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1.Introduction.

We introduce the concept of fuzzy complete continuity and investigate some
properties related to the fuzzy complete continuity.

2. Preliminiaries.

In this sectin, we will introduce some elementary concepts and results in
fuzzy set theory. Also we will introduce some elementary concepts and results
in fuzzy topological spaces. Throughout this paper, we will denote the unit
interval [0,1] of the real line as I. X,Y and Z, etc, will denote sets. For a X, IX
denotes the collection of all the fuzzy sets in X. And Oy (simply, Q) and 1y
(simply, 1) denote the empty fuzzy set and the hole fuzzy set in X given by
Ox(z)=0for all z € X and 1x(z) = 1 for all z € X, respectively.

Definition 2.1[3]. Let X be a non - empty set. Then A is called a fuzzy set
in X if AeIX.

Definition 2.2[3]. Let f: X — Y be a mapping and let A€ IX and Be IY.

{1) The inverse image of B under f, denoted by f~1(B), is a fuzzy set in
X defined by for all x € X,

[fT(B))(z) = B(f(z)) = (B o f)(z).

(2) The image of A under f, denoted by f(A), is a fuzzy set in Y defined
by for each y €Y,

F D)) = { Subes-ipA@)  if () # 0

0 otherwise.

where f71(y) ={z € X : f(z) =y}
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Lemma 2.A[3]. Let f: X — Y be a mapping. Then:
(1) f7YB) =[f~YB)]¢ for each B e IY.
(2) f(A°) D [f(A)]° for each A € IX.
(3) If B, C Bg, then f_l(Bl) - f_l(B2), where Bi,B; € IY.
(4) If A1 C Ay, then f(A1) C f(Az), where Ay, Ay € IX.
(5) BD f(f~Y(B)) for each B e IY.
(6) AC f7Y(f(A)) for each A € IX.
(7) Let g: Y — Z be any mapping. Then (go f)~(C) = Y g7 H(C)) for
each C € I?.

We can easily obtain the following results :

Lemma 2.B [1]. Let f: X — Y be mapping.
(1) If f s injective, then f~1(f(A)) = A for each A € IX.
(2) If f is surjective, then f(f~1(B)) = B for each B € IY.
(3) If f is bijective, then [f(A)]¢ = f(A°).

Definition 2.3 [3,5,7]. Let X be a non-empty set. Then a subset T of IX 4s
called a fuzzy topology on X if T satisfies the following conditions:

(1) 0x,1x € T.
(2) If A,BeT,then ANBeT.
(3) If {Aa : @ € A} is a subset of T. then UnecrAq € T, where A is an

indez set.

Each member of 7 is called a T - open (simply, an open) fuzzy set in X.
F is called a T -closed (simply, a closed) fuzzy set in X, if F° € 7. The pair
(X,T) is called a fuzzy topological space (simply, fts).

For a fts X, we will denote the collection of all the open (resp. closed) fuzzy
sets in X as OF(X) (resp.CF(X)).

For a set X, the collection {0x,1x} is called the indiscrete fuzzy topology
on X, and IX the discrete fuzzy topology on X.

Definition 2.4 [5]. Let X be a fts and let A € IX. Then :

(1) The union of all the open fuzzy sets in A is called the interior of A,
and denote by x&, intx A or intA. Hence,

A =U{0 € OF(X):0 c A).

(2) The intersection of all the closed fuzzy sets in A is called the closure
of A, and denote by A, clx A or clA. Hence,

A=n{FeCF(X): ACF}.



It is clear that A is the largest open fuzzy set contained in A and (Ai)C = A;Ais

the smallest closed set containing A and (4) = A.

Definition 2.6[6]. Let X and Y be fts’s, and let z € Fp(X). Then a mapping
f: X —> Y 1s said to be fuzzy continuous (simply. F - continuous) at z if
for each open neighborhood V of f(zy), there exists an open neighborhood U of
zy such that f(U) C V. And the mapping f is said to be fuzzy continuous (on
X ) if it is F - continuous at each z) € Fp(X).

Lemma 2.C[6]. Let X and Y be fts’s and let f : X — Y be a mapping. Then
the following statement are equivalent :

(1) f is F - continuous.
(2) For each V € OF(Y), f~1(V) € OF(X).
(3) For each F € CF(Y), f~Y(F) € CF(X).

Definition 2.7[2]. Let X and Y be fts’s. Then a mapping f : X — Y is said
to be :

(1) fuzzy open (simply, F - open) if f(U) € OF(Y) for each U € OF(X).
(2) fuzzy closed (simply, F - closed ) if f(F) € CF(Y) for each F €
CF(X).

Lemma 2.D[6]. Let X and Y be fts’s and let f : X — Y be any mapping.
Then f 1s F - open if and only if f(intA) C intf(A) for each A € I*.

Definition 2.8. A4 mapping f: X — Y i3 said to be fuzzy strongly contin-
uous if for each A € IX, f(clA) C f(A) i.e. f(clA) = f(A).

Definition 2.9. Let X be a fuzzy topological space and let A € IX. Then

(1) A is said to be a regular open fuzzy set in X if A = int(clA).
(2) A i3 said to be a regular closed fuzzy set in X if A = cl(intA).

We denote the family of all the regular open (resp. regular clsoed) fuzzy sets
in X as ROF(X ) (resp. RCF(X)).

It is clear the ROF(X) C OF(X)andRCF(X) C CF(X).

3. Fuzzy Completely Continuous Mappings.



Definition 3.1. A mapping f : X — Y s said to be fuzzy completely
continuous if for each O € OF(Y), f~'(0) € ROF(X).

