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1.Introduction.

We introduce the concept of fuzzy strong continuity and investigate some
properties related to the fuzzy strong continuity.

2. Preliminiaries.

In this sectin, we will introduce some elementary concepts and results in
fuzzy set theory. Also we will introduce some elementary concepts and results
in fuzzy topological spaces.

Throughout this paper, we will denote the unit interval [0,1] of the real line as
I. X,Y and Z, etc, will denote sets. For X, I* denotes the collection of all the
mapping from X into I.

Definition 2.1[2]. Let X be a non - empty set. Then A is called o fuzzy set
in X if AeIX.

Ox (simply, 0) and 1y (simply, 1) denote the empty fuzzy set and the hole
fuzzy set in X given by Ox(z) =0forallz € X and 1y(z) =1forall z € X,
respectively.

Definition 2.2[2]. Let f: X — Y be a mapping and let A€ IX and B e IY.

(1) The inverse image of B under f, denoted by f~1(B), is a fuzzy set in
X defined by for allz € X,

[ (B)l(z) = B(f(2)) = (B o f)(a).

(2) The image of A under f, denoted by f(A), is a fuzzy set in Y defined
by for each y €Y,

Supzep-1nA(z) of fTHy) #0
0 otherunse.

FA)](y) = {
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where f~1(y) = {z € X : f(z) = y}.

Lemma 2.A[2]. Let f : X — Y be a mapping. Then:
(1) fY(B°) = [f~YB)|¢ for each B I".
(2) f(A°) D [f(A)]° for each A € IX.
(3) If By C By, then f~1(By) C f~Y(By), where By, B, € IY.
(4) If Ay C As, then f(A1) C f(Ay), where Ay, Ay € IX.
(5) B D f(f~Y(B)) for each B e IY.
(6) AC f~1(f(A)) for each A € IX.
(7) Let g : Y — Z be any mapping. Then (go f)~1(C) = f~1(¢g~}(C)) for
each C € IZ.

We can easily obtain the following results :

Lemma 2.B[1]. Let f: X — Y be mapping.
(1) If f 1s injective, then f~1(f(A)) = A for each A € IX.
(2) If f 1s surjective, then f(f~'(B)) = B for each B € IY.
(3) If f 1s byjective, then [f(A)]° = f(A°).

Definition 2.3 [2,3,5]. Let X be a non-empty set. Then a subset T of IX is
called a fuzzy topology on X if T satisfies the following conditions:

(1) Q.X)lX €T.

(2) FA,BET, then ANBET.

(3) If {Aq : @ € A} is a subset of T, then UgepAa € T, where A is an

indez set.

Each member of 7 is called a 7 - open (simply, an open) fuzzy set in X.
Fis called a T -closed (simply, a closed) fuzzy set in X, if F° € 7. The pair
(X,T) is called a fuzzy topological space (simply, fts).

For a fts X, we will denote the collection of all the open (resp. closed) fuzzy

sets in X as OF(X) (resp.CF(X)).

For a set X, the collection {0x,1x} is called the indiscrete fuzzy topology
on X, and IX the discrete fuzzy topology on X.

For an infinite set,the collection Cocg(X) = {A € IX : A%is countable} U
{0} is called the cocountable fuzzy topology) on X.

Definition 2.4[3]. Let X be a fts and let A € IX. Then :

(1) The union of ail the open fuzzy sets in A is called the interior of A,
and denote by A,intx A or intA. Hence,

A =U{0 € OF(X): 0 C A}.



(2) The intersection of all the closed fuzzy sets in A 1is called the closure
of A, and denote by A,clx A or clA. Hence,

A=nN{FeCF(X):ACF}.

It is clear that A is the largest open fuzzy set contained in A and (X)D =A;Ais
the smallest closed set containing 4 and (4) = A.

Definition 2.5[3]. Let X be a fts, A € IX and z) € F,(X). Then A is called
e neighborhood of z,, if there exists a B € OF(X) such that zy € B C A
; a neighborhood A is said to be open, if A € OF(X). The family of all the
neighborhoods of zy 13 called the system of neighborhoods of z and denoted

by Nz,, or N(zy).

