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Algebraic Method for Evaluating Natural Frequency
and Mode Shape Sensitivities
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ABSTRACT

This paper presents an efficient numerical method for computation of eigenpair derivatives for the real
symmetric eigenvalue problem with distinct and multiple eigenvalues. The method has very simple
algorithm and gives an exact solution. Furthermore, it saves computer storage and CPU time. The
algorithm preserves the symmetry and band of the matrices, allowing efficient computer storage and
solution techniques. Thus, the algorithm of the proposed method will be inserted easily in the
commercial FEM codes. Results of the proposed method for calculating the eigenpair derivatives are
compared with those of Rudisill and Chu’s method and Nelson’s method which is efficient one in the
case of distinct natural frequencies. As an example to demonstrate the efficiency of the proposed method
in the case of distinct eigenvalues, a cantilever plate is considered. The design parameter of the
cantilever plate is its thickness.

For the eigenvalue problem with multiple natural frequencies, the adjacent eigenvectors are used in the
algebraic equation as side conditions, they lie adjacent to the m (multiplicity of multiple natural
frequency) distinct eigenvalues, which appear when design parameter varies. As an example to
demonstrate the efficiency of the proposed method in the case of multiple natural frequencies, a
cantilever beam is considered. Results of the proposed method for calculating the eigenpair derivatives
are compared with those of Dailey’s method (an amendation of Ojalvo’s work) which finds the exact
eigenvector derivatives. The design parameter of the cantilever beam is its height.

Data is persented showing the amount of CPU time used to compute the first ten eigenpair derivatives
by each method. It is important to note that the numerical stability of the proposed method is proved.
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y Table 6. The first ten natural frequencies of the
5SSy cantilever plate.

P
Pave
Pavavava

e,
Pazas % SEEBEESEY Natural Natural frequency .
Javava KA IKRKY E]gcnvalue
e S PR 3m frequency (Hz)
£ (No.)
6m

Number of nodes 1325 1 0.9263 E+00 0.338721 E+02
Number of elements : 576 2 0.3964 E+01 0.620193 E+03
Number of degrees of freedom : 936 3 0.5760 E+01 0.130988 E+04
, 5 P 4 0.1290 E+02 0.656709 E+04
Young’s modulus : E=105%10° N/m 5 0.1613 E+02 0.102684 E+05
Mass density : p=588x10" kg/m’ 6 0.2454 E+02 0.237676 E+05
7 0.2476 E+02 0.242008 E+05
Figure 1 Cantilever plate with the thickness ¢ as the g g;;gg g:g; gijzzz g:g:
design parameter 10 0.4074 E+02 0.655176 E+05
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seco|th. Nelson "2 n—13+e] 49 4 W3 44 o8 AWST, AG PHE nt 1508 4y
B A& A 4e}7) o) A4 Azke v Ssbtt 28 Y Rudisill-Chue) ¥PH-& vl 3 319 A&E 37
wEoll Al A zbe] Yol FAUrt o] AFHE B 732 2] EA YT,

Table 7. Central processor seconds required to calculate
the first ten eigenpair derivatives.

Methods Operations CPU time
A5 =9,T(K'=2; M), 54
Nelson G. and
method ; and f; 6.1 500 - —e— Nelson's method
v;= Gj-l fi 295 ~ 400 — Rudisill and Chu's method
(2]
b =v,+¢;¢; 6.3 & 300 | —a— Proposed method
TOTAL g
473 g 200
Ay
T O 100
K pc =[K ‘1’{ N A2¢ J 0.7 ;
Rudisill g ’ —
-Chu P 0 . 6.7 12 3 4 5 6 7 8 9 10
method PRCT e -n Mo [T L number of eigenvectors
¢ e ot 391.6
A'j =[K/ g-c) f/ R-C
409.0 Figure 2. CP time required to calculate the eigenpair
TOTAL derivatives.
[&k-2, M -My,
Kj»_[ By Pl ] 73
Prot;l)losed ;e {-(K’—Lj M,)%} 64
method j 05¢jTM'¢j .
LY .-
{x;}w@] 7 31.1
TOTAL 46.8
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Table 8. The first ten natural frequencies of the

cantilever beam.
o z zy
ud I{g*:[ Natural Natural frequency
e h=01m frequency (Hz) Eigenvalue
10m 0lm (No.)
1 4.1722 0.6872184 E+03
Number of nodes 1201 2 4.1722 0.6872184 E+03
Number of elements 1200 3 20.072 0.2683489 E+05
Number of degrees of freedom : 800 4 20.072 0.2683489 E+05
Young’s modulus -E =210x10" N/m2 5 72.666 0.2084571 E+06
. s s 6 72.666 0.2084571 EH06
Mass density : p=785x10° kg/m 7 141.45 0.7898746 E+06
8 141.45 0.7898746 E+06
Figure 3 Cantilever beam with the height / as the design 9 231.84 0.2121920 E+07
10 231.84 0.2121920 E+07

parameter
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Table 9. Central processor seconds required to calculate
the first ten eigenpair derivatives.

Methods Operations CPU time
Z (adjacent eigenvectors) 1.5 12 - Dailey's method
G and F 23 10 + Pronosed method .
= - —e— osed metho
1 v=G'F. 1.8 g 8 P '
Dailey <
. ={r.-j/(7~',- A7) a4 £ 6
method i 05 g : é 4
Z'=V+ZC 0.1 2
TOTAL 10.1 0
1 234567891
Z (adjacent eigenvectors) 1.5 number of eigenvectors 0
. [K-AM -MZ
A T
Figure 4. CP time required to calculate the eigenpair
Proposed method / )
P T -AM)Z 1.8 derivatives.
052"M'Z
[Z’]=K.-l P 26
AI
TOTAL 72
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