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A Study on the Trajectory Controllable Minimum-Time Controller

Using Modified Bang-Bang Control Law
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Abstracts Bang-bang control law provides the optimal solution for a minimum-time control problem, but
ignores the intermediate path except for the initial and final points. In this paper, a near minimum-time
suboptimal fuzzy logic controller is introduced that can control the intermediate path.

A dynamic model for a system is established using the average dynamics method of linearization. System
model is continuously updated over the control time periods. This makes it suitable for high speed or variable
payload applications. Bang-bang control theory is modified and used to derive the preliminary control law. A
fuzzy logic algorithm is then applied to adjust and find the best solution. The solution will provide the
suboptimal minimum-time control law which can avoid obstacles in the workspace.
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bang-bang Ao17} Alg&®rh 4 system? dynamics?t Fof
Frhd bang-bang AlolE AH Y HADALAE Y HES
AFech 2y kg o2 system dynamicse 4 El(state)E
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28t switching curve® closed formo 2 Ar23& 7|7t oY
20| bang-bang Aol AlFH HFHAW TE I
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olFAZ aAlejrt WA AHHA Ao WHE off-linel2
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Tracking) & 3 Zolth o A%, dd, Al 42 FAH
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H#2 2 trajectory® task & oluigt AztA HAR
system® FTEAAZ HAnZ UHEHTE HAV sHojok #uf,
a8y E43| % system dynamics’t Z2l® #H A9l trajectory
AAMYE ol AN YeyA §n v, A Hn At
5 &% 9 NEEE SO, BE 5, o8 kA 2de g
W3tk Trajectory® AAYL B ol olF AYZAHAZE dYo]
ojel A3t HASIE vls oYt mEtA trajectorys A
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+HF A vEo oy e 7IEUH, systemd J]FL AW
2 UHE7 YA dA At

2 dFE systemE HG AL Yol Qates YA 2 o] F AT
71 $1¥ Minimum-Time Suboptimal Controller®& 702& 1Ak
e Zlold. & FUARY AFo] st HH Alzkae]
7t b Aloirl dunelEL AgsnA s Aol

AANL Aol 88 ¢ AE M2 dynamics 4Y3 W
el g #7] bang bang AlHE R plante] FH
B2 ue AFE st &el, A9 Al el Plante] 4
HE Wt HAle o] F AN olag aAree MALe F
Ao AlgkAlol7t YR HDDY Aojfof #3t ohyz Zelwt
Fatol Ry FaAo], ZbF A} Fuotel AY, vl o
Ao ZHEE FAld ALY 799 2REAY 5 E8 @
Y o2 ok ol2HY AA4V|4RT ¥Eol E Aol

2. HEAZ AL F

2.1 System dynamics®| %3} : Average dynamics
Average dynamicsol 9| %t dynamics 4% #(linearization) 2|
718 Md2 #HA(cwrent) state®] system dynamics?t 33 =2
E state® dynamics& 4tE HIES A8a AH "o
system dynamics2 Atg&1nal st Folrh of& MYt uy
1} epA7tA 2 average dynamics® Aol F3 EH stateo]
systemo] 2H ¥4+ E AA dynamics® 7Y T Average
dynamicst & A A9 dynamics$s B 2elst Uk 29
U 2 dTedAM Alg A e 718 Ao YL bang-bang A
ojolt}, Bang-bang Aolol A= Switching curved o]&34
A" Aolate Hn T2 AA(E T o] B4 dynamics
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Fu FEech
system® freedom$ nol@ &1 x& system®| 2z} 9 ®WF
2 JeldE n x 1 vectorgt AHelslal system dynamicsa

ohzhst wol mHEHETH

x=f(x, x,u,t) (D

x9 iMA €28 x & A 29 22 A Fx2o} MEREE
ojalglE= n X 1 vectorEolth uE m > 1 control vectorelth,
S oo AT rellA #lg Wolele RE RBlgd o
AZzdgole]g Wstd (1o A4 &3 ol AHY
k.

i,vzfiU;+g, for t = 1, 2, ., ,n 2)
fi9 g scalar #2 ZAEY. Average dynamicsol 9@
A% 3lEl dynamicst ol €& Aoz Feo|grh
%, = aU; + B for 7™ state (3)
o + a
a; = .,a’—zg.'f. (4)
i + i

a8 B2 Ta7 ggd $4 ast B A (3), (el 9t
o padg. as BE dAe stated} WKi—o)FE o1&
A 78 £9 geolth &71M & @A) Algteln, o= sampling
interval® ol @tk A% .8 B BAHAN [ g9
aAxE ¥ £ . oy and fyE HAE BE stae® UUT
8 golel

22 Bang-bang HY Al Alo] dueEF

£ average dynamicsE ol £ d¥rH U DAL Ao
gielEE n@sta ADAT Ao FAE A ®HF( =
L, 2 ., 8 2N%(x, , 2N AF&R(x, , 2,22 °
Z=A717] 918 th2 9] dynamicsE UEFA7|E Aol UF T3
& Rolth
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= aU + B (6)

olg Aol Ut (U} £ Umax 238 zHAEr)
System variableel tate] state® x; = (xy,x3)' 3 3H,

Bang-bang Aojol S{# HAARAE 9% e ez 2
o] Faheialnh.

