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Abstract

In this paper, intervalwise receding horizon con-
trols (TRHCs) are proposed for linear time systems sub-
ject to Hy and Hy problems. Uniform stability con-
ditions are provided for those systems. Under given
conditions stability is proved without using an adjoint
system. It is also shown that under proposed stability
conditions for He, problem, Ho.-norm bound is satis-
fied. The results in this paper are also applicable to

periodic systems which belong to the class of time sys-
tems,

1 Introduction

The pointwise receding horizon control (PRHC),
also known as receding horizon control (RHC) has re-
ceived much attention as a powerful tool for the con-
trol of industrial process systems since it has many
advantages such as simple computation {3}, 1/0 (in-
put/output) constraint handling [6], and tracking per-
formance [4], {5]. Disturbance rejection (7}, robustness
property [6], and stability property (2}, have been also
investigated for both linear or nonlinear plants.

In PRHC, more than one control input is caleulated
as the terminal point of a fixed-length cost N-horizon
recedes continuously at every time instant. However,
only the first one is implemented. It is noted that if
we use these ignored control inputs besides the first
one, we have a much lower computation cost, and may
have a better tracking performance and lower gain of
control input though it requires more memory than
PRUC. This control will be called an intervalwise re-
ceding horizon control (IRHC). In this case, after T
period the terminal point of the cost horizon moves by
one N-horizon and is fixed for the next 7' period. In
addition, compared with PRHC, IRHC may have dif-
ferent charateristics for several control issues such as
1/0 constraint handing, disturbance rejection, robust-
ness property, and stability property.

IRHC has been developed only for periodic systems
including time-invariant systems subject to Ha prob-
Jem [1}, and H,, problem {8}, while PRHC have been
developed for time-invariant and time systems includ-
ing periodic systems subject to Hz problem {2], [4], and
Hoo problem [7). In addition, terminal inequality condi-
tion for continuous systems has not been investigated in
literature which is more flexible than terminal equality
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condition [4] and enables us to handle I/O constraint|G).

In this paper, we investigate IRHC for linear time
systems subject to Hs and Hg, problems which may
include previcus results as special case. Uniform sta-
bility conditions are proposed under which closed-loop
stability of those systems is guaranteed with IRHC. It is
also shown that under the stability conditions proposed
for Ho problem, Huo-norm bound is satisfied.

In Section 2, uniformly stabilizing intervalwise reced-
ing borizon (IRH) Hy and H,, controls are proposed
and it is shown that Hy-norm bound is satisfied for
continuous time gystems. In Section 3, uniformly stabi-
lizing intervalwise receding horizon (IRH) Hy and Ho,
controls are proposed and it is also shown that Hoo-
norm bound is satisfied for discrete time systems. Fi-
nally, conclusions are presented in Section 4.

2 IRHC for continuous time systems

In this Section, we suggest IRH Hy and Hy con-
trols and stabilizing conditions for continuous time sys-
tems.

First, we investigate an IRH H; control. Consider
the following continuous time system

i) =
y{t)y =

where z(t) € RB®, u(t) € R™, and y{t) € RP. Cousider
also a cost function with Q2 >0

AD)z(t) + B(t)u(t)

Ct)=z(t) 2.1)

12
W) = 27 ()Q()(t) + /. (=" OCT®
Clt)z(t) + uT (¢, t2) R{)ult, t2))dt

where R(t} are piecewise continuous and symmetric.
We assume there exist fixed positive real mumbers oy,
g, such that

ol S R(t) S ap] for ¥ t. (2.2)

Define t,=tg+kT, ty=t,+T, and t.= 4+ N for T > 0,
0> N>T+6and §>0,and k =0,1,---, then we
propose an IRH H; control and stabilizing conditions.

witt) = -ROBTHPE L)) (23)
SO AT)PU ) + Pt A +
T

CT(r)C(z) - P(r,1.)B(r)
RYr)BT (1)P(7,t.) (2.4)

where P(¢,t,} is obtained by integrating {2.4) backward



from t, to v =t for t € [t tq).

