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[Abstract] This paper presents the stability proof
of a nonlinear feedback linearization-reduced
order observer/sliding mode controller (NFL-
ROO/SMC). The closed-loop stability is proved
by a Lyapunov function candidate using an
addition form of the sliding surface vector and the
estimation error.
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1. Introduction

By the separation principle, a nonlinear feedback
linearization-reduced order observer/sliding mode
controller (NFL-ROO/SMC) is developed [1-18].
The closed-loop stability is proved by a Lyapunov
function candidate using an addition form of the
sliding surface vector and the estimation error.

2. NFL-ROO/SMC design
The state equation for full-state feedback and the

output equation based on nonlinear feedback
linearization (NFL) can be expressed as [19]

z(t) = T(x(t ) €3]
1) = Az(t) + Bu(t) 2)
y(t) = Cz(t) (3)
The transformation matrix is introduced by
q(t)=1z(1) 4
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The estimate 7 of 2 is generated as

2(e)= Py(r)+ Mi(r) ' Q)

A new realization for the system is expressed as

E5(t) = EAz(r) + EBur) (3)

Substituting for z and £, we get

oo {4
={C:‘Az(t)+[c}8u(t) (10)

Lo b o

Therefore, we get

ol Sl o

Lo Al )
)= 4,9(1)+ A,q(t)+ Bult) a4
a(t)= A,q(r)+ A,(2) + Bu(t) 15)

The estimator equation for 4 is

d(r) = 4,4(0)+ A, (e)+ B.u{1r) + L( wWe)- Cz‘(t)) (16)

let cP=1 and CM=0

He)-C2 = y(1)- C(Py(t) + M§) a7
= y(1)- CPy{(t)- CMg (18)
=y{t) - (£}~ 0 =0 a9

The reduced-order observer is represented by
)= A0+ 400+ Baf)

+L{3(0) - 4.000) - Bale)- 4,4()) (20)
Define w and w, we get
() =4(t)- Ly(r) 21
W) = 4(e)- L) 22)

The final form of the reduced-order observer is

»'v(t) = (An - LA")W(t)+ [(sz - LA,:)L
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+4, - LA, Ae)+ (B, - LB Ju(?) 23)

#{t)= Mw(t)+(P+ MLY(1) (24)
The differential form of the equation (24) is
2(r)= M(e)+(P + ML)3() (25)
The equations (23) and (24) are simplified as [1]
W(t) = Fw(t)+ Gy(1) + Hult) (26)
#1)= Mwfe)+ Ny(r) 27
where, F :=(4,-14,) (28)
G =[(4a- LAY+ 4, - L4] (29)
H :=(B,~LB) (30)
N =(P+ ML) 31

Theorem 1: Consider the state equations based on
NFL for the regulation problem
z=Az+Bu, . and y=Cz
Consider the reduced order observer state
equation based on NFL
g=Tz and 4=T%
4= 49+ Ay + Bl o
g= ApG+ Ay + B o+ Ly— LC3
The equal controlier gain k2« and observer gain
L may be selected separately for desired closed-
loop behavior.

Proof. Let us consider the estimation error and
differential estimation error
e=q-g
624 = Aq+ A,y + Bt o ~ (A + Ay + B, o
+ L9~ Ay~ BitE e A,zé))
= Ayq- A, - LAq+ LAG = (4, - LA Yg-3)
= (An - LA,z)e
= Az + B, = Az + B(-K5uz)
Let z=:z-Me
i= Az - BKt(z - Me) = (4 - BKGe )z - BKSo Me
The complete closed loop dynamics is
H ~ {A - BK2 _BKI MIZ}
é 0 A, LA, |e

The characteristic values of the system is
I~ A+ BK2e  —BK M
A(s) = det } e e
0 s {4, ~ L4,
= ]s/ —(4- BEg) Jsf - (4, - L4,
Thus, the separation principle is satisfied.
This completes the proof of this theorem. =

The Lyapunov’s function candidate is chosen by

o))
V(q(t)} =g (q(t)) /12 (32)
The time derivative of ¥(g(r)) can be expressed as
Pa(r)) = ola(0)o(alr)) = Galr)Gzd()