_ U imax if S{ x)<0
Ui = [_UiMAX if S{ x>0 ™
o 71 A
2 - .
N Xy xzz-/(Za,») if sz'ZO
S{ =) {xu - x5/ (2a) if  xp<0 ®
a; = —aUmax + 8 (9)
ai = oUmax + B (10)
olt}, =¥ of AF} YeEE trajectoryE ThEe HoR
vebd o},
= { £5/(2a;7) + C7 if Ui= —Umax an
§ x%/Qal) + Cf if U= Uimax

Cist Cie 27183 80 s Y5l 27 state x,

AR
23 HZER state 2,22 o]FE 87 A% FYAT
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(execution time) 7T, th&4 (12)e o|dta Fahe] At

(K (a7 —1/al) = xplai i SK 2050
7= {1'{"“(1/115+ —1/a7) — xplal if S{ x)<0 a2
o 714
K™ = —{2[xp—x%/a))][al at /(a7 —aD)]}"*
K = (2[x— a5/ (2a]))[af a7/ (al -a;)]}llz
olt}.

2.3 Control Law

Bang-Bang AolH& HGA7 AlofgE A3 AdvHY siA
Holrt, A XA E L3 Aolgh switching F4ol o) AA
S osign@ S 32 e #dle] Alo] 7teAE A #roh

28 18 27 state x,0 g HF ER state x;E 71E
o % &} perturbation modelel ¢ bang-Bang Alojel o 3
trajectory & HER T State planedol A 9 trajectory® A-B-O
2 uEpdrh. System variable® E71gol wel 29 119 3
$-ol &= a-a-a-b-o. 1Y 1.2¢ ZFSolE a-b-o2 WITH

wtol 9= state?] 7] AH x,7F 29 1.29 perturbation
modelell M 8} Zo] x,& Yol EAFhE 7 state® trajectory
state planedtel Al 138 1.2¢] A-B-0¢ #413F ddg 713
HAolrt, o] BE ¥ 119 A9 a--a-b-o MY A=Y A
#4 (retrace) e Y = A "k tl€o] & state ©1 59
Ay Alzke] ZopxitiH, Alojel ATZ A7|E= state variable
position= A9| A M HeE A F Ho|t} ofed B¢ F
Mg FHHE Y% bang-bang Aoi(6] NAX 7HEshA €t
ghokoll Folubgzl o] ¥R ZHES WEE FAO A
ojgrtn & FL$E Z jointy HAHPALE ZHBFOEZMN state
g Qs @ x2,(t) = x()8 v(#) = 2(HL29 Ao
7t 7bsEA 8 Heolnh

[

L

P=3
R}

S

X_2
o

x_i

X2

29 12 Case 2
a¥ 1 Aeise A%



2 AYAL nlel position stated] HBMUL F AT
LA gasEEs Azt & £ gtk FAld AL EeAT
% HUANL TE AYAD T, i =1, 2 ., n T HAH
T maxl 93t AF A

Tuax = MAX(Ty T2, .... T,) (13)

T 4 140 A F3ted A position variableel W <
WA Ql bang-bang AojE ¥ F ¢ A8sE AYALE oo
= s Tamax — T8 AFA[AATE za A9 U,

z3sd 19 19 WA T9
trajectory & WatatAl @t T2 UFE xUpaxE Aoleade
wel Azolch |U;lel HAAE Upayld U'Z (Ui >
U AR EAvkd AYANT TR T4 T uaxiheldl e
2 59 4 9l 2t position variable®| trajectory® ZZRol 7t
Bk, Tisk Ule 1A AlelzA mRo sHol fat AR
Aol g o1 F&A o

B =gdA adstnA g AFEY Ao dugFe o
o 2o
Step 1. A= B)ZRE o A7F TEGAT
Step 2. 4 (120§ AH838ld stated 7.8 784 Tuax® ¥

Aol Fato Xt

switching curve®

il

ifA stateoll A T, = TMAXE} &k,
Step 3. T, =T max® & U'E T3}, i%joltt,
Step 4. U'& At&3d MZ$ switching curve® T3 Aol
#e T
Step 5. WX o8& Al g3t FF HAXNE Step 4004 T
Aejgel sl HH e Aejgg FIh
Step 6. Step 1914 step 58 || xy — x|+ || xy— x|l <€ ©

g w7tA] e & g2 A HX 2Felh
Bang-bang A& A8 ¢ HF ZE state THANE
AolPdee] WG switchinge 2 &S HF ZEH) =2d
7l 918e Z72 Be Ao Asdd. 2dER, Aorle
end-effector’t #% ZEE HId =g9dw b stepl®
o7 gt
Step 7. Aol& PIDAlO] 2 HEHo| systemE AF SR state
A= A E R

