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Abstract This paper deals with the design problem of model reference adaptive controllers for MIMO plants with unknown
orders. A design scheme for an adaptive control system based on CGT theorem, which has hierarchical structures derived
from backstepping strategies, is proposed for MIMO plants with unknown orders but with known relative MacMillan
degrees(relative degrees for SISO plants). It is also shown that all the signals in the resulting control system are bounded,
and that the asymptotic tracking is achieved in the case where reference inputs are step.
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1. INTRODUCTION

Recently, several types of output feedback-based model
reference adaptive control methods, which do not depend on
the order of the plant, have been proposed under the condi-
tion that the controlled plant is ASPR(almost strictly posi-
tive real)[1},[4],[5]. The plant is said to be ASPR if there ex-
ists a static output feedback such that the resulting closed-
loop transfer function is SPR(strictly positive real)[1]. Be-
cause the sufficient condition for m-input/m-output nth or-
der plant to be ASPR is that (a)the plant is minimum phase,
(b)the relative MacMillan degree is (n~m)/n and (c)for the
plant(A, B,C), CB is positive definite, the ASPR condition
places a severe restriction on practical plants. As a counter-
measure to this problem, it has been shown that the problem
for relative degrees on ASPR conditions can be alleviated
by using ”backstepping” strategies for SISO systems[3],[4].

In this paper, a new design scheme for output feedback-
based model reference adaptive control for MIMO plants is
proposed. The proposed control algorithm is based on the
CGT(command generator tracker) theory[2] and has hierar-
chical structures derived from backstepping strategy. The
effectiveness of the proposal is confirmed through experi-
ments of positioning control by a parallel inverted pendu-
lum.

2. PROBLEM SETUP

Consider the following controllable and observable m-
input/m-output LTI plant:

z(t)= Az(t) + Bu(t) , y(t)=Cz(t). (1)
The transfer function matrix of the plant(1) is given by
G(s) =C(sI — A)"'B. (2)

We make the following assumptions on the plant.
Assumption 1:
(1) G(s) ts mintmum-phase.

(2) The relative degree v; of each diagonal (i,1)element of
G(s) is known.

(3) There exists a matriz My defined by
Mo = lim G(s)diag[s™,s"%,...,s™™] (3)

and Mo > O(symmeliric positive definite).
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The objective of this paper is to design an adaptive con-
troller such that the plant outputs y(t) track the outputs
¥, (t) of a reference model:

Em(t)=AmZm(t) + Bmum(t) , ¥, (1)=Cmzm(t). (4)

Now, represent the plant{l) with transfer function matrix
G(s) as follows:

y(t) = G(s)F(s)F(s) '[u(t)] =Gu(s)[un(t)] (5)

G.(s) = G(8)F(s) = Cp(sI - A,) ' B, (6)
un1(t) = F(s) ™ u(t)] (7)
F(s) = diag[fi(s), f2(s),- .., fm(3)] 8
fits) = [ s+ 2s), x5 >0 (9)

i=1

where the notation G(s)[u(t)] denotes the output of a system
at time ¢ with transfer function matrix G(s) and input u(t).
Since the plant(l) satisfies the assumption 1, the virtual
plant(5) with transfer function G,(s) and input us,(t) is
ASPR.

For this ASPR plant and the reference model(4), make
the following assumptions:
Assumption 2:

(1)There ezist solutions Qi; of the matriz equation.
Ae B, Q1 QIZ _
[ ¢, 0 ] [ 21 Qa2 J =1 (10)

(2) No eigenvalue of §21, ts equal to the inverse of an eigen-
value of A,,.

Under Assumption 2, if we could design a control signal
us1(t) for G, (s) as:

usi(t) = K(t)z(t) (11)
2(t) = [ey ()", 2m ()", um (8)T]° (12)
ey(t) = ¥, (t) — y(t) (13)
K@) = [k1(t),.. .. km(t)]" =z(t)e, (t) T —0K(2),
r=r>o0,0>0 (14)

then, we can achieve the control objective according to the
conventional Simple Adaptive Control(SAC) strategy|[l].
In the following section, we will propose a controller de-
sign scheme based on backstepping strategy|3],[4] which vir-
tually realizes the controller given in (11) for MIMO plants.



