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[Abstract] This paper presents a stability proof
for the nonlinear feedback linearization-observer-
based sliding mode model following controller
(NFL-O-based SMMFC). The closed-loop
stability is proved by a Lyapunov function
candidate using an addition form of the sliding
surface vector and the estimation error.
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1. Introduction

In this paper, the nonlinear feedback linearization-
observer-based sliding mode model following
controller ~ (NFL-O-based = SMMFC) for
unmeasurable plant state variables to solve the
problem associated with the full state feedback is
developed [1-17,19]. The proposed NFL-O-based
SMMFC is obtained by the estimated state
variable based on observer state in designing a
sliding surface gain to ensure the stability by
Lyapunov’s method. The closed-loop stability is
proved by a Lyapunov function candidate using an
addition form of the sliding surface vector and the
estimation error.

2. NFL-O-based SMMFC

The NFL-based reference model! state equation is

z, (t) = T(xm (t)) ( 1 )
z,(0) = 4,2,()+ B,u,(¢) 2)
where x, eR" is the state vector for model,
z, e R" is the transformed state vector for model,
u, € R’ is the control input for model, 4, is the

nxn system matrix for model, and B, is the
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n x p control vector for model.
The control input for a reference model is

um(t) = —szm(t) (3)
K =R'B'P, 4)
PA+AP -PBR'BIP+Q =0 (5)

where K, isa pxn optimal feedback gain for
model, and P, is the algebraic matrix Riccati

equation.

The closed loop feedback system is
z,(t)=(4,—B.X.)z.(1) 6)
4, =A,-BK, (7

The NFL-based state equation including CLF is
reformed as

2.(0)=4,2,() 8)
The control input for a controlled plant is

u,(t)=-K,z,(1) )
K, =R'B'P, (10)
PA+AP,-PBR'BIP+0Q =0 (1

The NFL-based state equation for the controlled
plant and the output equation are

z, (t) = T(xp(t)) (12)
i (0)= Az, (1) + B (1) (13)
yp(t)= szp(t) (14)

The NFL-based observer equation is [18]
2,()= 4.2,(0)+ B, () + L,(2,()- C.£, (1)

= (Ap - L,C,)Z,,(f) + Bpup(t)+ prp(t) (15)
L, =PCR; (16)
AP + P A ~PC'R'C,P,+0,=0 an

The NFL-based state equation for the controlled
plant including CLF is expressed as

z,(f) (A BK)z(t) (18)

Let 4, :=4,-BKX, (19)
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)= 42,0+ B4, () (20)

The error and the differential error vectors are

e(t)=z,(0)-z2,(¢) @n
&) =2,(1)-2,(r) (22)
{0)=20-4,() =[4.20)]-[(4,- LS )5, 6)

+B . s (1) + 1,3, 1) (23)
z,()=e(t)+2,(¢) (24)

By substituting (24) into (23), we have
)= 4,2,(t)- (A,‘p - L,CP)EF(I) =B,y gure (1)~ Ly, (f)
= A (e(t)+2,() - (4, - L,C,)3,(2)
=B,y gurc(t) - Ly, (1)
= Ao e(t)+ (4. + LC, - 4,)2,(1)
=Bty guic(t) - Ly, (¢) (25)
The sliding surface vector and the differential
sliding surface vector can be expressed as

ole(t)) = GLe(t) = Gz, ()~ GL2,() = 0 (26)
&{e(r)) = GLélt) = GLAelt)+ GL(An + L,C, - 4,)5,(1)
=GB, ity gopc(t) - GSLy, (1) =0 27N

where G is the sliding surface gain [ ].
The Lyapunov’s function candidate is chosen as

V(e(t) = o*{e(r)) /2 (28)

The time derivative of (e(z)) is given by

V(e(t)) = cr(e(t))&(e(t)) (29
= GLe(t)GLé(?) 30)
- GLe(t)GL[Ae(t) + (4 + L,C, - 4,)5,(1)

=B,y urc(t)~ L,y ,,(’)]
= GLe(fGLAue(t) +GL(4. + L,C, - 4,)2,(r)
~GLB,d, aarc(t) - GLLy,(¢) ] <O (1)
From equation (31), the estimated control inputs
with switching function are represented by
%y aare(t) 2 (G;B,)“'[G;A,,e(z) +GL( A+ L,C, - 4,)5,(1)
-GiL,y, (t)] Jor Gie(t)>0 32)
iy anec(t) < (GEB,) [GLAet) + GL(4n + L,C, - 4,)5,(1)
~-GiL, y,(t)] Jor GLe(t)<0 (33)
The estimated control input vector with sign
function for the controlled plant is reformed as

e () = [ Eatnce(!) + Praurc? (1)
05T mrey, (O)sign{o{e(1))) (34)
subject to sign{ofe(r)))=1 for ofe(r))>0
sign{o{e(t))) =0 for ofe(r))=0
sign{ofe(t)) =-1  for ofe(r)) <0

where Ers,. :=(GiB,) G4, (35)
P ._(G;B,,) Gi(4.+L,C,-4,) (36)
OFiure =-(GLB,)"GLL, 37

