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Influence of Internal Resonance
on Responses of a Spring—Pendulum System
under Broad Band Random Excitation

Won Kyoung Lee and Duk Sang Cho

Abstract

An investigation into the modal interaction of an autoparameteric system under
broad-band random excitation is made. The specific system examined is a
spring-pendulum system with internal resonance, which is known to be a good model for
a varlety of engineering systems, including ship motions with nonlinear coupling between
pitching and rolling motions. By means of the Gaussian closure method the dynamic
moment equations explaining the random responses of the system are reduced to a
system of autonomous ordinanary differential equations of the first and second moments.
In view of equilibrium solutions of this system and their stability we examine the
system responses. The stabilizing effect of system damping is also examined.

LM 2 27t Zohstel wet e ¢AIge) Fad F
= 9l S (destabilizing effect) ZAsFG. 737}

2EAe e B (deterministic) WAy SAEHET Fol FOE gkl A sjAd
GRS EAE 2%ot we dpze @ae o Alstabilizing effect)el Bt B gl A EE o &
gl B8 zaaae wE Ao A4, A4 AL FEE welan® £3 forahimst Li""s}
HuFsse  Azdads  E£5@4Hsaturation [brahim'TE sHHe] 54 qAge] sesd A
phenomenon)& ¥ £3ld H gol o ol FtetA

opf ®7)st Fujpy 8 THASE REe E
e AH TELES A 4 dee @ gexy TUHE ESEEE 2T

T owmT

Aok ' 8 # Yhrahim¥ 19 ERSS 9 AE} E Aqe e Ao A7 2% #dd 95

o pu.

Baxsaes we sy giende ews 9 A FEeERH  Fusdt: A,
el WA EEAENE Ame gt N o 122 WRENL 938 ATar] #8354 v
2ol 4 Torahim# Roberts™Veh Roberts ¥t 12 HETE TFAA da7h ek wA, A 2
o YHEANL AxE oMY nAfEAe 2 A7 ¥ HHIGL FAANA 5 AETP A
FHAES M8 9ste] 3274 e b M8} A, A Zadde B Ferh? o AE
o mEsgon EEREdWe apgye g B Hated 129 WREEFRE JPA L ATHW

Feog FudriAa g B GANAAE ddst
# A, g 77l ek ol Ae  ewAHemrH FEW

o AR, FTAAIE(F) QAZEA LG

gl

_86_



Fokker-Plank ¥4 2o 2 RE] RoeEwAAg
<€ % Gaussian closure %4 &
A 2HER F49 14 e A&
Takar o] g ale] HYsie 1

259 ARa Ry
g we B4V Fig. 16 ey ok

oY —
19
k
g 5
f:l
m A

Fy \

Fig. 1 A Randomly Excited Spring-Pendulum

System
Ay HAZHE cdx/dt % cdx/dt 7 22}
2P 5 AALFAN Q3 n n A,
HAUELTEOE F559 Qe o Ay
TERAANL ggy 2o}

mx +o xtkr—m(l+%) $2 W
+ mg(l — cos¢) = F(¢t),
m(I+%)° ¢ +cydp +2mi+ )% ¢

+ mg(l+ x)sing = 0

A7N xsh =BG 2ZULEY AALEL

GEhHY 083 pe EEL o Sahel
_} - 3 - 2
=75 2maw, * & 2mlPaw,’ (3)
= Wt r=—f, T=%,w:=§

4 ()7 @8 $AARHE g2 duT
X208 +x—(1 +x)¢* i
+ 7(1— cos¢) = W0,
(1+0%¢" +267r¢ +2(1+0)2'¢’
(5)

+ 2142 sing =0

del Asold " e A% 19 o] B@ v

22 vehig
W) = Fden) ®)
mliwy

olth. 2ALHA S HAstel o] Az} ehuldR At
el gn & A @k G)elA 4zl
MARYS FAHE tee der

7

x"+2§1x'+x+7¢2—(1 +x)¢' 2= w(D, N
I+ 02" +287r¢" + A (1+0)¢
+20+05¢ —E A4 =0 )

