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EXISTENCE AND UNIQUENESS OF SOLUTIONS
FOR THE FUZZY DIFFERENTIAL EQUATION

DoNG-GUN PARK!, GYU-TAG CHOI?, AND YOUNG-CHEL KwuN?

1. Introduction

This paper is concerned with fuzzy-set-valued mapping of real variable whose values
are normal, convex, upper semicontinuous and compactly supported fuzzy set in E™.
We study differential and integral properties of such functions and give an existence

and uniqueness theorem for a solution to a following fuzzy differential equation with
fuzzy initial value.

0 [ e
(1) raaiCES /0 (t,s,2)ds)
z(0) = zo

A differential and integral calculus for fuzzy set valued, shortly fuzzy-valued, mappings
was developed in papers of Dubois and Prade [2, 3, 4] and Puri Ralescu [9,10].

As preliminaries we give in Chapter 2 some basic properties of E™ space and their
metric.

Finally, we prove the existence and uniqueness of solutions to a fuzzy differential
equation with fuzzy initial value when the mapping f on the right hand side of the
differential equation (1.1) satisfies a global Lipschitz condition.

2. Preliminaries

In this chapter, we introduce definition and some properties of E™ space and their
metric .

Define E™ space satisfies (1) - (iv) below ;
(1) uis normal i.e there exists an z9 € R" such that u(zo) = 1.
(i1) w is fuzzy convex.

(iii) u is upper semicontinuous.

(iv) [u]° = {z € R*|u(z) > 0} is compact.
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Let z be a point in R™ and A a nonempty subset of R".
We define the distance d(z, A) from x to A by

d(z,A) = inf{l|z — ajlla € A}

Thus d(z, A) = d(z,A) > 0 and d(z,A) = 0 if and only if € A, the closure of 4 in
R™. Now let A and B be nonempty subsets of R*. We define the Hausdorff separation
of B from A by

51(B, 4) = sup{d(3, A)|b € B)

Thus we have d};(B,4) > 0 with d;(B,A) =0 if and only if B C A In addition, the
triangle inequality

dy(B,A) < dy(B,C) +dy(C, A)
holds for all nonempty A, B and C of R™. In general however
d4(A,B) # diy(B, A)

This is schematically shown in Figure 2.1

di(A B) k—) K< S d3(B,A)
A B

Figure 2.1
We define the Hausdorff distance between nonempty subsets A and B of R by
(2.1) dy(A, B) = max{dy(A, B),dy(B,A)}
This is now symmetric in A and B. Consequently
(:) du(A,B) >0 with dy(A,B)=0 ifand only if A= B,
(2.2) (11) du(A.B) =dx(B,A),
(#21) du(A, B) > du(A,C)+ du(C, B)

for any nonempty subsets A,B and C of R".
We shall meanly consider the following three spaces of nonempty subsets of R™:

(i) C™ consisting of all nonempty closed subsets of R
(i1) K™ consisting of all nonempty compact (i.e closed and bounded) subsets of R"
(iii) A7 consisting of all nonempty compact convex subsets of R".

Thus we have the strict inclusions
Rl CcR"ccC"
Restricting attention to the nonempty closed subsets of R®. We see the Hausdorff

distance (2.1) is a metric the Hausdorff metric. Thus (C”,dy) is a metric space.
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Proposition 2.1. (C",dy) is a complete serarable metric space in which K™ and K"
are closed subset. Hence, (K",dy) and (K?,dy) are also complete separable metric
spaces. The support [u]° is also convex, which follows from the fact that

du([u®), [«]°) = 0asa—0*

Combinning above proposition, we have the following

Proposition 2.2. Let u € E™ and write C, = [u|* for a € I. Then

(i) Cq is a nonempty compact comvex subset of R" for each a € I,
(ii) Cpg CCrfor0<a<p<l,
(ili) Ca =(Nj2; Ca, for any nondecresing a; — o in I.

Or equivalently,
dH(Ca.',Ca) - 0 as a; o,
The converse of Proposition 2.2 also holds.
Proposition 2.3. Let C = {Cy : a € I} be a familly of subsets of R" satisfying (i),
(ii) and (iii) of Proposition 2.5, and define v : R* — I by

{ 0 if z & Co,
u(z) = .
sup{la € I:x € Cp} ifz € Cy

Then u € E™ with [u]® = C, for a € (0,1] and -

W= | CaSCo
«€(0,1]

3. Initial value problems of Fuzzy differential Equation.

The classical existence and uniqueness theorem for initial value problems assumes
that the mapping nohomogeneous term on the right hand.side of the differential equation
satisfies a Lipschitz condition.

In section, we concider the existence and uniqueness of solutions of the following fuzzy
differential equation.

de(t) t
(31) dt f(t7:1:7‘/0 k(t,s, :L‘)d.s)
2(0) = o

On the Eomplete metric space (E",ds ) satisfies a global Lipschitz condition if there
exist finite constants K > 0 and M > 0 such that

doo(f(t, ¢1 ’ 1/"1), f(t, ¢2a 1/)2)) S K (doo(¢1, ¢2) + doo(¢1 3 11’2))
doo(k(sv T, 51 (T)), k(sa T, 62(7-)) < M (doo(fl(T)a 52(7-))) .
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In this case we interpret the right hand side of (3.1) as mappings f and k defined the
following that
f:[0,T] x E" x E* — E"

k:[0,T) x[0,T}] x E®" — E"

we use the space C([t1,12], E™) of continuous function « : [t;,t2] — E™ with respect to
do metric on E™ ,on which we define the metric

(3.3) H(z,y) = max doo(a(t),y(t)).

t, <t<ty

Theorem3.1. For any finite T > 0 and =9 € E", a fuzzy differential equation (3.1)
on (E" d.) which satisfies a global Lipschitz condition (3.2) has a unique solution
z:[0,T] — E™ corresponding to the initial data =(0) = zo.
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