3. THE DESIGN PROCEDURE

3.1 Filtered Signal and Virtual ASPR Plant
Define a new signal uy;(t),i = 1,...,7" as follows:

Aigritgi(t)=—Asugi(t) + vpiva(t) (15)
where
—diagl6; . 1 iedily 24}
Ai=diag[éi1, . - -, Sim], 6.,_{ 0 jedil <i-1} (16)

and

—diag(Xi1. X 5.1 5.-) M, i€l 2i+1}
An—-dla-g[)\:ly A‘LZ, DR} Atrn], A:]—{ 0 ] € {JI'YJ S ’L}

(17)
The signal us1(t) given in (7) can be successively generated
from (15). Further, since the virtual plant G.(s) is ASPR,
we have the following input-output representation for the

virtual system(5) with input us;(2).

§(t) = Oy(t) + Bous(t) +n(t) (18a)
&a(t) = A2y(t) + Bay(t) (18b)
n(t) = Caza(t) (18¢)

where, ©, Bo, Bz and C, are appropriate dimensional ma-
trices, and Az is a stable matrix corresponding to zeros of
G.(s).
3.2 Controller Design
Step 1:
First of all, we introduce a virtual input o (t) = [0a1(2),
..yo1m(t)]T corresponding to us1(t).

o (=K ()=(2) (19)

If v; = 1 for any j, then, for j € {jlv; = 1}, the j element
u;(t) of the control input vector u(t) is given in this step by

ui(t) = up;(t) =01 (t) , j€{jly =1}  (20)

The design procedure is completed if v; = 1 for all j.
Otherwise, in case where there exist elements such that 'y, >

2, introduce a new variable £2(t) = [e21(),...,€2m @
Ez(t) = u;l(t) — Otl(t). (21)
Step 2:
Introduce a virtual input oz(t) = [a21(?),. .., c2m(t)]”

corresponding to usz(t) as follows:
ass(t) = Br (®)+71; 1) (BBYO+Botyun ()

+ 8(1)2m(®)) ~Teasen () —FersFers (0 e2(0)

+hjus;(t) , 7 € {ilv 22} (22a)

8011] 8o Bayj Oayjl .
B2;(t) = —=k; (t)+[ By.. Do’ aum} Zm(t)  (22Db)
zm(t) = [ym(t) ()T um (7] (22¢)
Zn(t) = [2m (@), um(®)"] (22d)

. 8011]-

Ty (t)T = oy (22¢)
opi(t) =0, j€{jlv=1} (22f)

’752]>1 '752] >0, jE{j"Yj 22}
Ye2;i —'752_1 =0, jJ€ {.ﬂ'Yj :1}

{
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where, é(t) and Bo(t) are the estimated values of © and

Bo. S(t)zm (t) is the estimated signal of 7(t). The adjusting

laws of O(t) Bo(t) and S(t) are to be determmed later. The
vector 7e1;(t)7 is a j row of Ry (t)Ry (t)* where

Ri(t)=A2Ri(t) , Ru(t)=[ru(t),...,mm ()] (23)

If v; = 2 for any j, then, for j € {j|v; = 2}, the j element

u;(t) of the control input vector u(t) is given in this step by

u;(t) = uga;(t) = ag;(t), jE€{iln =2} (24)

The design procedure is completed if v; = 2 for all j. Other-

wise, in the case where there exist elements such that 'yJ >3,
introduce a new variable e2() = [e21(8),. .., €2m W

£3(t) = usz(t)—ana(t).
Step i (3 <i<v" —1,7" = max(y)):
7

(25)

By using the same procedure as in Step 2, set a virtual
input o (t)=[ai1(t), ..., ®m ()]T corresponding to usi(t) as
follows:

i (1) = By (8) +ri-1; (O (B + Bo(®)unn (1)

+ §(t)2m(t))+z Boi_1;0(t) Taroik(t)

+Z¢bz 1k (8) FbTb-k(t)sz: Boim1jx(8) TaTuin (1)

k=1
—Veij€ij () = FeijTeim1 (t) €i(t)
+Aimyjusio1;(t) + @i (t), 7 € {jlv; 24} (26a)
ai;(t) =0, j€{jlv <i~1} (26b)
where
Yeij > { s Veij >.01 j_e {ilv 24} (27)
Veis = Fei; =0, § € {jlv; <i—1}
Te=Tf>0,0=Tf >0, ,=T; >0 (28)
and

aal 1j

kk(t)

