal
Form and at other times they are taken to be the Conjunctive Normal Form, i.e., DNF and CNF,
respectively, depending on the combination of the chosen concepts. This myopic selection will be

further discussed below.

In all these five set and logic theories, combination of any two concept, say A and B, lead to

the formation of sixteen well known meta-linguistic concepts as shown in Table 1.

The essential claim of this Keynote Address is that canonical expressions, known as
Disjunctive Normal Form and Conjunctive Normal Form, DNF and CNF, respectively, needs
to be derived and interpreted in agreement with the principles and axioms related to each of
these basic theories. It is further claimed that the derivation of the canonical expressions for
S0 L,y are a generalization of S, Ly ,,. Furthermore, it is claimed that Fuzzy Disjunctive
and Fuzzy Conjunctive Normal forms, FDNF and FCNF, respectively, are no longer equivalent
to each other while it is very well known that DNF (.) = CNF (.) in Sy, Ly, for all of the
sixteen combined concepts shown in Table 1, where (.) stands for any of the sixteen possible

concept combinations.

We now return to each of these four theories in detail to layout down the technical formal

ground for this claim.

2.1 S(O,l) L{O,l} Theory
This is the well known, classical, two-valued set and two-valued logic theory. It is very well
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known that the DNF and CNF formulas of this theory, as shown in Table 2, are derived from Truth

Tables for each of the sixteen meta-linguistic expressions shown in Table 1.

For example, for the meta-linguistic expression #3, i.e., "A OR B", we have, from Table 2 row
3, DNF (AORB)=(A1B)c (A 1c(B)) c(c(A) 1 B), and CNF (A OR B) = A ¢ B, where "1"

stand for set conjunction, "c" for set disjunction and ¢(.) for set complementation.

For the meta-linguistic expression #6, i.e., "A AND B", we have, from Table 2 row 6,

DNF (AANDB)=A1B,and CNF(AANDB)=(AcB)1(Acc(B))1(c(A)cB).

And for the meta-linguistic expression #7, i.e., "A IMPLIES B" or "A 6 B" we have, from
Table 2row 7, DNF(A6B)=(A 1B )c(c(A) 1 B) c(c(A) 1c(B)), and CNF (A 6 B) = c(A) ¢ B.

Now, in the classical theory DNF (.) / CNF (.) for all the sixteen combinations shown in Table 1 and
Table 2, due in part to the axiom of idempotency and in part to the law of Excluded Middle, LEM,
and the Law of Crisp Contradiction, LCC, because the set membership assignments p,(x) , {0,1} and
pp(v), {0,1}forallx,Xandy,Y.

2.2 My()pic, F(S{O,l} L{O,l}) Theory
In the myopic, F (S, L,;) theory, researchers usually take "A 1 B" for "A AND B" which
is the DNF (A AND B) and fuzzify the set membership values and disregard CNF (A AND B).

In a analogous manner, researchers usually take A ¢ B for "A OR B" which is the CNF
(A OR B) and fuzzify the set membership values and disregard DNF (A OR B). However, it was
shown [20] that when set membership assignments are taken to be p,(x) , [0, 1] and p(y) , [0, 1],
DNEF(.) ... CNF (.) for all sixteen combinations shown in Table 2, simply because the LEM and LCC

do not hold in the crisp sense [28].

In particular, it was shown that DNF(.) f CNF(.) for all the sixteen combination of concepts
when the connectives are assumed to be the (w, v, -), i.e., (Max, Min, St Comp), De Morgan Triple

[20]. In 1986 and later in several articles [21, 22, 23, 24, 25], it was questioned why many researchers
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of fuzzy theory insist on using just the CNF of the expression #3, Row 3 of Table 2, i.e., A u B. But
the same researchers insist on using just the DNF of expression #6, Row 6 of Table 2, i.e., AN B,

and the CNF of the expression #7, Row 7 of Table 2, i.e., c(A) u B.

