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ABSTRACT. In this papaers, we generalize the usual fuzzy metric on R, the set of all real numbers, and induce
the fuzzy metric space( X, d ) from a metric space(X,d).

1. Introduction.

Inl, we had a fuzzy real line, the system R of all real numbers together with its usual fuzzy metric and
its usual fuzzy topology. In this paper, we obtain the definition of induced metric (Definition 3.1.) using
similar methods in{l], induced a fuzzy metric topology (Definition 3.7.) from induced fuzzy metric space

and have some properties of them.

2. Preliminaries.

Thoughtout this paper, the closed unit interval|0,1] in the real line R will be denoted by I, which Ip=(0,1)
and Rt = [0,00).

And the motation will be used as in[4]. In paticular, F,(X) denote the set of all fuzzy point in X, and
};(X) denote the fuzzy power set of X.

The support of A € ﬁ(X), denoted by S(A), is the ordinary subset of X;

S(A) = {z € X|pa(z) > 0} (2.1)
([2]). Thus, we may regard S as a mapping from P(X) to P(X), the power set of X defined by (2.1)

Proposition 2.1. The mapping S : ﬁ(X) — P(X) satisfies the followings;

(i) S(|J 43) = | 8(4;) for any {4;]j € J } ¢ P(X),

jeJ jeJ
(ii) S([) A;) = () S(4;) for any {4,]j € J } ¢ P(X),
jeJ jed
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(iii}) S(A¢)=8SA(1)° for any A € P(X), where A(1) = {x € X|pa(z) = 1 }
Proposition 2.2. ([4]) Let A be a nonempty fuzzy set in X. Then;
A =|J{za € Fp(z)lz € S(4),0 < a < palz)}
= J{za € Fp(z)lz € S(4),0 < a < pa(x)}.

Definition 2.3. Define a relation < in Fp(R) by for any xa, y5 € Fp(R) xo < yg if x < y or x = y and

a < j.

In particular, we write x4 < yg if xo < yg but x4 # yg. More presisely we write

To=<ys if x=y and a<f, (2.2)
o <=yg if z<y and a=p, (2.3)
To<<ysg if z<y and a<P. (2.4)

Of course, X, << yg means (2.2) or (2.4) and x, << yg means (2.3) or (2.4). We call the relation < in

F,(R) the usual fuzzy order in R.

Porposition 2.4. The usual fuzzy order < in R is a linear order in Fp(R), that is the following hold for

any X, yg, zy € Fp(R).

(1) xo < Xa. (reflexivity)
(2) xo < yg and yg < Xxo Imply xo = yg (anti-symmetry)
3) xo < yg and yg < 2z, imply Xo = 2 transitivity,

B [ ¥ Y

(4) Exactly one of the following holds;

Xa < Y8, Xa = Y8, Xa > ¥Yg (trichotomy)

3. Fuzzy Metric Space.

In the seuqal, (X,d) = X will denote a metric space.
As is well known, a fuzzy distance function d from [I;(X)]2 to ﬁ(]R'*) is defined by for all fuzzy sets A

and Bin X
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tiam(® =V (sa) Aps®) for all &e&R*
6=d(u,v)

{[]). If A and B are fuzzy points xa and yg, respectively, then J(xo,,y,g) is the fuzzy point d(x,y)ang in

R*.

Definition 3.1. ([1]) A function d from [F,,(X)}? into P(R?) defined by

d(za,yp) = d(z,9)ang for all (za,yp) € [Fp(X)]?

is called the induced metric on X. The pair (X,d) is called the induced fuzzy metirc space.

Proposition 3.2. Let (X,c?) be an induced fuzzy metric space. Then for all x4, yg, 2, € F,(X) the

followings hold;

(1) d(xa, y5) € Fp(R*).
(2) d(%a, y8) = Oapg ifand only if x = y.

(3) E(Xm yg) = J(Yﬁ, Xa)- . (symmetry)
(4) Except 2, withx < z<y(ory<z<x)and0< vy < aAp,

we have J(xa, ys) < J(xa, zy) + d~(z.,, ya) (conditional triangle inequality)
Definition 3.3. Let x € X and r > 0 be given. The fuzzy set B(x, ; ry) defined by
B(za,7a) = | J{us € Fp(X)|d(za,yp) << Ta}

is called the fuzzy open ball with center x, and radius r, or the fuzzy r,-neighborhood of x,.

Remark. In the previous definition, consider, in general,

B(zairy) = | J{vs € Fp(X)ld(za, y5) << r4).

If @ < v, then B(x, ; r,) is ordinary open ball B(x;7). If @ > v, then B(x, ; r,) and B(x, ; v,) are equal.

In these reasons, the values of center and radius of a fuzzy open ball should be equal.

Definition 3.4. ([1]) A fuzzy set A in X is said to be fuzzy open if for every x € S(A) and for every

0 < X < pa(z) there exists an € > 0 such that B(x, ; €)) C A.
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Proposition 3.5. Every fuzzy open ball is fuzzy open.
Porposition 3.6. A fuzzy set A in X is fuzzy open if and only if if it is the union of fuzzy open balls.

Theorem 3.7. the family T of all fuzzy sets in X satisfies the followings;
(OS 1) For each o € I, Xo € T, where X, is the fuzzy set in X which is characterized by px_(z) = a
for all x € X.

(0S2)If{U; |je€J} C T, then | JU; € T.
jeJ
(0OS3)IfU, VeT, thenUNVeT.

Definition 3.8. The family 7 in the Theorem 3.7 is called the fuzzy metic topology or fuzzy topology

induced by the metric and the pair (X, 7) the fuzzy metric topological space or fuzzy topological

space induced by the metric.
Definition 3.9. ([4]) A fuzzy set A is X is said to be fuzzy closed if its complement A¢ is fuzzy open.

Proposition 3.10. In a fuzzy metric topological space (X, T), we have the followings;
(1) If U is fuzzy open, then S(U) is open.

(2) If F is fuzzy closed, then S(F) is closed.

Theorem 3.11. The family § of all fuzzy closed sets in X satisfies the followings;
(CS'1) Foreacha € I, X, € §.

(CS2)If{F; | j€ J} C§, then [\ F; € 3.
JjeJ
(Cs 3) IfF1, Fo € §, then Fi U F € §.
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