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Abstract A model following control system (MFCS) can give general output signals following desired ones. In previous studies ,a

method of nonlinear MFCS was proposed by S.Okubo[1]. In this paper,

time nonlinear systems.

Nonlinear systems which are dealt

the method of nonlinear MFCS will be extended to discrete

in this paper have the property of norm constraints

[fCv(k)| < @ + BJv(k)|” .where, @20, 820, 0<y <1.When 0<y <1.Itis easy to extend the method to discrete time systems. But

in the case y =1 discrete time systems, the proof becomes difficult, because the transfer function from f(v(k)) to v(k)

can’t be a

positive real function. In this case, to ensure that internal states are stable, a new criterion is proposed.

Keywords

1. THE EXPRESSION OF PROBLEMS

A controlled object is described in (1),(2),(3) and the accordant
model is given in (4),(5).

x(k +1) = Ax(k)+ Bu(k)+ B £(v(k))+d(k) (1)
v(k)=C, x(k) (2)
y(k) = Cx(k) +dy (k) 3)
x, (k+1)= A.x, (k) +Br, (k) )
Y. (k) =C,x, (k) (5)

Where x(k), e R", u(k) e R' , v(k) e R f(v(k)) e R" ,
yk)eR' d(k)eR",d (k) eR',x, (k)eR™,r,(k)eR",
y.(k) € R’ The available states are output y(k) and measure-

ment output v(k). The nonlinear function f(v(k)) is available

and satisfies the condition (6). The (C, A, B) is controllable
and observable. The Zeros of C(zI — A)™"' B are stable.

[fcv (o)< a + Blviod| (6)
Where 20, 820,0<y<1. || is Euclidean norm. Dis-
turbance d(k),d, (k) are bounded and satisfy (7),

D,(2)d(k)=0, D (z)d,(k)=0 (7)
D,(z) is a scalar characteristic polynomial of disturbances.
Output error is given as below.

e(k)=y(k)-y,(k) (8)

The aim of control system design is to obtain a control law

which makes output error zero and keeps internal states bounded.

2. DESIGN OF NONLINEAR MODEL
FOLLOWING CONTROL SYSTEMS

Discrete time systems, Nonlinear control systems, Model following control systems

Assuming z is shift operator, (C,, , 4,,, B, ) is controllable and

observable. Hence the followings are available.

C(zl - AY'B = N(z)/ D(z) 9)
C(zl - AY'B, = N,(2)/ D(z) (10)
C,(zI-A4,)"B, =N,(z)/ D,(z) (an

Where D(z)= lzI -4 | D,(z)=|zI - 4,|. Then, the representa-

tions of input-output equation are described as followings.

D(2)y(k)=N(zyu(k)+ N (2)E(v(k)) + w(k) (12)
D (2)y, (k)= N, (2)r, (k) (13)
w(k) = Cadj(zl - A)d(k) +D(2)d,(k) (14)

Where, G,(N(2)=0,, §(N(2))=0,, G,(N,(2) =0, and
L(N(z) =N, (I;( -) is the coefficient matrix of the element
with maximum of row degree[2]), as well as N, # 0 . Since the
disturbances satisty (7),then,
D, (z)w(k)=0 (15)
The first step of designing , a monic and stable polynomial 7(z)
which has the degree of p(p2n, +2n-n, -1-0,) ischosen .
Then, R(z), S(z) can be derived from
T(2)D,(2)= D,(2)D(z)R(z)+ 5(z) (16)
Here, the degree of each polynomial is: JI'(z) = p, éD,(z) =n,
D (2y=n,,dNz)=n,R(z)=p+n,-n,—n.and
B(z)sn,+n-1.
The output error  e(k) is represented as below.
T(2)D,(2)e(k) = D,;(z2)R(z) N (z)u(k)
+D(2)R(2)N ;(2)E(v(k)) +S(2)y(k) - T(2)N, (2)r, (k) (17)
Let the right hand side of above equation equal zero, that u(k)

will be described as following.
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u(k) = -N;'Q7'(2)[Ds(2)R(2)N(2) - Q(2)N, Ju(k)

- N;'Q7'(2)Ds(2)R(2)N £ (2)f (v (k)

- N'Q(2)S(2)y(k) + N (2)07 @) T ()N, (2)r, (k) (18)
Where Q(z)=diag {z‘;‘} .8 =p+n,—n+o,(1=1,2,.n). Then

the state space expression of u(k) is shown as following:
u(k) = ~H & (k) - E,y(k) - Hy&,(k) - Ef(v(k))
-HEk)+Ex, (k)+H/ (k) (19)
where
07\ (DD (D)R(Z)N(2) - Q2)N, ] = N, H(zl - F}Y'G, (20)
07'(2)S(2)= N, (2)[H,(2X2l - F,)"G, + E,] @n
O07(2)D,(2)R(2)N ;(2) = N, (2)[Hy(2Xd ~ F})'G, + E;](22)

O (DT (2)N,(2) = N, (D) H (X - F)"' G, +E,] (23)
and the followings must be satisfied.

