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[Abstract] This paper presents a stability proof
for the nonlinear feedback linearization-full order
observer-based sliding mode controller (NFL-
FOO-based SMC). The closed-loop stability is
proved by a Lyapunov function candidate using an
addition form of the sliding surface vector and the
estimation error.
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1. Introduction

In this paper, to solve the problem associated with
the full state feedback [1-17], the nonlinear
feedback linearization-full order observer-based
sliding mode controller (NFL-FOO-based SMC)
for unmeasurable state variables is developed. The
proposed NFL-FOO-based SMC is obtained by
the estimated state variable based on observer
state in designing a sliding surface gain to ensure
the stability by Lyapunov’s method. The closed-
loop stability is proved by a Lyapunov function
candidate using an addition form of the sliding
surface vector and the estimation error.

2. NFL-FOO-based SMC

Let us consider the general nonlinear system
x(f)=r (x(t)) + g(x(t))u(t) 8]
y(t) = h(x(t)) )]
in which f(x) and g(x) are smooth vector fields,
and h(x) is a smooth function, defined on Rr".

The state equations based on nonlinear feedback
linearization (NFL) [19] can be expressed as
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2{t) = T{x(r)) 3)
#(t)= Az(t)+ Bu(t) “4)
y(t) = Cz(t) (5)

where xeR', zeR', ueR", yeR’, A is the
system matrix, B is the control matrix, and C is
the output matrix.

To implement the state feedback control law to
plants with unmeasurable states, observer is
designed to estimate the states and the estimated
state is used for control input. The observer based
on NFL is to construct of the form [18]

#(r) = A2(e) + Bult) + L{x(¢) - C2(1))

=(4- LC)z(r)+ Bult) + Ly(t) 6)
L=PC'R" N
AP+ PAT— PC'R'CP+Q=0 ®

where 7eR is the estimated state, L is the
nxm output injection matrix, P is the symmetric
positive definite solution, and ¢ and R are

positive definite matrices.

Remark : The estimator in equation (6) is driven
by the input as well as the output of the original
system. The output, y=Cz, is compared with
y=cz, and their difference is used to serve as a
correcting term. The difference of y and cz,
y-Cz, is multiplied by an real constant matrix
L, and fed into the input of the integrators of the
estimator. This estimator is called an asymprotic
state estimator. O

Definition 1: The system (4), or the pair (4,5), is
said to be stabilizable if there exists a state
feedback u=-K,,z such that the system is stable

(i.e., A4-BK is stable). O
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Definition 2: The system (4), or the pair (4,8),
is said to be stabilizable if there is a linear
control such that the feedback system is
asymptotically stable. 0

Definition 3: The system (4) and (5), or the pair
(c,4), is detectable if 4-LC is stable for some
L. a

The estimated input vector of the NFL-O/LQR is
defined as

uFL—O/LQR = _KLQRE(’) (9)
K=R'B'P (10)
PA+ A'P-PBR'B'P+Q=0 1)

where K, is an optimal feedback gain.

Remark : The relation between the weight
matrices ¢ and R defines the tradeoff between
the two contradictory desires such as to have a
rapidly decaying control process, and to reduce
power consumption for its realization. O

Definition 4: In equations (4) and (5), if pair
(4,B) is stabilizable and pair (4,C) is detectable,
020, R20, the Riccati equation has wunique
solution defining the optimal control, the feedback
system being asymptotically stable. O

The sliding surface vector and the differential
sliding surface vector to cope with the problem of
the unmeasurable state variables can be expressed
as

o(#(1)) = GL(r) (12)
&(2(1)) = GL2(r) (13)
where . G is the sliding surface gain.