= GLa(GL[ 4.a()+ 4¥()+ By ()] < 0 (33)
The control inputs with switching function are
U (1) 2 —(G;B,)" G;(A,,q(t) +4, y(t))

for Gig{t}>0 (34)
e (0) < ~(GEB,) Gh( Aua(t) + 4,(1))
for GLg(t)<0 (3%

The control input with sign function is formed as
uie () = ~(GLB,) "Gl 4a(e) + A(0)sign(o{a()) (36)
The above control input can be simplified as
U (0) = (Ko (1) + Kaiea (1)) sign( o{a(1)) 37
where, K., =(GLB) Gi4, (38)
Keswer =(GLB,) G4, 39)
Finally, the estimated control input vector is
5 (1) = A Keguel0) + Ko y(t))sigrv(a(é(t))) (40)
subject to sign(a{é(t))) =1 for of4(r))>0
sign(o(d(t)))=0  for ofd(r)=0
sign{o{d(t)))=-1 for o{g(r))<0

Theorem 2: Consider the reduced order system
g=Tz and §=T1%
G= Apg + A,y + B o
G= AuG+ Ay + Bl o + Ly~ LCE
The estimated sliding mode reduced order control
law with sign function based on NFL is
guaranteed an asymptotically stable for system (2)

ﬁ;ngmc = —(anczé + KosueaV )S ign| (O'(é))

subjectto sign(o(g))=1 for  of§)>0
sign(o(q?)) =g for o(d)=0
sign( §)=-1 for o{d) <0

Proof. Let us define the estimation error and the
differential estimation error

e=q-4
é=q ““} =g+ Ayt Bz&:gé/mc
"(Ané + Azxy + Bzﬁ;'gwswc

+L(j’ -Ay- B;&:go/wc - Aué))
= dyuq A ~LAyg +L4,g = (An - LAx:Xq "é)
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= (An - LAu
Lyapunov’s function candidate is chosen by

V= lo-To'+le’e
2 2

if 0<0, V<-2kGLA,G-2kGLA4,y<0,
k is positive constant.

The above condition is satisfied on negative
definite, and is asympftotically stable. This

The derivative is formed as completes the proof of this theorem. 0

V=o'g+eé = a"(GS's(;) +e'(4, - LA,

= OJGSTS(AnqA + A:ly + Bzﬁl’i,(‘):}/mc + L(y - CE))

3. Conclusion

+e'(A, - L4, A separation theorem and a stability proof for a
=0'GLA,G+0'GL A,y +o'GLB" nonlinear feedback linearization-reduced order

-

"ROO/SMC

+0'G Ly ~0'GLLCZ +e'(4,, - LA,

=0'Gy A+ G4,y
—O’TG;;.B,(K e + Kesca y)srgn(cr(é))
+0'GgLy - 0" G4 LCE +€'(4,, - LA, [
Let Keoe, =(GLB,) Gid, and K,,,., :=(GLB,)"'GL4, 2
V=0"GiAg+0" Gydy ()
-o"GLB, ((G;Bz )'GL A, +(GLB,) GLd, y)sign(o(é))
+0"GL Ly~ " GLLCE +e' (4, - LA, Je “
Let GyB,(GLB) =1, )
V=0"GLA,G+a G4,y -0’ G Anésign(cr(é))
-Gy A, ysign(a(tj)) +0'GLLy - o"GLLCE t
+e’(4, - LA, o
=0'GyA,q +6'GL A,y +0'GLLy -
~0" Gy ugsign(o(d)) o’ Gl A,ysign(o(d))
~0'GLLC: +e'(4,, - LA, ]
Let z= Mw+Ny, N=P+ML, CP=1, (10}
and cM=0
V=0"GLA,g+0"GLAy+0 G Ly (1
~0" Gl A,qsi a(é)) ~0'GL 4, ysign(a'(ﬁ))
~0"GiLCMw -~ 6"GLLCNy +e' (4, - LA, e
=0'GyA,q +6'GLA,y +0"GLLy 13

~0" G Andsign(0(§)) ~0" Gl 4, ysign(o(4))
~0'GLLC(P+ ML)y +e'(4, - LA, (4]
=0'Gdyg +0" G,y +0"Ggly
0" GL A dsign{o(3)) 0" GL. A, ysign(o(4))
-0'GLLy +e'(4, - LA, 161
=0'Gi 4§ ~0" Gl Adsign(o(d)) +o7GL A,y
-0"Gl, 4, ysign(a(§)) +e'(4,, - L4,
If (4,-L4,) is stable, the erroris e—0 as r—0.
V=0"GL Aué(l - sign(o((}))) +0"GLA, y(l ~ si a(é))) <0
subjectto if ¢>0, V=0 (19]
if =0, V=0

{15]

(17

[18]
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observer/sliding mode  controller  (NFL-
ROO/SMC) have been done.
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