2 (el AF mol &8ss 74348 Fr)
T "Hao] 0ol ojE Fax A w,( w,> w)
HellM #9898 29Eqy] Y& S,F 7AE
7}9- 223 (stationary Gaussian process)©.Z 7}t
Astdct  of AAE R AR
(autocorrelation function)v ©&3 o] &4 9]

o},

3

Re(v) = ELF(OF(t+v)] = 2S,0,(sinw,0)/w,v  (9)

WM 0 % B £ A% AGAS lwde
cebdeh 219 A0S WD) o A7) A BEs

Ryw(w) = E[ WD) W+ )] =

=__602w{‘}? sinu.Qu}

2xS, (_1 sinfu
m e\ 7 u

} (10)

ol of
A9 AR

4 109 2%
Ag % Qom

WMo o MEFTHE, u=owps F
ol Q=w,/w; It £2>12 A
e Dirac delta 52
(10 &

%]
2 4 108 93 2o

1

2



k.

Ruwl ) =2D &) (11)

3714

2xzS,
2D= ] ==z °2W

[ Wo

2

TTFE f=27r0F ZEY v ~HEHY

3. Fokker—Plank 2% Al

(D3 @) 4312 Feueg el 14 vy
YRR WEss] Natel 4 (9L 4

o33 2ol A,
¢"=[~2rzr¢'—#¢—#x¢3 | 12)
—2x'¢ = 2xx P + /G]W

o] 4 (12)9] #4383 power seriesZ A3 F
4z} o] Fe] vy FAEE tEe A=t

¢ ==2L7¢ — P+ Prd+ A48 rad — 24 ¢
(13)

o A Rt T R TS o

AN BeT 2L FEARE o4dn

{x,8,x", ¢} = {‘Xfl X5, X, AXT4} = X

B A %A WM& B o}-¢ 44 (Brownian
process) B9 X34 (formal derivative) 5,
W) =dBfdr & YELHE 2 (NI (8)& vhg
2 ItogANeZ FAFT

dX, = Xydr, dX,= X,dz,

2
5 X5+ X}

dX, = (~2 60X, — X, — 5

+ X, X3)dr + dB,

(14)

dX = (—2&rX,— P X, + 7 X\ X,

+7%

— XX~ 867X X + 2X, XX, )dr

F 487X X - 2X3 X, +

o]  Markov ¥
Fokker-Planck® A 4|

X={X1,X2,X3,X4}T—§—

a
= Hx - 2 ax [ad x,D8(x, D] 15
+—% 2 2 axax {60 x, Dp(x, D]
of H&3t712 vt QA71IH px, 08 AEHE

U =342 (joint probability density function) ©] i
al x, 0% b x,05 ZtZ Markov 34 X(2
ol 12 % 2x F 7129 E(incremental moment)
ot} ol s F/IEAEE tSd Zo] Heoldr

@n
al x,0= %LIPO% E(X(z+80—-X (D | X(r)=x} (16)
bl x, 0= m% EIX(t+80-X(0)]x

17)
[X{(r+ 6D — X{(D]]| X(z)=x}

Weta A (14)zRH
&3t 2ol Axg

al{x, 0% bx, 0= o

2; = X3, a3~ X4
as = —2§1x3~xl~—é#x§+xf+xlx3
a,= —285,7xy — P xp + P XXy (18)

+ 48 rx Xy — 2X3%y % 7 x3

— P xix, — 6L rxixy + 2% X%,
by =bp=0by=by="by=by=by=0
by =by =bp=by=by=by=0by=0

by =0, by=2D

A (188 4 (15d Ysd
Fokker-Planck® A 4l & d &1}

G983 ge

op

4. A
Fra axl(xsp) axz(x4p)

a
axg{(—Zé’lngx - —é 72x§+x§+x1x§)p]

314 [(—2&7rxy — Pxp + P x xg + 45 7%, %,
—2x3x4+—€1; ﬁx%—rzx%xz—6§2rx%x4+2x|x3x4)p]