Theorem 1: Consider the state equations of the
reference model and the controlled plant based on
NFL for the regulation problem

s, =4z and y =C_z,

2, = A7, + Bt and y —Cz
Consider the observer state equation based on
NFL

i, = AF, + B+ L(y,-C3,)

Consider G;BP(GSBP) =1, y,=Cz,, e=z,-%,

and z,=e¢ +7, . Suppose that (AP,CP) is detectable
and (4,-L,C,) is Hurwitz. The estimated sliding
mode model following control law with sign
function based on NFL is guaranteed an
asymptotically stable for the system (13)

Wi = [EO‘T‘;Mre+P b +Oo_wm)’,]“ o'(e)

Ete =(GLB,) Gid,
B e =(GLB,) GL(An + L,C, - 4,)
Oftore =-(G5B,) GLL,
subjectto  sign{ofe))=1  for a‘(e)>0
sign(ofe)) =0 for  ofe)=0
sign(o(e))=-1 for ofe)<0

Proof. Let us define the error equation

) e,, =z ', ¥4 »
The differential error equation is represented by
é,=z,-3,
= Az, + B e — A2,
—B i o — LPC,zP +LC2,

=Az2,-4z2,-LCz + LPCPzp
= (A,, -LC,)e,
A Lyapunov’s function candidate is chosen by
V= —a' (e)a'(e) +Ee’e"
The derlvatlve is obtained by
V=0 (e)d'(e) +ere,
= 6" () G5 A + G54 + LC, - 4, )2,

PP

+e:(A,‘p -LC,),
= 0" (€Y GhAue + GL(4n + L, - 4.,

~GLB, i e — GLL,Y,)

~(GLB,Esaumce + LB, Pifanurct,
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+GLB,OT e ey )stgn(c(e)) ~GgL,y )
+ey( L, L, P)ep

Let Eyrs,. =(GiB) Gi4,
Pfeue = (GuB,) Gi(4, + L,C, - 4,)
o _=-(G;B,)' GLL,
Therefore,

V=0 () Gade + G4, + L,C, - 4,)5,
;B,(( 28,) G4, )e sign(oe))
G2B,((G2B,)" GL( A + L,C, - 4,)): sign{ae))
+658,((648,) 611, )y, sien(o(e))-CLL,y,)

( -LC ,)ep
Consider G;B,(G;Bp)_' =1, y,=Cz,, e=z,-3,
and z,=e, +2
V=0 (e)(G; Ao+ G;(Am +L,C ~ A,Q,)EP
~GyAe sign(o(e)) ~GL(4 + L,C, - 4, ) sign{ole))
+GiL,y,sign(ole))-GLL,y,) +€l(4, - L,C,)e,
= af(e)(G;;A,,,e +Gi(4a+1,C, - 4,),
~GAwe szgn(a(e)) (A +LC,~4 )zpsign(a(e))
+GLL,C,z,sign(o(e)) ~G5L,C,z,) +el(4, - L,C,)e,
= o (e)G4(4, + L,C, - 4, )1 - sign{o(e)),
+0”(e)GLL, ( )slgn(o(e )
-~ (e)GSs ( ) +0'(e)GLA, e
-0 (e)GiAe sign(ole)) +el(4,-L,C,)e,
=o' (e)GSTS(Ah +LC, - Ab)(l - sign(o'(e)))zP
~g" (e)G;LPCP(l - sign(o(e)))ﬁp
+0” ()% LPCpeﬂs:gn( e)) ~o"(e)GLL,C.e,
+07(e)GL4,e —0 (e)GLA, e sxgn(cr(e))
+el(4, - L,C)e,
’(e)GS‘;(A,m, - A,‘p)(l - sign(a(e)))ép
+o"(e)G5L,C Pepstgn(or(e)) ~o"(e)GLL,Ce,
+07(e)GrA, e -0 (e)GiAy.e signlofe )
el(4,-L,C,Je,
If (4,-LC ) is stable, the error is ¢, —»0, and
e—>0 as (0.

P =070 A - 4,)(1- s'g"(“ ), <o

subjectto if o(e)>0, V=0
if ofe)=0, =0
if ofe)<o0, V = -2UGy(4,, - 4,)3, <0

, k is positive constant.
l.e, V<0 and so the system is asymptotically
stable.
This completes the proof of this theorem. O

3. Conclusion

A stability proof of a nonlinear feedback
linearization-observer-based sliding mode model
following controller (NFL-O-based SMMFC) has
been done.
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