ﬁ‘J (t) E
__ [
h=1

Oovi-1; Oai-1j Oaioij

(1)

oy ozl 7 aull
i—1 8
o -1
+ ; Ta,y— (—Airupa () + up(t) — Afi(2))
Ooi—
DB IR
+(Ar — Al)ﬂ,(t)),j €{jls >i—1}  (29)
Bi;i(t) =0, je{jvy <i—-2} (29b)
B,(t)=[Bu(t), Bia(t), - - -, B (B (30)
Further,
T _ Oaij _ : Jaij =
ri ()T = 5 ; e Ri_1(t)
L3 D (A1 = A)Ri-a (),
— Ougr—
i€ {il; =1} (31a)
ri; @) = 0, je{iln<i—1} (31b)



Ri(t) = A Ri(t) , Ri(t) = ru(®),...,rm @)Y (32)

Fei; (t)7 ¢ j row of Ri(t)Ri(t)” (33)

and ¢y, ;4 (1), $yi;.(t) and @,,;, (t) are given by the following
equation for w = @, b and s respectively.

dai; : Oayj <
buisn(®)T = {6—{5: - E(?j‘p“’"”‘(”

=3
day;
+6 (Az 1~ APy lk(t)) }
g

j€ {le > i} (34a)
b’ = 0, j€{jlv <i-1} (34b)
Ptk ()= Br1Puwin(t) , Putk(t)=[bpi1i():-- -, buim(t)]”
(35)

where w; (¢) for w = 0, b and s are k rows of @(t) Bg( ) and
S(t) respectively. Further 74:;(t)" | 74:;(t)7 and 7,4;(t)7
are j rows vectors of Tpi(t) , Tui(t) , To:(t), respectively,
which are given as follows:

Toi(t) = —Ri-1(t)" e:(t)y(t)" +Toi-1 (2) (36)
To2(t) = ~Ru ()" e2(t)y(t)”
Toi(t)=—Ri-1(t)  es(t)us (t)" + Toizs (t) (37)
Toz(t) =—Ru1(8)" e2(t)usi ()"
Zoi(t) =—Ri-1(t)" €:(8)2m ()" +Toi—1 (2) (38)
Toa(t)=—Ra () e2(t)zm (8)"

and &;(t) (&:;(t) = 0,5 € {jlv; < i—1}) is an auxiliary
signal which is given by, for i = 3

G5 (t)
= Zm,k (t)oabi ()~ Zmz]k(t)abbok()
=
—qu,z,-k(t)a,sk(t) J€{ily 23} (3%)
&i;(t) = Ok,:lj € {jlv <2} (39b)
fora<i<~*-1
a&; (t)

= —Z (Z ez(t)T(iaz—lk(t)) Coy(t)Fi—1x; (2)

=3

—Z Poi-15k (t)oBi(t)

k=1

—-Z (Z £l (t)T‘i’bz—lk(i)) Cousi(E)Fiz1k;(2)

=3

—Z ¢bi—1jk(t)gbl;0k @)

k=1

_Z(Zel t) @,1 1k(t)>F Zem ()Fi— 14 (L)

=3

—Z Boirje(D)oudn(t) .5 € (il 2 i} (40a)
k=1

&;(t) = 0, je {jly<i—1} (40b)

where 7;;(t) is the j element of k row vector of R;_ RO
If v; = i for any j, then, for j € {j]v; = i}, the j element
u;(t) of the control input vector u(t) is given in this step by
ui(t) = upi;(t) = ou;(t), j € {jlv; =1} (41)

and for j € {j|v; < i} the j elements of u(t) are determined
by this step i. In the case where there there exist elements
such that v; > i + 1, introduce a new variable €iy1(t) =
leis11(t), - Eipim t)]

6{+1(t) = u_f,-(t) e Ch(t) (42)

Step 7" (v7 = max(y;)):

This step is the ﬁna.l step. We determine the remaining
control input u;(t),5 € {j|v; = 4"}, as follows:

u; (t) = aye;(t)

= Brstree 507 (801 + Bothus (1

+ 3 (®) +Z¢aw._1jk<t)"5k(t)

