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Post-buckling and Elasto-plastic Analysis of Shell Structures
using the Degenerated Shell Element
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ABSTRACT

For the post-buckling and elasto-plastic analysis of shell structures, the total Lagrangian
formulation is presented based upon the degenerated shell element. Geometrically correct
formulation is developed by updating the direction of normal vectors in the iteration process
and evaluating the total Green-Lagrange stain corresponding to total displacements. In the
calculation of the stiffness matrix, the element formulation takes into account the effect of
finite rotation increments by retaining second order rotation terms in the incremental
displacement field. The selective or reduced integration scheme using the heterosis element is
applied in order to overcome both shear locking phenomena and the zero energy mode. The
load/displacement incremental scheme is adopted for geometric non-linear F.E. analysis. Based
on such methodology, the computer program is developed and numerical examples to
demonstrate the accuracy and the effectiveness of the proposed shell element are presented
and compared with references’s results.

1. A&

W 4o T8 £8¢ 4FdA4 23 EREc BEold ASFAAME SiERd A4
(girders), BEFH EEH s, 9329} platform componentst #2 MM EY Tl EHHL
ot Wigwye HAI FHIL ool AohA FEiol HAVT v FEIMA HEw BHE X
olch, 1t MR 2 Aol Wi BT (analytic solution)v EAEET HIFR =o Ax EE
Tk, M, BTAT BES IHEHETS ERT BER Bt BAT £ Ao Ry
o2 olg HEI PIESS A7l 93ME R L AEHRS FIES HBRERENS BT
oozttt

HRERZS oln] 2001l Akl BAT AT, Uuk A EEMNDZ BAY F
9t YT WAHBERN W Fe oA #rh e Aotz Az Bathe®= iy 2
BaAHAe £884 YE HIE deiolES AASIYY. Figueirasst Owene W3 4
g0 PR AR heterosis elementE AHE-F 2 24 shear locking 843 zero energy

» JEBU ST ELFES Fas
o JFBNGE BTN WAty



mode A1 323Ut Surana®E A9 229 welF WYw 4R
ot @3 e 23y Axass By wye A7 E:
tekg vy Moel sMEdlms 3yl e, AT
snap- through turning-back A& & EY3I= HlHPATE FHEY 4 e WY 2 dEFL ¢
1SS AF2E vAdFHHe HEAZ

2 @?Oﬂ/ﬂt #3%9) Q78 WANAN 2T YT LYo YTRIHML YT 4
AE d84E Mdsluz gtk 4¥8d 4 F¥84F AMS-3e] AP A2 total Lagrangian
formulation& H& gt 7]E9] A QhoM MHAIF2A8HE W42 oo} 2},

1) SFﬁ% BYEES 25 1wty #SH AIETIE XSy, it @ 47z B KE

< A

2) ‘&9] iy 2 g 2460 dEd [P eLsM-e £

3) FEIAGez A YAde e WslE 93] n3da FHY e HIx
Stoa A, A3z 7318t H 02 FUF ulHdE o] ojRAALE Pt}

) FAZ=YPE S AA G 3Azte] 23182 nB e s £HA L AY/A-LS FFAZ

5 HKEEREHS X dFTE vAFAH ) NEATFE 3] Yy, A7zl BF 738
20128 AAIsln A B ¥ FEES ¢4udESS A-83Y snap-through, turning-back
< il HMBN ERKY B8 FHHd

i
>

43

2. 93949 A F@aLolE

B dForae S/l 484 (degenerated isoparametric shell element)7} AF&-E]8], o] 48 A
g Ay ALgsHE MRS ge 2o

1) 3890 £3F Y4 P Fx YHdoz dol et}

2) $8-9Yx BAANA AFTHA) £AF P Yo Fj
714 R EHE 84 d72Y FHAFLE 43 JeEd 5 A= dEAHQY 9¥8F A Lo

21 938 da 9] I3 AAF

Qete) 294 SHHREAS ALgslel B3 2ol Ueld 4 .
Ki= 2 XE+ 5 2 ah Vi i=123 Sy

A7NA °X; = "X(r s. D dad YRy P e, g, BH koM A Froln, 11
AT bt FFREEA (7,99 T2 BAED doie] WHAE A& /b4 DE s
|, At ol 1 24U H (7,5, ol digde AXes O3 Ze] FA D

‘)(,' = kznl hk ‘X,k Et gﬂ hk ’Vkm' I = 1, 2, 3 (2)

AAF hF S /AL TGt 34U ALALAS YeAT WA A Hd, W
& ARG 59 AGE F, A 15wy (Uf, Ui, UbHst A2 £2% °Vist °Vi o o

& el 937 (ap, ) 22 EAT & U GBTel AFA $99 2 FRadueke
A3 @238 et o) FolAn



U= 'Xi - X, = kgnl by UE + ftz:: phe (Vo — oVii) 3

U, = t+AtXi - X, = Z: Uk + tkzj:l dlehk(HAth;zi . tvkm)

zn: arhy | ="Viiap+ Vi B — ’é‘ Vi (dh+ B)) (4)

detliel, ol @ NE Ara e F7}

Total Lagrangian formulationell 243t A4&Alo) i3 SE A4 )23} o] FA G

f( Cin o2 825 + 68 8ol + 0S5 8 €5)°dV = ¥R — f oS 8,e5°dV ®)
A7IM Cis T STEH-HITAE, &5, .75 © 271848 71£22F Green-Lagrange strain®|
A @ HAY FEUYPE AR i BPIHAZLY 2x13e T dF H4F HIEE Jehyy,