The Lyapunov’s function candidate is chosen by

r(E@O) = o (2(e)) 12 (14)
The time derivative of V(E(r)) can be expressed as
V() = o(2(9))o(2()) (15)

= GLZGL(1)

= GLE()GE[(4 - LOY(1) + Bigra,e () + Ly(()]

<0 (16)

where i (¢) is the estimated input vector of the

nonlinear feedback linearization-observer-based
sliding mode control (NFL-O-based SMC).
The selection of the maximum and the minimum

values in the following manner will guarantee
sliding mode operation for any operating point.
From equation (16), the estimated control input of
the NFL-O-based SMC with switching function
can be derived as follows:

i auc(t) 2 (G B) [GL(4 - LOB(H+GL (1))

Jor GLi(t)>0 an
iy e (1) < (GLB) [G1(4 - LOR(HGL (1))
Jor GLz(f)<0 (18)

From equations (17) and (18), the estimated
control input of the proposed NFL-O-based SMC
with sign function can be reformed as

& (1) = -(G;B)“[c;,(A - LCE(}+GL Ly(r)]
sign{o{2(1) (19)
subject to sign(a(f(t))) =1 for  of(r)>0
sign(a(z‘(t))) =0 for ‘of3(r)=0
sign(a(i(t))) =-1 for  o{#(r)<0
Finally, the equation (19) is simplified as follows:
i (1) = [ OK™'3(1) + OK; (1)) sign{o{3(s )) (20)
OK™ :=(GLB) GL(4- LC) @D
oK™ :=(GLB) GLL (22)

Theorem 1: Suppose that (4,C) is detectable and
(4- L) is Hurwitz. Consider the state equations
and the observer state equation based on NFL for
the regulation problem
5= Az + Ba,,.
y=Cz
%= Af+ Bifu, + L(y-CE)

The estimated sliding mode control law with sign
function based on NFL that keeps the system
stable is guaranteed an asymptotically stable for
the system (4)

% = -|OK;™3 + OK;™y]sign{o{))
oK™ :=(GLB)" GL(4- LC)
0K :=(GLB) G&L
subjectto  signlo(s))=1  for ofz)>0
siglo(3))=0  for off)=0
sig{o(z))=-1 for off)<0

Proof. Let us define the estimation error
equation

e=z-z2
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The differential estimation error equation is
é=i-z

= Az + b, - A7 ~ BU%, ~ LCz+ LCF

= Az~ A3 - LCz+ LC?

=(4-1C)e
Lyapunov’s function candidate using the addition
form of the sliding surface and the estimation
error is chosen by

V= la"o’ + ie’e
2 2
The derivative of a Lyapunov’s function candidate
is obtained by
V=oc'G+ee
=o'(G"E)+e"(4- LC)e
- ar((;r (43 + BigTye + L(y~ cﬁ))) re’(4- LC)e
= ofG’((A - L)+ B(-{OK™3 + OK;™'y)
sign(o(2))+ LCz +e"(4- LC)e
= o’(G"(4 - LC)2 - G BOK;™3sign(o(2))
G BOK;™ LCzsign(o(2)) +G™LCz) +e" (4~ LC)e
Let Ok™ :=(GLB) GL(4~ LC), and
oK™ :=(GLB) GLL
V= a’(G;(A - LC)z - G;B((G&B)H‘ GL{4- LC))2
s:‘gn(o(é))
_G;B((G;B)" GL L)LCzsi o(2))+ G ch)
+e" (4~ LC)e
= a’[G; A(I - sign(a(i)))i - GL{LC)e
~(GLL)1-L))Csign{o(2))e +e™(4 - LC)e

If (4-LC) is stable, the estimation error is e—> 0
as 0.

) K = O'TG;A(l - sign(a(f)))i <0

subjectto if o>0, V=0
if =0, V=0
if o<0, V<-2kGLA2<0 ,

k is positive constant. The above condition is
satisfied on negative definite, and is an
asymptotically stable. This completes the proof of
this theorem. O

6. Conclusion

A stability proof for the nonlinear feedback
linearization-full order observer-based sliding
mode controller (NFL-FOO-based SMC) has been

presented.
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