+ 73—5—27(01» 19
X3

_88_



4. Gaussian Closure Hitd

Fokker-Planck %3 ] (19) 25 ¥ &3 8
px, 08 T3 A B ™ qlojg
A4 m(=a+B+r+nol dE px,0° RHE
PN A A x{xfxix] S %o}ﬂ A e
T (-0l X, (o) o M HBEFozn A
& F Utk n=29l A% FH ZuE 2R e
e 2y
mitxm=m0010
m(lnoozmoom
m6010 == mo— 2 {1 mano + Mooy — _’22 Maop + Mg

oy =— 7 moy ~ 27 &m0y + 7 myygg + 47 Ly gy — 2mgoy

+2myy + % Moy — 7 Mgy — 675 maggy
mm=2mwm
mozoo =2myn
Moy = 2D—2mygg — 4§, Mgy + 2megyy — 7 Mg + 2y
Moy =~ ¥ gy — 478y mgpey + 27 gy + 87 Eamipm — dmgy,
+dmygy + % Mgy — 277 Moy — 1208y My

My = Moo + Mgy

Mg = Mooz — Magoy — 281 Mgy + Mgy — T Mz T Moo

Mg = Moy — 77 My — 27 L Mgy + ¥ gy + 47 Ly mg,
—2myg + 2myy, + g M0 7 iy — 678 may,
Motio = Mooy — Myyge — 281 Mgyyp + Mgy — 5 Moo + myyg

. 2
Moioy = Moggy — 7 Mgy — 27 gy + ¥ mpmg + 47, LA

2
7
—2myy +2myy, + g Mo ~ 7 Mg — 678, mayyy

mt'wu =T My — ” Mong — 28y mogy — 278 mgy,
z 2
+ M3 ~ 2mggy — 5 Mo T 47§ mig — 77 myy
+ Mgy +2myg + -5 6 moaw 7 myig — 678 may
(20)
o174
maﬂrv(r) = E[X‘foXgX;’]

= ffff:OXi'xj;’xg’xZ p(x, 7 dx dx,dxdx

olth. EHE wA4 (20) 12 EZHEY Wig
4 Ae) mlEg s 2z meEed g 10 A9
MERAAer FAHNY 13 RUEd Y
PR AN 12 M 3R] melesz ¥
AHel ol Bi 2x} ERIES g 3

3 9 4 parEs

%‘ﬁ_a tﬂ"?“’-ﬂ&] X={X1,Xz,“’,Xn}94 —‘—:'7*5‘
¢l 2Iage

sith. BAYFE O

function)
cumulant®] 307 A HS
&3 2ol Heogh @

3} 4= (characteristic

‘/’x(ﬁ):E(eXD[i(ﬁle*‘ﬁng+"'+6,,X,,)])
= f_mm"'fD(X.r)exp[i(5,x1+02x2+ 21

<o Gpx ) dx g dxy-dxy,
4714 8,2  dee AFoitk.  #4 ¢ (O
Maclauring 2 A7/Ms® of33 o] vl

Aol RlEYS

2 EAE

G (O =1+ z:l—k}TE[(ielxlﬂerz+---+z’0,,X,)"]
=1+ 2 GORX]+ B 3 5 (0)(0) L XX ) +--

(22)
2T K(zkivkot. +k)9) EHEE 34 () E
vEdesA 25 gl
ELX" X' xt] = L 3%4.(8)

1 A2 n X 36 36" o e 5t (23)
T4 0, (09 23 KA cumulant A9 3o
2 EAEF Ao

1n¢x=iﬁl/ll[Xl]+1't92/11[X2]+...+i9,,/11[X,,]
+23210))(8) 4, [ X; X )] (24)

+ 22 3i8,)(0)(16,) A [ X, X X, 1+

7] KaH9 cumulant® c©h&3 o) Fojzc)
X = 1 _3%Ing.(6)
Ay l=—g

Aglxh x|
XX, & a6f .. 50"

b= Oy=-

_.89_



1=

(22), (23), (258 ¥E K% cumulant® T&
o] Kzt olste] RRlEES 2oz et
At

=

+

AlX.]1=EHX,] (26)

Az[XaX5]=EIXaXs]‘E[Xa]E[XB] (27)

Al Xo XX, = BLX.X3X,1— SELX,1ELXX,)
2B X, JELX,1ELX,]

(28)

ALX o XX, X, = FLX, XX, X,]
~ DEX,EX,X,X,)

oS R XELXGIELX, X, (29)

— SR X, X1ELX, X,]
CGELX, JELX,JEL X, 1ELX, ]

