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1 INTRODUCTION

This paper is dealing with the design of a lin-
ear controller for nonlinear servo systems so that the
plant output signal is regulated to follow a prescribed
constant command signal when the dynamical plant
system is described by a class of nonlinear time vary-
ing equations. It is also investigating how the linear
controller works for nonlinear time-varying plant sys-
tems under the stability conditions.

The command signal is composed of a reference
model whose structures are deeply related to the real
plant structures from such a requirement that the
model matching is achieved for a special reference
model input.

The controller is assumed to be of a form of linear
plant state feedback and linear reference mode] state
feedforward. The both state gains sought on a basis
of the idea of model matching have free parameters
contained in an interactor stable polynominal.

To assure a validity of the proposed approach a
robot manipulator control problem is chosen as a
simulation study.

This paper has the following special features as
shown.
1) Formation of linear controller in a sense that the
controller has linear plant state feedback and linear
model state feedforward gains.
2) Constant assigned objective functions are given by
outputs of the reference model
3) Model matching conditions are always satisfied.

2 PROBLEM DESCRIPTION

A plant }, and a reference model 3, are shown
in n-dimentional canonical controllable forms.

A\:J : (J = 1s2)
€7 = Ajzs+bus+ fr(zs,t) (1)
yy = c’_I;a:J (2)

where
Ar=N, + b{a'f + &JT(:L‘J,t)}
b=(0,0,--0,1)T ¢ R"
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Consider how to generate ug of 3 ,,
When f; € Range(b) the reference model input
ug is ylelded from a following equation

(@24 @) Teo+ fatuz =0 (3)
Then ), becomes

ig = Nn:tg
. (®)
Y2 =322
and y; is expressed by at most n — 1 th order poly-
nominals. :
The nonlinear function f;(z,,t) and the parame-
ter deviation d(z;,t) are assumed to be known.
Transfer functions of Eq (1) with irreducible form
are given when @y = 0 and f; = 0. (w; #0)

ry(s)
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Assuming that the degree difference is v

Fady = 0,d=0,...,.v-2

cFadb = wrd=v-1

are obtained where r; and r; are of n — v degree as
follows

) =s""Y"+as" " 4+, (6)
ro(8) ="V + B 4 4 B, )]
where

a=(a,...,on-,)T € R*¥



ﬂ = (ﬂla s 7ﬂn‘-V)T € R*™Y

An interactor stable polynominal of plant reduces to

be
o(s) =8 +u, s V4. +m

where
K= (l‘lv""l—‘u) € R¥

The next assumptions are imposed about infoma-
tion of the plant.

1. n and v are known.

2. plant is a minimum phase system.
3. x; is available.

4. f; and d; are known functions.

5. Eq(34) is stable.

A control objective is to design a controller which
forces y; to follow y2 for any u, under above assump-
tions.

u(t) = —k{ 21 (t) + kI z2(t) + mua(t) (8)

where k; and k; are feedback and feedforward time
constant gains.

3 Controller when d; =0 and f; =0

Combining 37, with 3, an augmented system is

(t) = An(t) +yuz(t)
£ty = =Tnt) (9)
where

n(t) = {z @),z ®)}7T
() = w2(t) —w()

A [Al—blleIblsz]

0 | 4
r = [-¢f, )7
T = [mb1Tab1T]T

A model matching condition to satisfy control objec-
tive is required that

yi(s) _ y2(s)

uz(s)  ua(s)

(10)
holds for any u; as well as A is stable. Eq (10) is

equal to

xT(sI—A)"1y=0 (11)
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Subsituting 7, A and r into Eq (10) yields

mclT(sI - Al + blk],T) _lbl -—
T

CQT(SI - A+ bg-kz—) _lbz =0

m)

(12)

Putting a coefficiet of the highest order of Eq (12)
into zero, one obtains

(13)

Recalling (4, b1) is controllable the feedback gain &
is calculated from Eq(12).