THEOREM 1 : Assume (2.2), 0 £ CT(#)C(t) <
asl for Vt, and

Qt.) > ®r(t.)Q. + T)EL(L.)

te+T
+/_ ‘I’p(t,,‘r)[C(‘r)TC(r) +

HOTROH®WE (., m)dr  (25)

where

2r(o)
‘PF(U, T),
F(7)

Yr(o,0 +T)
where z(7) = ¥5{a,7)z(0)
A(t) + B(r)H(r)

for some H(r) € R™".

Then if (A(t), B(t)) is uniformly completely control-
lable for some 6. > 0, the system (2.1) with (2.3) for
& > &, is uniformly asymptotically stable for §, defined
in-(2).

proof: Since P(t},t.)-P(t7,t.) < 0 by (2.5), the re-
maining proof procedure is paraliel to that of {2. W

The proof of the following Theorem is shown di-
rectly without using an adjoint system [2].

THEOREM 2 : Assume (2.2), 0 < CT(¢)C(1) <
a3l for Vt, and (2.5) is satisfied. Then if (A(2), B(t)) is
uniformly completely controllable for some &, > 0, the
system (2.1} with (2.3) for § > 4, is uniformly asymp-
totically stable.
proof: Consider the system of (2.1) with the control
(2.3) and a Lyapunov function

V{t,z(t)) = 2T () P(L, t.)z(t). (2.6)

Since there exist positive scalars aq4 and as such that
ad < P(,t+6') < as] for each § satisfying § < §' <
oo from Lemma 2.1 of [2],

aP(r,

2.7
Then from (2.6) and (2.7), V{t,z(t;t,,z(t,))) —
V(ts, x(ts)) :

aea™W)z() < V(t2®) < ore" 02y 22D, <o

[

/l V('r,z(‘r))d‘r +
te
S =TS ) — PUt7 te))(ta)

ta€[ta.t)

/ ‘ V(r,z(r))dr
[N

IA

A

/( l &7 (1)[-CT(r)C(r) - P(r)B(r)R™"(r)
BT(r)P(r)]e(r)dr

= - '/‘j{xT(T)CT(‘r)C(T):c(T) +uT(r)R(r)u" (r)]dr
< —agxT(t)a(ts), t>t,.

(2.8)

where F(t) = (A(t) - BO)R™'()B(t)TP(t,t.)) and

ag > 0. From (2.7) and (2.8), the system (2.1) with

(2.3) is uniformly asymptotically stable. n
Second, we investigate an IRH H, control.

(1)
2(t)

where ET(1)E(t) = I and CT(t)E(t) = 0, =(t) € R",
u(t) € R™, and w(t) € R'. Consider also the cost index

A(t)z(t) + B(t)u(t) + D{t)w(t)
C(t)z(t) + E(t)u(t)

]

(2.9)
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with Q(t5) > 0:
Jinta Ut 2 Wiy ) = 27 (82)Q(t2)(t2) +

t2
[ WO - @It

Assume that there exist positive scalars a;o and an
such that
ool < P(t,t+8)Y<aul for & 268 (210

We also propose an IRH H, control and prove the
stability of that control.

u(tt) = —-BTQ)P(,t)x(t) (2.11)
w'(t,t) = v DT(O)P(t,t)z(?)

9Pt 4T(p(r 1) + P(r, ) A7)
or

+CT(r)C(r) - P(r,t.)(B(r)BT (1)
-7 :D(NDT (M) P(r,t.).  (2.12)

THEOREM 3 : Assume (2.10), 0 < CT(8)C(t) <
angl, OBbE)| <0 for V¢t € [ts, ta), and

Qte) > p(t)Q(te + TIET(L)
t.+T
+ / e(t., N)[C(HTC(T)
=t

+H@)THE) YRt T)dr  (2.13)
for some H(t) € R™". Then if (A(t), B(t)) is uni-
formly completely controllable for some . > 0, the sys-
tem (2.9) with (2.11) is uniformly asymptotically stable
and H-norm bound is satisfied.

proof: The proof procedure is parallel to that of The-
orem 1. a

THEOREM J : Assume (2.10), 0 < CT()C(t) <
aia] for Vt, and (2.13) is satisfied. Then the system
(2.9) with (2.11) for & > &. is uniformly asymptotically
stable.

proof: Consider a Lyapunov function with closed-loop
system 2(t) = A(t)2(t) + B(t)u*(t). The proof proce-
dure is parallel to that of Theorem 2. n