To repeat the question in a different manner, one should ask why are the researchers ignoring

the DNF (A OR B), CNF (A AND B), DNF (A - B)?

An answer, is that, most of us, having been educated and trained in two-valued set and two-
valued logic theory, have become accustomed to using the short form of these expressions since in

classical theory DNF(.) = CNF(.)

Hence due to our human habits, most of us did not question what would happen to these
canonical forms in just fuzzifying the classical expressions. Thus the myopic fuzzy set and logic
theory F (S;91y Lyo;y) has been in a common usage in most of our current literature. This myopic
theory is the one that is identified as the fourth theory. In order to go to the second theory, Sio.1 Loy
one needs to ask the fundamental question: "How are the normal form expression, DNF and CNF are
derived in the first place at the very beginning of a set and logic theory and how are they to be

restructured in fuzzy set and logic theories?"

One approach is to look at the construction of Truth Tables and the derivation of canonical
expressions from the Truth Tables based on the "Normal, Canonical, Form Derivation Algorithm",

Appendix [.

23 Sto,1 Lo,1y Theory

In order to develop this theory and its normal forms which are called Fuzzy Disjunctive and
Fuzzy Conjunctive Normal Forms, FDNF and FCNF, respectively, one must ask two related
questions: (i) whether or not "Fuzzy Truth Tables" can be constructed, and if so (i1) can one derive

the canonical, normal, forms, i.e., FDNF and FCNF, from such tables?

These two questions were answered in the affirmative manner in Tirksen [21] and later

treated from two different unique perspectives in Tirksen, et al. [27, 28]. Various investigations
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attempted to show the impact of these FDNF and FCNF in fuzzy system modeling [22, 23, 24, 25].
The details of these developments may be found in the articles referred to above. However, we give

a brief description of the derivation of the fuzzy normal forms here.

2.3.1 New Construction of the Truth Tables
Truth Tables can be newly constructed for the derivation of Fuzzy Normal Forms as explained
in Tdrksen [21] and Turksen et al. [27, 28] where three related but different explanations are given

for this purpose.

For example, a newly constructed Truth Table is shown for the derivation of FDNF and FCNF
of "A AND B" in Table 5. The new construction of the Truth Table for this purpose is based on the
natural language expressions as shown below. Let us consider the two fuzzy sets A and B defined
over the base axis X and a generic element x € X, where X =X, u X,. Let the A(x) = g and B(x) =

b.a, b€ [0, 1], where a > b representing all cases of x € X, and a < b representing all cases x € X,

Now the following linguistic expressions can be stated in order to cover all possible cases.

For all x € X:

(1.1.1) x € X, is in the infinite-valued (fuzzy) set A with a membership degree a > b is true, T, t = 1;

ie,xeX istrA,a>b,isvT,t=1.

(1.2.1) x € X, is in the infinite valued (fuzzy) set A with a membership degree a < b is false, F, t = 0;
e, xeX istrA,a<b,isvF,t=0.
(2.1.1) x € X, is in the infinite-valued (fuzzy) set B with a membership degree a > b is true, T, t = 1;

e, xeX, isrB,a>b,isvT, t=1.

(2.2.1) x € X, is in the infinite valued (fuzzy) set B with a membership degree a < b is false, F, t = O,

ie,xeX istB,a<b,isvF, t=0.

For all x € X, anologous expressions can be written, but let us just write the short hand rotation only.

That is, we have for all x € X,:



(1.1.2) x,X,istr A,a<b,isvT, t=1.
(1.2.2)x,X,isris A,a$ b,isv F,1=0.
212)x,X,isrBya<b,isvT, t=1.
22.2)x,X,isrBa$b,isvF,t=0.

These two sets of linguistic expressions form the bases upon which one can newly construct the Truth
Table for the definition of the combined fuzzy set "A AND B" in S5 ,; L, theory. The application
of the Normal Form Derivation Algorithm [see 21] give us the derivation of FDNF and FCNF

expressions for "TA AND B' from the newly constructed Truth Table, Table 5, as follows:

(A1B), AgB, is T,
FDNF (A AND B) =
(B1A), AdB is T;

{(Ac B)l(c(A)cB)I(Acc(B)), AgBis T,
FCNF (A AND B) =
(BcA)I(Bcc(A)l (c(B)cA), AdB is T.