&k + )= Fg (k) + Gu(k) (24)
&k +1)=F&§ (k) +Gy(k) (25)
Sk + )= FG (k) + G (v(k) (26)
&k+ D) =F&(k)+G,r, (k) @27
2l - F|=|Qz)|» i=1,2,3,4. (28)

u(k) of (18) is obtained from e(k)=0. Model following control

system can be realized if system internal states are bounded.

3. PROOF OF BOUNDNESS OF
INTERNAL STATES

System inputs are reference input signal r, (k) and disturbances
d(k), d (k) which are all assumed to be bounded. The bound-

ness can be easily proved if there is no nonlinear part  f(v(k)) .
But if f(v(k)) exists, the boundness has relation with it.

First, the overall system can represented by state space in

(29),(30),(31),(32).
A-BE,C -BH, -BH, -BH,
2wk +1) = _GlEzC Fl_GlHl _Gle _Gle 2(k)
G,C 0 F, 0
0 0 0 F,
[ BH, B, - BE, BE,
GH, - GE, G.E,
H oo [0 fviEN -+ IR
L0 G, 0
[d(k)- BE,d, (k)
-G,E,d,(k
+ 1E2do (k) (29)
G,d, (k)
i 0
Sk +) =F,&(K) +G,r,(k) (30)
v(k) = C, x(k) 31)
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y(k) = Cx(k) +d, (k) (32)
Where z7(k)=(x"(k),& (k),& (k),& (k)) . Obviously, ¢& (k)
is bounded. Here, necessary part about boundness is consid-

ered.(29)-(31) can be simplified as

2(k +1) = A,z(k)+ B (v(k)) +d, (k) (33)
v(k)=Cz(k) (34)
(29<31) and (33)(34) is identical. The contents
of A,,B,,C,,d (k) are shown clearly in (29)-(31).In order to

obtain desired conclusion, it is sufficient to prove that z(k) is

bounded.
Then, we prove that A is stable . A4, and its characteristic

polynomial is calculated as the followings[1].

A-BE,C -BH, -BH, -BH,
-GEC FE-GH, -GH, -GH, (35)
N e Xe 0 F 0
0 0 0 F
|2I - 4,| = || V()T (2)DL(2) (36)

Where, V,(z) is the zero point polynomial of

C(zl - A B=W(z)"'U(z) (left coprime decomposition),that
is,V,(2)=[U2)|/|N,|. As  |Q@), V.(2),T(2), D,(2) areall

stable polynomial. Therefore, A, is a stable system matrix.
31 Inthecaseof 0<y<l
We construct the Lyapunov function V(k) consisting of quad-

ratic z(k),

Vk)=z"(k)Pz(k) (37)
AV (k) = 27 (k + DP2(k +1) -V (k)

=[Az(k)+ Bf(v(k))+d (k)" P

[Az(k)+ BE(v(k)+d (k)] -V (k)
ATP4, -P=-0 (38)

Where P,Q are symmetric positive definite matrices and (38) is
satisfied. If As is stable matrix, we can get an unique P from

(38) if only Q is given. As d, (k) is bounded and 0<y <1,
AV (k) satisfies the next inequality.
AV (k) < =27 (k)Qu(k) + p |l V()|
<= + v + M,
S—u V) +M (39)
Where,0 <, = 4,.(0), O<p, <1. i, M,M,, M are

I+y

+ M,

positive constants. As the result of (39), it is known that V(k) is
bounded.

Vik)<V(0)+M/u, (40)

Hence, z(k) is also bounded. The above result is summarized as

Theorem I: In the nonlinear system,
z(k +1) = Az(k) + Bf(v(k)) +d(k)
v(k)=Ca(k)+d (k)

(41)
(42)



Where z(k)eR", v(k)eR" ,f(v(k))eR"”. 4 is a stable
system matrix, and disturbances of d(k), d,(k) are bounded.
z(k), v(k) is bounded if nonlinear function f(v(k)) satisfies below.
Jevie)| < a+ Bjv(k)| where, @20,8200<y<I1.

32 Inthecaseof y=1and ;=1

In this case, v(k) and f(v(k)) are scalars. To use regular trans-
formation z(k)=Tz(k), (33) and (34) can be transformed to

Kalman canonical form.