Aol wARgel e A%, Ad gwe
Gaussian B X9 ZAIZE 33 o]
cumulantE-& FA1E wtaich upebr A
29NA A3 4L, E 022 ¥Logd 33 % 4
A 2REES 13 EE 24 RHAEZ EAE g
9]t}
A 28)F (29)9] #AE A (20)o W
EEg FAE 14 e EHE
g 14 e mEYAEAES 28 5 Uk A
g fstd o] UAe AR
(autonomous ordinary differential equations)2.&

FAE Ag s 2ol vkl

PEENTE

m = f(m) (30)
017]}‘1 m={m1000,m0100,~--,m0011}7-‘\f 147“9] _8_
22 7470 wylE # e o] v

f(m):{f](m), fg(m), e, fld( m)}T% o] Al 2]
# e} 2 (vector field) o]t}
oM A 309 BIEH myE e 4

f(my)=0 (31

om R T o FFM PP B

&7l $isk]

m= my+Sm

oz £1 BYse] A& A omel Y V¥

pgdos wHE ¥ oomel MAdRTE FAG
W orhen g 4% AREwEAs avd
.3
om' =" om (32)

o] Jacobian }Eeol XE uHA A5}
W HGS mye FEAHL 3
|t

2207 GDE "W #Fstd
23 22 HysE A 2 & F Ao

mae=EL X} = D/2¢,, mom=ELX'{) = D/2¢,,
Uex BRlEZE 0 (33)

o] HAsl ©AXNRAI AT glol 2= d
£E (x)2 331 doen, 2} x9 AF HIEY
o]l A& ow Do vl o wuHES
BolF 3 gtk

5. x| A3}

A
£
t
o]
315

o
2
&
P
of
)

>
[
-
tlo

A P

T oq = T =
oz ZoA 2 (33)ez BAY HFM 9
Hygahgd-e BAE F, o] B AAFHE B
sgen o A&7t AL E dE FrA= ¥
v EEAA (30)2 F£XHoz Argozny Ed
e A%e zAstdnh

Fig. 2 §=¢=0.01, 2D=0.0002%0 7%,
NEFH r=wyfwol Wt A G (steady

state)l Aol &Ee AFFFghel P B
=AE ne 23 oleh o aYAA WRFIUIL
(r~05)¢ o} 2t ¥ FRue AR 21y
Bl BT o}

rol  F@slez £%50] A A(stationary
process)d & #al Fi Yt o] AI}E B HL
AP olaf AFH JAHE ~2ZYPeFU FAT
510 AREEL dejyxn  gom AATHA
(stationary excitation)ol] <3t &gel FdaAY



T

1.4E-2 | up to cubic nonlinear terms 4
————— up to quadratic nonlinear terms

2l

]

2

I

>

g

© -

it 7.0E-3

=2

L2l

=1

<

U

E
0.0E+0

0.40 l,,, 0.60

Fig. 2 Limits of mean square values E[x?] and

E{¢?] as functions of the frequency ratio
r (& =0.01, & = 0.01, 2D = 0.0002)

M
e

2
32
)
&2
rlo
2
oft
L
£
£ L

Ao &JHAT wepA

H7h LA RAEE

o] At 2ZYLFES AAHI FAo g

JeERT Fopxt W], 2 AR EFo WA

stol MBS Bl N4 ANHE 2ZUeE
ceRE FHHoZ AAHAE %t ANEFL

Bol wet o] EFe| AFHFZ F A AL
ojel Al WEIER Fgo] v GNAAYS TaF
I Uk Ax URFAEHAC] mAEIE G4
S FEEerA, sxlde] R ola st s
el HAYAA nAgA APHA SHE
A& BAF3

¢ 20E-2
E (a) r=0.6
w
§ 1.0E-2 E[x2]
g
5 E[¢?]
S 0.0E+0
&
2.0E-2

1.0E-2

mean square values

2030

T

2060

Fig. 3 Time histories of mean square values
E{x%] and E[4%] (& = 0.007, & = 0.007,
2D = 0.0002)

of 2NN YAHF AL 77 33 ¥ 239
MARYAA TSt NS Aot T A
7 gHon ®u oz WMoz w B AR
Aoz wol 3ol WaHEe s)@z} wln)
g 4 Stk o A 23t MAHYe] A
o AuiEQ ALY W 12 PRBFPo) S

ol§7h vt WeET)
Fig. 3& €% Aggwatol Aol
wet o s Wl ENE Bl Fm g

9 MEFZ WEHFT Y8e % 4 Ak o] A4a
e ol z25¥5E AR 1 2o AF
29 durel AEFE 24 W9 Y@

_91_



2.0E-3 T
g 1.0E-3 1
0.0E+0
0.40 0.50 0.60
r
Fig. 4 Influence of damping ¢, on the stability

boundary (¢, = 0.01)