1

= o7+ LT (14)
wy
where
J = _l_(cT u)T=aT+__1_cTNu
1 e L
and
T, = [, NIy, ooy (NT) 42y T
Similarily the feedforward gain is calculated as
kT 1 .7
‘T—;‘ = ‘E);(Ii TN (A7) T)}T
= v + -1—,uTT (15)
2 g 2
where
1)T - L( TAV)T - aT_+_ _LCTNV
2 wy 2 42 2T, 2.
T2 = [c2yNnTC2; ttty (NnT) V—lc2]T
After all the controller becomes
U = —v’lra:l + m{vg + uz}
1 T -~ v}
+—'—;t {Tgl’g - Tlml} (16)
w

4 Controller when a; # 0 andf; # 0

Z1 is defined by using an observability matrix of
plant (N, ¢1),

T, satisfies following equations

T
o Ny

T arn—1
a Nn



and

N, &T
TyN, = [ 0 N,,_,,] T

Left multiplying Eq (1) with Ty and T, Eq(1) be-
comes

2;1 = NUZI + BCTTI:Dl + (0, 0,...,
w) {1 + (a1 + 61)T21} + Ty fr (21, 1) (19)

él = Nn_yil + wla{ul +

(a1 4+ d) 21} + Ty fi(e, ) (20)
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Furthermore Eqgs (19) and (20) are simplified to be
a=Nzn+ wJJ{ul + (1 + a.])Ta:l} +
+Tifi(z1,t)  (21)

2%1 = Dlil + wla[ul -+ {(1)1 + (1'1)T:L‘1]
+T1f1(21,t) (22)

where
In—u—l
D1 = - —
0
The plant output becomes
n = gz =(,0z
= (—3T21 + OTZ_I (23)

where ¢ = (1,0,--0)T € R¥
In a same manner the reference model is decomposed

into
Z2=N,z0+ wzl—)gp + 'fzfg(z‘z, t) (24)
Zy = D22y + w2 + Tz fo(x2, 1) (25)
ya=2+0T5 (26)
by defining
112 = Tg.’tz (27)
2y = Tzzz (28)
@ =uz + (v2 4 ) 2 (29)
where
T
c
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Dz = —ﬂ —
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Subsituting Eq(3),Eq(29) is
— 1 T nrv
p= I Niza -
Finally plant and reference model equations com-
bined with reduced state deviation system are got as

follows.
6.:1: N, 0 0 bz
K31 = 0 D] 0 21 +
Zy 0 0 Dz 2
—l_) ( ‘(U2B
a |wi{u+(@m+a)Tza}+| 0 o
0 L 'LUgﬂ
'fgfz ~-Tifi
+ 1:1f1 (xl,t) (30)
T2 fa2(22,)
bz
E=p-un=>C,0000)] a| (31
2
where

bz = z3 - 210

A model matching condition to satisfy control objec-
tive means that

V11— Y2 (32)



holds for any uz. When u; is implemented by the
controller

. 1
uy = —(v] + &)z + me + ;U—-l-{/\Téz + f}  (33)

where ) is a nonliner function of z,,t and f = T, f; —
T2 f2, excluding unobservable state #; and % from Eq
(30) one gets

6z = (N, — bAT)bz, €= 6z (34)

Then two gains k;, k2 in Eq(8) are expressed by

AT .
kT = {(v1 + &1)T + ‘w—'Tl (35)
1

kT Cop AT

= = (vp+a)" +—T (36)
w2

under conditions that there exists A so that k; and

ko are constant. A is considered to be a nonlinear

interacter function of the plant.

5 Numerical Examples

Here the effectiveness of proposed controller is
shown for reference model output following control
presented by robot manipulator simulations. Let a
second order plant model be described as follows,

. 0 1
= —2+a3 -1l+4ax i
+ 0 u + 0 sin(z1)
N 0.06 H
n=(1 0)z,

where

az = e~ *sin t, Q= e~ (F1itz1z8int)

and the initial state is
£1(0) = [z11(0), 212(0))T = (0,1)7

The second order reference model be described as

follows,
. _ 01
T2 0 0 T2
Y2 = (1 0) T2, 1'2(0) = (3)0)T

Here the interactor stable function of plant is cho-

sen as
A = 2.013 — e 'sint

/\2 =1.11- e“(’ll"'!leinl)

345

Then the controller becomes
uy = (0.013,0.110)z, + (0.013, —0.890)z, + u,
The input of reference model is
up = 6 — (e~ Eutaiasingy 3

When X in Eq(35) is such constant that Eq(34)
is stable k; in Eq(35) becomes a nonlinear function.

The input of plant is shown in Fig.1 .

The output of plant is shown in Fig.2 .
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Fig.2: Plant and reference model output signals
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