Obviously, every fuzzy strongly continuous mapping is fuzzy completely con-
tinuous and every fuzzy completely continuous mappings is F - continuous. The
converce implicatins do not hold as shown by the following examples.

Example 3.2. Let X = {a,b,¢,d} and let T = {14,0x,01,02,03,04,0s},

where 07 = {(a,0.3),(b,0.6),(c,0.8),(d,0)},
0; = {(aa 0)’ (b’ 0)1 (Ca 0'8)’ (dv 0)},
03 = {(a,0.3),(b,0.6),(c,0),(d,0)},
04 = {(a,0.3),(b,0),(c,0.8),(d,0)},
"~ 05 = {(a,0.3),(b,0),(c,0),(d, 0)}.

LetY = {p,q,'f‘} and let U = {lYa_QYv 06507, 08}’ where

06 = {(P, 0'3)7(‘170)’(7"0)},
O7 = {(p,0.3),(¢,0.7),(r,0)},
Os = {(p,0.3),(g,0.8),(r,0)}.
Let f : (X,T) — (Y,U) be the mapping defined by f(a) = p and f(b) = f(c) =

f(d) =r. Then f is fuzzy completely continuous but not fuzzy strongly contin-
UOUS.

Example 3.3. Let X = {a,b,c,d} and let T = {14,0x,0:} where O; =
{(a,0.6),(5,0.6),(c,0),(d,0)}. Let Y = {p,q} and let U = {1y,0y,02} where
Oz = {(p,0.6),(q,0)}. Let f : (X, T) — (Y,U) be the mapping defined by f(a) =
f(b) =p and f(c) = f(d) = q. Then f is F - continuous but not fuzzy completely

continuous.

The restriction of a fuzzy completely continuous mapping may fail to be
fuzzy completely continuous as shown by the following example.

Example 3.4. Let (X, T) be the fuzzy topological space. Let X = {a,b,c,d},Y =
{pa q, T}vT = {lX,.QXa 01’ 02’ 03} and letU = {lY’QYa 04} where:

01 = {(a,0.3),(b,0.6),(c,0.8),(d, 0)},
02 = {(a,0),(5,0),(c,0.8),(d,0)},

03 = {(a,0.3),(5,0.6),(c,0),(d,0)},
O = {(p,0.3),(q,0.6),(r,0)}.



Let f:(X,T)— (Y,U) be the mapping defined by fla) = p. f(b) =gq, f(c) =
f(d) =r. Then f 1s fuzzy completely continuous. But the restriction of f to the
set {a,d} 1s not fuzzy completely continuous.

Theorem 3.5. If f: X — Y s fuzzy completely continuous and g:Y — Z is
F - continuous, then go f : X — Z 1s fuzzy completely continous.

Proof. Let U € OF(Z). Since g is fuzzy F - continuous, ¢~ (U) € OF(Y'). Since
f is fuzzy completely continuous, f (g~} (U)) € ROF(X). But f~ (¢~} (U)) =
(9o /)~ (U). So (go f)™'(U) € ROF(X). Hence g o f is fuzzy completely

continuous. (]

Corollary 3.6. The composite of two fuzzy completely continuous mappings is
fuzzy completely continuous.

Definition 3.7. 4 mapping f : X — Y is said to be fuzzy almost open if
for each A € ROF(X), f(A) € OF(Y).

Theorem 3.8. Let f : X — Y be fuzzy almost open, fuzzy completely con-
tinuous and surjective. If g : Y — Z is the mapping such that g o f is fuzzy
completely continuous, then g s F - continuous.

Proof. Let G € OF(Z). Since gof is fuzzy completely continuous, (gof)~YG) €
ROF(X). Since f is fuzzy almost open, f((g o f)"'(G)) € OF(Y). But (g o
H™HG) = (f! 0g71)(G). Since f is surjective, f((g 0 f)71(G)) = ¢7Y(G). So
¢ YG) € OF(Y). Hence g is F - continuous. [ |

Corollary 3.9. Let f : X — IlaeaXa be fuzzy completely continuous. For
each a € A, fo : X — Xo be the mapping defined by fo(z) = 24 if f(z) = (za).

Then fo 18 fuzzy completely continuous for each o € A.

Definition 3.10[1]. A fts X is said to be fuzzy mildly normal if for each
F\,Fy € RCF(X) such that L OF, = Q x ,there ezist U,V € OF(X) such that
UV =0x,F, CU and F, CV, where (U © V)(z) = max[0, A(z) + B(z) — 1]
for each z € X.

Lemma 3.A[1,9]. Let X be a fts. Then the followings are equivalent :

(1) X is fuzzy mildly normal.
(2) For each A € RCF(X) and each B € RCF(X) containing A, there
ezists V € OF(X) such that ACV CclV C B.



(3) For each B € ROF(X) containing A € RCF(X), there exists U €
ROF(X) such that ACU C clU C B,

(4) Foe each A,B € RCF(X) such that A© B = Qy, there ezist U,V €
OF(X) such that ACU,BCV and clUNclV =0yx.

Definition 3.11[4]. A fis X s said to fuzzy normal if for each F € CF(X)
and each U € OF(X) such that F C U, there ezists a V € IX such that
FCwtV CcV CU.

Theorem 3.12. Let X be a fuzzy mildy normal space and let Y be a fts. If
f: X =Y 1s fuzzy completely continuous, fuzzy closed,open and surjective,
then Y 1s fuzzy normal .
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