All ‘_Z_ll ’_4]3 ‘EM
_ 0 4, 0 4,L
k D= 22 = __24 k
2+l 0 0 Ay Ay, =)
0 0 0 4,]
B 4]
B, d, (k)
K))+| 2 43
+ 0 f(v(k)+ k) (43)
0 d,, (k)|
wi=[o G o Tt (44)

Where, 5’(k)=[zl’(k), 57k, 7T (), Z,T(k)] . Since 4, is
stable matrix, then Z,.,. (i=1,2,3,4) also are stable. Obviously,
z4(k), z,(k) are bounded. z,(k) can be rewritten as followings.
Zy(k +1) = 4,Z,(k) + B, (v(k)) + 4y (k) (45)
v(k) = Gz, (k) +d, (k) (46)
Where, dy(k),d,(k) are bounded. Subsequently, the

transfer function from Aw(k)) to v(k) can be calculated as
H(z)=Cy(zI - 4, )'B, @7
It can be also calculated in terms of original system parameter{1].
H(z)=C,(zI-AY'B, -C(zI - A)"'B
[C(z - A)'BIC(2l - Ay B, (48)
Thus, v(k) can be rewritten as following.
v(k)=H(z)f(v(k)+d,(k) (49)
Where d, (k) is bounded. Let v(k) = v(k)—-d (k) ,we can
get f(B(R) = f(v(k)= f(3(k)+d, (k).
wWk) 82" g2 gzt g (50)
F3(k)) 2 h 2" ez 4 by

The state space observable canonical form of (50) can be

H(z)=

written as following[3].

0 - 0 - &
—h N
sk +1=| " " lao+| & |Fowy
0 1 -h, 2
= 43(k) + g (9(k)) (51)
O(ky=[0,---, 0, 1]a(k) = Z,,.(k) (52)

Lemma : Consider system (51),(52) ,Assume that f (v(k))

satisfies the constraint as below.

|j(0(k))| < APR)|+M. f20, M>0. (53)
if the following condition holds, then 2(k)is bounded.
Condition:

S=Y Hal|+|np<u<i (54)
i=1

Proof':  To construct Lyapunov function as following.
Vk)y=Y rjz,k) (55)
i=1

Where, 7,>0, u* <n<l, r,=n'r (i=1, 2,---,n"). Suppose

that Z,(k) =0, the next inequality can be derived.

AV (k)= "Zr,.lf,.(k +)|-V(k)
i=1

n'-1
S efroh | Sl )t ko,
i=t i

i=1'n

n'-1 "
<Y (- k) +[f7‘”'2(ﬂl&«| +h)- l]r,.llin'(k)t +M,
i=1 i

n'-1
<Y (- Drjg o)+ [rf"'y - l]r,,,|2,,.(k){ +M,
i=1
< -V (k)|zk)| + M, (56)
Where 0<r, <1, M, >0. It is similar to (39) to prove that V(k)

is bounded. Hence, Z(k) is bounded.

Base on above lemma, the theorem 2 can be described as fol-

lowing.
Theorem 2 : Consider the system
z(k+1) = Az(k) + B f(v(k)) +d(k) 57
wk)=Ca(k)+dy(k) (58)

Where, (k) e R” ,v(k)eR, f(v(k) eR,d(k)eR" ,dy(k)eR.
A is a stable system matrix, and disturbance of d(k), d,(k) are
bounded. The nonlinear function f(v(k)) satisfies the following.
| /(v s @+ Bv(k)| where, @20,820.

If the following condition is satisfied, then z(k), w(k) is
bounded.

Condition:
§=> Aa|+npsu<i (59)
i=1

Where, g,, b, is coefficient of H(z)
H(z)=C(zI - A)"'B
g2 gzt g

- gn’z - - (60)
2" +h, 2" Ttz + By

Proaof:  v(k) can be derived from (57) and (58) as following.
Wk) =zl - A)" Bf(Wk))+Qd — A) " d(k)+dy (k)
=H(z)f (k) +d (k) (61)
Since A is stable, thus d (k) is bounded. Let v(k) = v(k)-d (k),

hence, f(¥(k))=f(¥(k))= f($(k)+d,(k)), the inequality
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li (G(k))l S A5+ M, B20, M>0

can be obtained. The rest of proof is same as lemma .

Corollary: in the theorem 2,the conclusion also holds if
J(v(k)) satisfies following.

| £ (k)Y < v(k)g(v(k))+q(v(k)),

|g(v(k)) < B.a(v(k) < M

4 NUMERICAL SIMULATION

(62)

A example is given as following, We show a result of simula-

tionin Fig.1.

x(k+1)=[ 0 1:'x(k)+[0]u(k)+[1:,f(v(k))+[l}d(k)
-04 13 1 0 1
v(k)=[1 O]x(k)

(k) =[06 1]x(k)+d,(k)
S (k) = 03v(k)sin(v(k)) +1

Reference model is given as

0 1 0
Xn(k+ D)= [— 012 0.7]"'"(") - H""(k)
r, (k) = sin(kz /16) +1
Yalk)=[1 Ox,(k)
In this system, H(z)=1/(z+0.6), and S= f+06 <1, here f=03,
the condition is satisfied. Disturbance d(k), d,(k) are step dis-

turbances. The responses of system are shown in Fig.1. It can be

concluded that output signal follows the reference even though

disturbance existed in system.

Fig.1.

Simulation results (f{v)=vsin(v)}+1)
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