1.0E-3 T

0 5.0E-4 | ]
unstable
stable
0.0E+0
0.40 0.50 0.60
r
Fig. 5 Influence of damping & on the stability

boundary (¢; = 0.005)

Fig. 49 5= ZZ £,=0.005% £=0.01¢ of
AN (2ZYREe] £5)9 )

Aol whAE
AA % Hopf 2718 2D—r H¥lol Ebd 2

oty o] zAL T Zrhdel me FYast
dgg ddo)] FYTe RFn Y o A
= (g7 Bory

< AR doe

FRF delo] oy AR, 24 Lol 4@ A
o D4E EHOR I ¥ oald wox #uw

2 Yehd Rolth o 1dEe

)
o2 RE Frlslr] Al&ete Hopf #7182 2Dy
of =Ed d7A 2zyeFo AFHdge A
MHom Z7ste wHd AxeEE AE do

U

OF
.

A A el

%, 7HxEe) B QA gkl
FHA7ARE B 2%o] G oA Z7}3lx] 9=
te A 233 dHE I & SHEA

1.0E-2 T

5.0E-3 1

mean square values

L

5.0E-5 1.0E-4

2D

Fig. 6 Limits of mean square values Elx*] and

Fl{¢*] as functions of the spectral
density 2D (»=0.49, &, =0.01, & = 0.01)

._92_



1.0E-2
E[x?]
—————— E(¢’]
w
@
=
"=
>
@ 5.0E3 |
<
=
&
=1
«
W
E
0.0E+0
0.0E+0 I 5.0E-5 1.0E-4
2Dy
2D

Fig. 7 Limits of mean square values E[x*] and
El¢*] as functions of the spectral
density 2D (»=0.49, &, = 0.01, &, = 0.02)

o
lo
b

W, BHAANME E5de] WA
Ibrahim™™e] =& #Helstm ok
Al 7‘44(()7} ZF7 el wet s
| SoEE 73

2

o i rfr

18
0

N
W'
ol oge R

o
£ 0

oo o i
2

o
i
r

2 e
for S
B
~N
S
™
)
o
nZ

& 18 ol
4
A
J& mlm
N
N
2R
1
o
e
rir
a3
oX,

N,
2
X,

o r[}ﬁ
ijo
ne

2

o £

of
o°‘ F‘l

dlo &=
Fol wn|
8} A (qualitative analysis)oll A &=
M9} Wit E 33ke) Bl MEYL ¥
4 a7t givty sdgc)

A, ZFA7 SEe ARFAE
t}(destabilizing effect)¥ Ibrahim# Roberts"¥]
B A= g, 7247 Z7hae) wal ek o do)
s g S #elstdrt Ibrahim# Roberts™e] wrz

2
=
DR

ST TN - R
ox
2,
A

e

> g oo
mroad o o omf o d

23718 3

e 259 AiszddAN 798 Hedn @
A

AR, Aol ZsHGE 4HANNE 2E
o ¢9e o o4 FraA @r, sfude U7
B0l EARGE xR e wp9A Ysio.
£ |

o] ATE FIAFATY SA7) 2 ATH (A

W 96-0200-07-01-3)2] Aol g RY.
HoE3d

(1) Minorsky, N., 1962, Nonlinear Oscillations,
Princeton: Roberty E. Krieger.

(2)Kane, T. R. and Kahn, M. E, 1968, On a
Class of Two-degree-of-freedom
Oscillations, ASME Journal of Applied

Mechanics, Vol. 35, 547-552.

(3) Breitenberger, E. and Mueller, R. D.,
The  Elastic
paradigm, Journal of Mathematical Physics,
Vol. 22(6), 1196-1210.