It is to be noted that these are essentially duplicates of classical DNF and CNF expressions.
respectively. The duplicate terms are realized due to the fact that one now has to take into account
the two cases corresponding to A g B and A d B. It should be noted that in previous writings [21.
27, 28] a clear distinction between the two cases were not made explicit. This separation is needed

because either x , X, or x , X, but not both, i.e., it is an "Exclusive OR" case.

In an analogous manner, one can derive the FDNF and FCNF expressions for the combined

fuzzy set of "A OR B'' to be:
(A1B)c(c(A)IB)c(Alc(B)), AgBis T,

FDNF (A OR B)={
(BIA)c(Blc(A))c(c(B)1A), AdB is T;

(AcB), AgBis T,
FCNF (AORB) =
(BcA), AdBis T,

Again the duplicate terms are due to the cases of A g B and A d B. Hence for all the remaining

fourteen expressions, i.e., FDNF and FCNF expression, can be obtained to be the duplicate of the



classical DNF and CNF expressions shown in Table 2.

It should be further noted that derivation of these normal forms are based on De Morgan
Laws with the involutive standard negation and with the assumptions of monotonicity and boundary
conditions only. Hence, they are applicable to pseude f-norms and co-norms as well as t-norm and
co-norms in general. Naturally, for the case of t-norms and r-conorms, we do not have to WOITY

about the order of A g B and A d B. Thus we have only one set of formulas for all cases.

Therefore, it is straight forward to show that:

o) these expressions reduce in form only to the classical expressions shown in Table 2 for all t-
norms and #-conorms with FDNF (.) ... FCNF (.). In particular for (Max, Min, St Com) De
Morgan triple we get the particular characteristic relation that FDNF (.) f FCNF (.) [20].

(ii) these expressions further reduce to classical expressions when A and B are crisp, two-valued,

sets with the particular characteristic relation that DNF (.) / CNF (.).

Therefore, the FDNF and FCNF expressions derived from newly constructed ""Truth Table"
for the Sy ,; Ly, theory are generalizations of the classical normal forms that take into account the
two cases A d B or B f A that are realized in infinite-valued (fuzzy) set membership assignment while

keeping the two-valued verity assignment of truthood.

24 S Ly S Loy Theories |

In Sy, Ly ,; the set membership assignments are two-valued where as the verity assignments
of truthood are in [0,1]. Next in Sy, L, the set membership assignments and the verity assignments
of truthood are in [0, 1]. Currently, the normal forms of these two theories are being investigated

and will be reported in a future paper.

3. Discussions

Each one of these theories help us to develop approximate reasoning schemas from more
specific to more general. It is clear that the inference rules of two valued set and logic theory, i.e.,
S(.1y L., theory, are well known. The inference rules of the Myopic F(S 1, Li,,), theory are
reasonably investigated in current literature, e.g., Dubois and Prade [6] Trillas and Valverde [19], etc.



But the inference rules of the S, ;; Ly, must be investigated in detail for use in approximate easoning
schemas. Partial answers are provided in Turksen [21, 22, 23, 24, 25] and Tirksen, et.al, [27, 28].
Based on fuzzy normal forms of S ,; L o,, theory, three of the significant results are summarized here

as follows:

(1) The laws of "Fuzzy Middle" and "Fuzzy Contradiction" can be stated and proved to hold as

a matter of degree [28].

(i) The laws of ""Conservation" holds absolutely in a new form, [28] i.e.,

p[FCNF (A OR C(A)] + p[FDNF (A ANDC(A)] =1, and
R[FDNF (A OR C(A)] + p[FCNF (A AND C(A)] = 1.