+Z¢,,, C1 (0 bow () + Z% kS (®)

k==1
'—757‘1'57‘1‘(15) = Veqo;Tey -1 () ey (t)
Tty 1 (0 +8e5(1) 5 € (Gl =7} (43)
(a0 = @q05(t) =0, j€{jln, <" —1})
{ Ferts > 1, Ty, >0, G € {jly; =)
Yerts = Feqe; =0, j€{jly; <77~ 1}
where [y+;(t) is given in (29) with i = 7", and ry+_,(t),

¢0~, _1]k(t) ¢b7 _1Jk(t) ¢s-y -1Jk(t) and Feys-1;(t) have
been defined in Stepi = v* — 1. The auxiliary input is given
by

Gye(t)
= (Zez(t) o lk(t))ng(t)T', 145 (2)

(Zel(t) &y lk(t))rbufl(t)rl 1k (2)
1=

(Zel(t) . lk(t))r Zm (8)Ti— 145 (t),

j€ {J|’Yj =7} (44a)
Gyeit) = 0, j€{jlv; <v" -1} (44b)
where 7y+4;(t) is given in (32) with 1 = 4*.  Further, in

final step, 8(t), §o(t) and 5(t) are adjusted by

6(t) = To+ (t)Ts ~ 04O(2)
Bo(t) = Toy+ (1)Ts ~ 4 Bo (1) (45)
8(t) = Ty (0T, — 0, 5(2)
where 0y , o, and o, are ’small’ positive constants and
Toy+ () , Toy= (t) , Tony= (t) are given in (36)~(38) with i = ~*
respectively.
Finally, the control input is determined as follows:
(A — Ag)as (t) + (Ag — As)aa(t)
+o 4+ (Ayea _Av‘)a’r‘—l(t)
+A e ays (). (46)

u(t) =



We have the following theorems concerning the tracking
performance and the stability of the control system with
control input(46).

Theorem 1: Under the assumptions 1,2, all the signals in
the system composed of control laws in Stepl~Stepy™ are
bounded

Theorem 2: In case where the reference input um(t) is
step, if we chose 0 = o9 = op = 0, the asymplotic tracking

tlim ey(t) =0 (47)
15 achieved.
4. EXPERIMENTAL EXAMPLE

We will confirm the effectiveness of the proposed method
through a experiment by a parallel inverted pendulums de-
vice. Fig.1 illustrates the experimental equipment. These
inverted pendulums are coupled with springs(Fig.1). The
mathematical model of the parallel inverted pendulum from
input torque to the angles is given as follows:

G(s) = d_(l?)zv(s) (48)
d(s)=s° +3(¢* — ¢%)s* — ¢* + 3¢y? —y°
e 56 20 28
| (s) ma(s) nails)

ni(s) = s* — 2¢s” + (% — %, na(s)=9s” +y° —(y
_ 9 _ 2ka _ ke
¢= I miz’ ¥= mi?
g : gravity acceleration
k = 0.042[kg/cm] , m = 0.05]kg]
,I = 12.0[cm] , a=4.0[cm]

Since G(s) is minimum-phase and all relative degree of di-
agonal elements are two, the number of steps in our design
procedure is two. Design parameters in control laws are
chosen as follows:

[ = diag[20000,30000,20000] , o = 0.01
T = diag[100,100,100] , o = 0.001
[, = diag[100,100,100] , o = 0.001

Y11l = Fe12 = Fe12 = 5 5, Y13 Ve12 = Yerz = 2
A1 = A2 = A3 =10

and the reference model is given by

Gr(s) = diag[9m1(3)19m2(3)79m3(5)] (49)
gmils) = s-:-l L i=1,2.3. (50)

further the reference inputs are set by

Umi(t) = { si, (0<t<6.5)

—si, (65<t<10) ‘ThZ3 (6D

81 = 0.2 y 82 =0.15, 83 =-02.

The plant and model output are shown in Fig.2. It is
shown that plant outputs track the model outputs very well.
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5. CONCLUSIONS

In this paper, we proposed the design method of a model
reference adaptive control using backstepping strategy for
MIMO plants. The effectiveness of the proposed method
confirmed through the experimental example for the parallel
inverted pendulums.
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Fig.1 A parallel inverted pendulums
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Fig.2 The plant and model outputs