(4)Haxton, R. S. and Barr, A. D. S, 1972,
The Vibration Absorber,
ASME Journal of Engineering for Industry,
Vol. 94, 119-125.

(5)Haddow, A. G., S. Bamr, A. D. S,
Mook, D. T. 1984, “Theoretical
Experimental Study of Modal Interaction in
a Two-Degree-of-Freedom Structure,
Journal of Sound and Vibration, Vol. 97(3),

1981,

Pendulum: a  Nonlinear

Autoparametric

and
and

451-473,
(6)Bux, S. L. and Roberts, ]. W. 1986,
Non-linear Vibratory Interactions in

Systems of Coupled Beam, Journal of
Sound and Vibration, Vol. 104, 497-520.

(7) Nayfeh, A. H.,, Mook, D. T. and Marshall,
L. R., 1973, Nonlinear Coupling of Pitch
and Roll Modes in Ship Motions, Journal of
Hydronautics Vol. 7(4), 145-152.

(8) Nayfeh, A. H. and Zavodney, L. D,
Experimental

1988,
of Amplitude-
Phase-Modulated Responses of Two
Internally

Observation
and

Coupled  Oscillators  to a

~Q3 -~



Mechanics, Vol. 55, 706-710.
(9 Lee, W. K. and Hsu, C. S, 1994, A Global
Excited
Internal

Analysis of an Harmonically
Spring-Pendulum System  with
Resonance, Journal of Sound & Vibration,
Vol. 171(3), 335-359.

(10)Lee, W. K. and Kim, C. H., 1995,

Combination Resonances of a Circular Plate

with  Three-Mode Interaction, ASME
Journal of Applied Mechanics, Vol. 62,
1015-1022.

(11)Lee, W. K., and Park, H. D., 1997, Chaotic
Dynamics of an Harmonically Excited

Spring-Pendulum System with Internal
Resonance, Nonlinear Dynamics, in press.

(12) Ibrahim, R. A. 1995, Recent Results in
Random Vibration Vibrations of Nonlinear

ASME Journal of
Vibration, Acoustics, Stress, and Reliability
in Design, Vol. 117, 222-233.

(13) Ibrahim, R. A., Soundararajan, A., and Heo,

H., 1985, Stochastic Response of Nonlinear

Mechanical Systems,

Based on a
Non-Gaussian Closure, ASME Journal of
Applied Mechanics, Vol. 52, 965-970.

(14) Ibrahim, R. A. and Roberts, J. W., 1976,
Broad Band Random Excitation of a

with
Autoparametric Coupling, Journal of Sound
& Vibration, Vol. 44(3), 335-348.

(15)Ibrahim, R. A. and Heo, H. 1986,
Autoparametric Vibration of Coupled Beams
Under ASME
Journal of Vibration, Acoustics, Stress, and
Reliability in Design, Vol. 108, 421-426.

(16) Ibrahim, R. A. and Li, W., 1988, Structural

Dynamic Systems

Two-Degree-of-Freedom System

Random Support Motion,

Modal Interaction with Combination Internal

Resonance under Wide-Band Random

Excitation, Journal of Sound & Vibration,
Vol. 123(3), 473-495.

(17) Ibrahim, R. A., 1991,
vibration: Experimental results,
Mechanics Review, Vol. 44, 423-446.

(18) Ibrahim, R. A. and Roberts, J. W,

Nonlinear random
Applied

1977,

Stability of the
Response of a System with Autoparametric
Coupling, Zeitschrift fur  Angewandte
Mathematik and Mechanik 57, 643-649.

(19) Roberts, J. W., 1980, Random Excitation of
a Vibratory System with Autoparametric

Stochastic Stationary

Interaction, Journal of Sound & Vibration,
Vol. 69(1), 101-116.
(20) Ibrahim, R. A., 1985, Parametric Random
Vibration, John Wiley, NewYork.
(21)Soong, T. T. 1973, Random Differential
Equations in Science and Engineering,

Academic Press Inc.

(22)Lin, Y.K., 1976, Probabilistic Theory o
Structural Dynamics, Robert E. Krieger
Publishing Co.

(23)Soong, T. T. and Grigoriu, M. 1993,

of Mechanical and
Prentice~Hall

Random  Vibration
Structural Systems,

International, Inc.

_94_.