Ho-norm bound is shown in [9]. [ ]

3 IRHC for discrete time systems

Here we suggest IRH H; and Ho, controls and
stabilizing conditions for discrete time systems.
First, we investigate an IRH H. control. Consider
the following discrete time system

A;z; + Bin;
Cizi

Tiyr =

@

i =
where z; € R*, u; € R™, and y; € R?. Consider also a

cost function

iz—1 :
Tinia Ui i) = 25 Qinti + Y 6] CF G + i, Rivi i)

i=ih

where Q;, > 0.
‘We assume there exist fixed positive real numbers gy,
B2, such that
BiI <R <Pl for ¥V i. (3.2)

Define iy=igp + kT, ig=ip + T, and i.=iy + N for



N>T+68T>1,6>1,and k=0,1, -, where ig is

an initial point of control. Now we propose an IRH H,
control and stabilizing conditions for the system (3.1).

.
Yige =

P, =

~(B;" + BT P BT B Py, A3.3)
AT Pip1, 4+ CTC
~AT Piyr,ig BilR; + B Piya iy B BT
Pinpdi P = Qi (3.4)
= FTPuF; +CTC+ KT Koy,
F = Ai+BiKi,,
Kig = ~[R7 +BIPLL, B Bl Pt i

3
The IRH control uses only the first T-horizon controls
among N-horizon controls u}; . After T period, the
terminal point of the cost horizon moves by one N-
horizon and is fixed for the next T period.
Before proposing the stabilizing conditions, define :

a-1
L (M Lia(d) = 3 Wi (M)CTCuT,(M),
1=l
UinlM) = MIME, - MI,MI,
(M) = Wer(M),

Corollary I : Assume (3.2), 0 < CTC; < faf for
Vi, and

ie+T—1
Qi 2 ¥R Qusr®h + Y
J=ie
Ur, ,[C7C; + H R HJOE, | (35)
where
S = Uper
¥r, = F}TF‘III"'F;?;2F1{1
Fi = 4 +BH for some Hie R™™.

Then if (A;, B;) is uniformly completely controllable for
some §, > 0, the system (3.1) with {3.3) for § > &, is
uniformly asymptotically stable.

Corollary 2: Assume (3.2), 0 < CTC; < Bl for
¥i, and {3.5) is satisfied. Then if (A;, B;) is uniformly
completely controllable for some 8. > 0, the system
(3.1) with {3.3) for § 2 & is uniformly asymptotically
stable.

Second, we investigate an IRH H,, control for dis-
crete time systems.

Aix; + Byug + Dyw;
Ciz; + Euy

Tigy =
i =

(3.6)
Consider (3.6) where ETE; = I and CTE; = 0 and a
cost function
ig—1
T iU s Wi i) = e, Quain + 3 lll” = 7 fwilf®)
i=iy
where Q;, > 0.
Using the result of [12], if and only if [r-
¥ 2D My 5D} >0 overi € [t6 del,
uli, = [ +BI P B B Py Az
Py = AT P Ai - AT Py o BT+ BT Py,
BT B] Puyi s 4 + €T Ci 4+ 472P, 1, Di
[I+7-20?‘-11)1',!'21)"-1]”’D;I;lpiviz' (3.7)
where Pi, = M; ;[T —v7*Diy DT M, 1]

Assume that there exist positive scalars 8, and
such that :
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Bl < Py SBsI for 8 28 (38)
The stability result is parallel to that of the IRH Hy
control for discrete time systems.

4 Conclusion

In this paper, intervalwise receding horizon con-
trols {IRHCs) are proposed for linear time systems sub-
ject to Hy and Hy, problems each other. Uniform sta-
bility is proved under some conditions including terini-
nal inequality condition. It is also shown that under the
proposed stabilizing conditions for Ho, problem, Heo-
norm bound is satisfied.

Qur results enable us to take advatages of IRHC for

linear time systems. In the same way, an intervalwise
receding horizon concept can be applied to various sys-
tems such as linear or nonlinear systems with plant un-
certainty and delay subject to Hy and H,, problems
with 10O constraints. Especially if we use the proposed
terminal inequality condition together with LMI (lin-
ear matrix inequality) technique, we can handle I/0
constraints.
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