Definition 2.6[3]. Let (X,7) be a fts and let A be a subset of X. Then the
family Tp = {U|a : U € T} 13 called the subspace fuzzy topology on A to
X. The pair (A,T4) 18 called a fuzzy subspace of X.

From Definition 2.6, we can easily obtain the following result:

Lemma 2.C. Let (A,T4) be a fuzzy subspace of a fts (X,T). Then for each
V € Ty, there exists U € T such that V =UN A.

Definition 2.7[4]. Let X and Y be fis’s, and let 2 € Fp(X). Then a mapping
f:X =Y is said to be fuzzy continuous (simply. F - continuous) at z, if
for each open neighborhood V' of f(z)), there ezists an open neighborhood U of
z) such that f(U) C V. And the mapping f is said to be fuzzy continuous (on
X ) if it is F - continuous at each z) € Fp(X).

Lemma 2.D{4]. Let X and Y be fts’s and let f : X — Y be a mapping. Then

the following statement are equivalent :

(1) f is F - continuous.
(2) For each V € OF(Y), f~(V) € OF(X).
(3) For each F € CF(Y), f~!(F) € CF(X).

Definition 2.8{2]. A mapping f : X — Y is called a fuzzy homeomor-
phism (simply, F - homeomorphism) if f is bijective, and f and f~! are F
- continuous. The two fts’s are said to be F - homeomorphic if there exists
an F - homeomorphism of one fts onto another. Such a case, the two fts’s are
said to be topologically F - equivalent



3. Fuzzy Strongly Continuous Mappings.

Definition 3.1. A mapping f: X — Y is said to be fuzzy strongly contin-
uous if for each A € IX, f(clA) C f(A) i.e. f(clA) = f(A).

Proposition 3.2. Every fuzzy strongly continuous mapping ts F' - continuous.
However the converse 18 not true, as shown by Ezamples 3.8 and 3.4 .

Proof. Suppose a mapping f : X — Y is fuzzy strongly continuous and let
F € CF(Y). Then, by the hypothesis, f(clf~*(F)) C f(f~*(F)) C F. Thus
cf 7Y (F) C f~YF). So clf Y (F) = f~1(F) and hence f~1(F) € CF(X)
Therefore, by Lemma, 2.D, f is F-continuous.

Example 3.3. LetY = {a,b,c} and let T* = {0y, 0,1y}, where O = {(a,0),(5,0),(c,\)}
and X € (0,1]. Consider the mapping f : (R,Cocf(R)) — (Y, T*) defined by for

each t € R .
a if z is rational

) ={

Then f is F - continuous but not fuzzy strongly continuous.

b if z 1s wrrational.

Example 3.4. Let X be o set and let T be the fuzzy indiscrete topology on
X. Consider the identity mapping tdx : (X,7) — (X,T). Then idx is F-
continuous but not fuzzy strongly continuous.

Remark 3.5. Ezample 3.4 provides also that even a F - homeomorphism may
fail to be fuzzy strongly continuous.

Theorem 3.6. A mapping f: X — Y 13 fuzzy strongly continuous if and only
if for each B € IY, f~Y(B) € CF(X)NOF(X).

Proof. (=) : Suppose f is fuzzy strongly continuous and let B € IY Then, by
the hypothesis, f(clf~1(B)) C f(f~}(B)) C B. Thus clf~1(B) C f~!(B), and
hence f~1(B) € CF(X). Also, by the hypothesis, f(clf~1(B¢) C f(f~}(B®)) C
B¢. Thus clf~Y(B°) C f~1(B°), and hence f~!(B°) € CF(X). But, by Lemma
2.4, f1(BS) = [fU(B)F. So [fXB) € CF(X) and hence f~1(B) €
OF(X). Therefore f~!(B) € CF(X)NOF(X).

(«<): Suppose f~}(B) € CF(X)N OF(X) for each B € IV. Let A € IX. Then
clearly f71(f(A)) € CF(X). But A C f71(f(A4)). So clA C f~1(f(A)) and
thus f(clA) C f(A). Hence f is fuzzy strongly continuous.



Corollary 3.7. A mapping [ : X — Y is fuzzy strongly continuous if and only
if f7Nyx) € OF(X)NCF(X) for each yx € FR(Y).