24 Fuzzy Logic

grol Al A0%t vl8} o] time-synchronization®.® T332
Ao gre fuzzy logicel o8t BA Hrh olalg mA o3
o HEEFEo TYdE YA A ANde] JAHrt &
=2o M 1Y 29 o] state plane 49 positiono] switch-
ing curved 77t AEEFE wasid Aoz WAL = o
E A Aol Al2hE AME-El

DX |
= s T 1 CHANGER1
S : ; / {mamdani) i
xdotaxis ;

2% 2. Black diagramo. & Jebd HA sAAo] Alad

a2 28 A HAAY Az dig MEE& black
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diagram - Apgatel iebd Aolrh, HH 9 YL stateE 0l
switching curveol 71719 AEE fuzzifydl”] ¢13%F membership
functiond ‘FebAT 71 x axiss x @9 switching curve
ool THEE o n3h9, xdot_axiss x gl switching curveel
o] 2HEE vetdlrh 3{AA o] AMAWE switching curvedl o
# 2YEE Yo whol MamdaniZt A Aoz Adg
FEH[7]

3. 294Y

B R Awd zo dngdEg HAY  FA(viscous
fluid) et Al & Fole ENE U2 3o 24 HYLE sk
Zoj Nyl Alg 9 plante] AR & Fo] 48
th. Plant9] Aol ¥s 1 wpe x$} yH¥o g FHE e
e,

2 (8) = % (1)

2(1) = —an(OV 22O+ 22 +u(5) gy
23 (1) = 24(2)

£ = —ay(OV 22+ 2208 + wn(t)

oY 3% a9 45 747 2ed Yo ALgE mHAA Al2d
¢ 9], ¥ membership functiong E A&t #73 A& BF
&7 1% fuzzy rule® vh&3 2l
Rule 1. If (x_axis is close) and (xdot_axis is close) then
(torque_change is large)
Rule 2. If (x_axis is near) and (xdot_axis is near) then
(torque_change is average)

Rule 3. If (x_axis is fall away) and (xdot_axis is fall away)

then (torque_change is small)
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e rule® x9 xo| $13E switching curvedd 71718 A=
ol wel fuzzifyd e membership function© 2 ‘el @ 21 glol
zZtob A 4 E (switching curveol 7F71$- 72A$) Aojgtel A=A}
HAA HAoleh, oA AEdE FE ZTE  centroid
method 2 defuzzify A Zch,

A (1)l B =FoM AAF Ao dndlEH fuzzy logicd
Heate] o HEP AR/E 1Y 5%E 29 8l Bt oY
59 ¥ 62 47 xsk x, yob yol W@ YA AL v}
et 2@ 78 Alztel @E Ao Ao kel WIE B FEc)
Bang-bang Aole ¥4 Hdgo] Aojgtez =Hie ol
oy 2 dneEFe agdA BEol Alojgtel Al Upay)
W AL — Uyay) AbolelMd A3sHE 2E 8 5 Atk 29
8& xyHu Aol A Aelgiel wel B FHole A HAHG
etz gleh, H|E bang-bang Alojo] ZHE FUo X
Mk Agez Aen UASE B 5 AUrh
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4. 88

B =FdA systemS AY A Yo it YARZ o] FA
7171 9% FUARRY AFol sty Aoy dmeElFol AA
Hodh, FolA system® dynamicsE& averaging dynamics®l
ofs) Mgzt A7ln HYstd SAHE ol &t AYPAnS
Adstel zZb state] A AL synchronizedl”] 3 AldE
A3 NS 23T 2HE A3 ATeZ switching curve
£ xEsd AZE A@E T 7T Aolde mAA
o Alggte] 273 "Hrh Rody AdAME & F
A%o] +A % bang-bang control lawol €% plante] #3H &
Ho Aoz Jetdu, 7 9 Mo A8 A synchro-
nizedtd Aol & ZHAFLZN ST FZe didt AFo] 7%
g,

B =89 AFAE FUurgAtedl HEgod AL @l e]
Feltext #88 FuigAd 5 AL Aolrh, T4 E
ERE 5o FAAYE &ol3A U = k. £ B o
FHIAE T3 874 A FFols EAY FRHFD ¢4
tholite] AlAg AMEBdold Ml AYH, BE FY A&
¥, ZRE Y A2d 3 2y ZRE A2Y Fof A
Y 2 4 Fol &Y F A Rolrh, E =FAM L
bang-bang A& FAT F AEY ATl 715 Aoy
e AEs ALVERA 4F AL Ao AHAANE
L8] 7t5g Aol
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