(iii)  The expressions of '"Re-affirmation" and "Re-negation' hold as a matter of degree in sensor

fusion [28].

It is expected that further research results of S, |, L, theory will be reported for a well founded

development of the theory with due regard to FDNF and FCNF.

Finally much work and investigation is called for S, |, Lo ,; and S, ;; Ly, theories which are

yet to be explored extensively.



Table 1. Meta-Linguistic Expressions of Combined Concepts for any A and B
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Table 2. Classical Disjunctive and Conjunctive Normal Forms, where n is a conjunction,
v is a disjunctive and c is a complementary operator
No. | Disjunctive Normal Forms Conjunctive Normal Forms
1 (A1B) c (Alc(d)) c (c(A)IB) c(c(A)lc(B)) 1
2 i (AcB) 1 (Acc(B)) 1 (c(A)B) 1 (c(A)ce(B))
(A1B) c (Alc(B)) c (c(A)1B) (AcB)
4 (c(A)1c(B)) (Acc(B)) 1 (c(A)eB) 1 (c(A)cc(B))
5 (Alc(B)) c (c(A)IB) ¢ (c(A)1c(B)) (c(A)ee(B))
6 (A1B) (AcB) 1 (Acc(B)) 1 (c(A)cB)
7 (AlB)c (c(A)IB) ¢ (c(A)1c(B)) (c(A)cB)
8 (A1C(B)) (AcB) 1 (Acc(B)) 1 (c(A)ce(B))
9 (A1B)c (Alc(B)) ¢ (c(A)1c(B)) (Acc(B))
10 (c(A)IB) (AcB) 1 (c(A)B) 1 (c(A)cc(B))
11 (AlB)c (c(A)1c(B)) (Acc(B)) 1 (c(AXB)
12 (Alc(B)) c (c(A)IB) (AcB) 1 (c(A)ce(B))
13 (A1B) ¢ (Alc(B)) {AcB) 1 (Acc(B))
14 (c(A)IB) c (c(A)1c(B)) (c(A)cB) 1 (c(A)cc(B))
15 | (AlB)c (c(A)1B) (AcB) 1 (c(A)cB)
16 (Alc(B)) {c(A)1c(B)) (Acc(B)) 1 {c(A)ce(B))
Table 3. Classical truth table interpretations of "A AND B"
Truth assignments to Truth assignments to the Primary classical
meta-linguistic variables meta-linguistic expression conjunctions
A B "A AND B"
T(A) T(B) T(A AND B) ANnB
T(A) F(B) F(A AND B) A nc(B)
F(A) T(B) F(A AND B) CA)nB
F(A) F(B) F(A AND B) c(A) nc(B)




Table 4. Axioms of Classical & Set Operations

Involution c(c(A)=A
Commutativity AcB = BcA
Al1B =BIA
Associativity (AcB)cC = Ac(BcC)
(A1B)IC = A1(B1C)
Distributivity (AcB)cC = Ac(BcC)
(A1B)1C = A1(B1C)
Idempotence AcA=A
AlA=A
Absorption Ac(AlB)=A
Al(AcB)=A
Absorption by X and 1 AcX =X
Ali=1
Identity Aci = Professor A.
Mandelis A1X = A
Law of contradiction Alc(A) =1
Law of excluded middle | Acc(A)=X
De Morgan’s laws c(A1B) = c(A)cc(B)
c(AcB) = c(A)1c(B)




A B A AND B
(1.1.1) ax>b T (2.1.1) axb T T
(1.1.1) ax>b T 2.2.1) a<b F F
(1.2.1) a<b F (2.1.1) a>b T F
(1.2.1) a<b F (2.2.1) a<b F F
(1.1.2) a<b T (2.1.2) a<b T T
(1.1.2) a<b T (2.2.2) ax>b F F
(1.2.2) a>b F (2.1.2) a<b T F
(1.2.2) axb F (2.2.2) azb F F

Table 5. The newly constructed "Truth Table" of "A AND N(A)" where a, b € [0, 1].
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