Definition 3.8. A mapping f : X — Y 1s said to be fuzzy weakly continu-
ous if for each x5 € Fp(X) and each H € OF(Y') containing f(xx), there exists
a G € OF(X) containing z) such that f(G) C clH.

Lemma 3.A. A mapping f: X — Y s fuzzy weakly continuous if and only if
for each V € OF(Y), f~Y(V) Cintf~(clV).

Theorem 3.9. Every Fuzzy weakly continuous mapping into a fuzzy discrete
space 18 fuzzy strongly continuous.

Proof. Let f : X — Y be fuzzy weakly continuous and let Y a fuzzy discrete
space. Let B € IY. Since Y is a fuzzy discrete space, B € CF(Y)NOF(Y). Since
f is fuzzy weakly continuous, f~1(B) C intf~!(cIB). So f~1(B) C intf"1(B),
and hence f~1(B) € OF(X). Similarly, we have f~1(B) € CF(X). Therefore
f is fuzzy strongly continuous. [ |

Theorem 3.10. Restriction of a fuzzy strongly continuous mapping f : X — Y
to any subset of X is fuzzy strongly continuous.

Proof. Let A be any subset of X and let yx € F5(Y'). Since f is fuzzy strongly
continuous, by Corollary 3.7 f~1(yx) € CF(X)NOF(X). But (f|A)"!(yx) =
FH(ya) N A. So (flA) (yr) € CF(A) N OF(A). Hence f|A is fuzzy strongly

continuous. [ |

Theorem 3.11. If f : X — Y i3 fuzzy strongly continuous and g : Y — Z any
mapping, then go f: X — 7 1s fuzzy strongly continuous.

Proof. Let A € I?. Then clearly g7 *(A) € I¥. Since f is fuzzy strongly con-
tinuous by theorem 3.6 f~1(¢7(4)) € CF(X)NOF(X). But f~(g~(4)) =
(go f)~1(A). So(go f)~1(A) € CF(X)NOF(X). Hence g o f is fuzzy strongly

continuous. n

Corollary 3.12. The composite of two fuzzy strongly continuous mappings is
fuzzy strongly continuous.

The following example shows that the result of Theorem 3.11 is not neces-
sarily true for F - continuous mappings:



Example 3.13. Let X be any set and let T and T* be the fuzzy indiscrete
topology, and the fuzzy discrete topology on X, respectively, Consider the identity
mapping f: (X, 7) = (X,T) and g : (X,T) - (X, T*). Then clearly f 1s F -

continuous. But go f s not F - continuous.

Theorem 3. 14. If f : X — Y 13 fuzzy weakly continuous and ¢ 1Y — Z 1s
fuzzy strongly continuous, then g o f is fuzzy strongly continuous.

Proof. Let A € I%. Since g is fuzzy strongly continuous, g~'(A) € CF(Y)n
OF(Y). Since f is fuzzy weakly continuous, by Lemma 3.A , f~1(¢71(4)) C
intf = (clg7 (A4)) = intf~1(g7(A)). So f~1(¢g7'(A)) € OF(X) and thus (go
f)~H(A4) € OF(X). Similary, by Lemma 3.A. we have (g o f)7'(A) € CF(X).
Hence g o f is fuzzy strongly continuous. ]

Corollary 3.15. If f: X — Y s F - continuous and ¢ : Y — Z fuzzy strongly
continuous, then go f : X — Z s fuzzy strongly continuous.

Corollary 3.16. Let f : X — [Ioep Xo be fuzzy strongly continuous. For each
a €A let fo : X — X, be defined as fo(z) = 2o if f(z) = (za). Then fo s

fuzzy strongly continuous for each o € A

Proof. Let 74 denoted the projection of Ilyep X4 onto X,. Then, obviously
fo = nq 0 f for each @ € A and 7, is F - continuous for each a € A. Therefore,
by Corollary 3.15, f, is fuzzy strongly continuous for each a € A. |

Corollary 3.17. Let f; : X1 — Y] and fo : Xo — Y3 be fuzzy strongly contin-
uous mappings. Let X = X1 x Xp endY =Y xY,. Let f: X — Y be defined
as f(z1,z2) = (f(z1), f(z2)). Then f i3 fuzzy strongly continuous.
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