$Ss= second Piola-Kirchhoff stressS ¥AI§T ‘R & A714Y, 62 HEL 9ugch

A),3) 2ex H@E n3n, Tl F4FgFE =48t HES FshA @ Y /s
Zel AT SEHITFAL 53 2ol €2+ Ut

(K, + 'K )AU = PR ~ [F (6)

4714 Ky = [,4BL (C (BLaV (7a)
K = [ Bp 1S (Bw.°dV + K (7b)

‘F = [ BT (Scav (7c)

é](6),(7)°ﬂ/\1 Kot Kmv A7 434 2 wdiolsets) Z=449e uremm
t ARusuee) 8 a8x FE
4ua&n} BLo By E 4% 2 vldy A

23 AAA=REe 7

ZAFREA S AANAELA Alole] WA ozRE F HFEA vEIAE JYehiie
(Jacobian matrix)2 3 el 4& 4 A}

_ 6(0X1, aXz, DX3)
Ji = 55,0 ®

dase) ZePBL K37 A5 ol Zo] AAYUAAEE F P

Ul = (UL U Uk oy B Uy Us -5 UY Uy U5 aw Bn) 9)



A3 48),(13) 2l A(15)E ol83ta (B, By < AR AMozRH Aol FA
ZegAL AT 5 Ak A(7a)e] A8 HY-H1Yx dEaYgH ‘Bi= B4 A7 o) &
8 Bt 271499 Agke meiste P2 By o o EAFC
oEL = ;BLU,; tB, = :By +,Bn (10a)
JEL = l[oen £z £n 2.1 21 2461 (10b)

A(13)3% (15)2 T, ¥EE 4840 48 AY-dYx PP vA AL 42 gF
3} o] A E

hey 00 ghGr &5 G
0 k2 O 2hG; e
szLa = 0 O hk.3 g1k3G§ géGg (11)

hey hey 0 (ghGi+ehGh (g5 Gi+enG
0 ks by (8hGE+e5hGH (25 G5 +e5GH)
hey 0 hyy (gl GE+ghGh (g5 Gi+enGY)

oBu = eL- oBm (12)

q71 A
L 0 0 & 0 0 &L 0 0
0 L 0 0 Ip 0 0 I 0
t = 0 0 113 0 0 23 0 0 133
L=ty 0 kg by 0 Iy dy O (13)
113 0 lll 123 0 121 133 0 131
0 113 112 0 123 122 0 133 132

hei 0 0 ghGl gnGi
By 0 0 ghGs £0Gs
hey 00 £4Gs 65 Gs
0 he1 0 0GP 2nGl

oBnm = 0 hez 0 ghG enG; |- (14)
0 hes 0 £hG3 2nGs
0 0 he gHGH gnGt
0 0 hiy g4G5 g5G
0 0 hes ghG3 2nGs

A7 gt = _% a'Vh , g5 = %‘aktvf‘ . &y = —% a.' Vi
hk.i = JHl hk,r'*'.]xE1 hk.s (15)

Gt = (I3 hk,r‘*‘]El hk,s)'*‘]El hy

‘ .
AUYAA L= —otolel, A0S (Bue M4Y AA-UFE 9EYRE dehich 24
J

AGEES e 849 wdd Fo AL 4Fds A¢d 40 22D FL
TEaE HAE FERI4 (THd FrsEE ¥ G 2.

_.20_



9 3.
[Km])se-1, se-1 = oSu- [ga Gl + 2 4GHa] + iSn - (85Gh + glgiqulzz]
+ 533 [grﬁcfi + Egnx‘c 113]
+ oS- [emG: +8mGl + gl(g’;icﬁzﬂ +£5Gi1p)] (16a)
3
+ iS5 - [gnGs +g5GF + 2 (&%:G3la +8%Ghl)]
+ iSu - [5Gt +25GE + 2([gmg2113 +g%:Gilp)]
(Knedsese = [Kal se-1 561 (16b)
AUDE o1 83HA vdY FEUIE En e okle] 422 AT 4 ot
oENL = ;BNL Ue (173)
Efe = [oUi1 Uiz Uiz oUsy olhz oles oUsy oUss oUss] (17b)

2@, 4(70dAN e FAHY Ao g Lo EA D

:,S( 6 6 t t 1
~ ~ oS oSz oSu 0 00
$S=10 5 0/, :5= |oSu oSz ;Sm,ﬁzlooo] (18)
N Sy Sy LS 000
0 0 ,',3‘ 3 2 33

Sl Aot FAxPEE A7 A ML FAHREE PP, B
AdFodME AFA goelFdel et FAde] dARG A aA A4E = locking
H A3 zero energy modeES ZE3l7] 93 o, Heterosis elementS o] 88 Z+x &
B = M9 HEY (reduced or selective integration)& & &3t}

24 824 $Y-UY: AA BRI T 34

BYRFL AR ANNE DA FHe2 ARPAN AAREA UE W= 2 2
é—E—% Falokt). olul, 714 2ol WM SHAR (S, F WYEAR e, o) Folmz, WA

HEA NN AdE HAPFEALE L ASHBAZ HBAAM FHSEE AAsojor gt g4
$EA-WHERAE 2387 93t Von-Mises 352238 JYetdl® o33 2o

F = %[(,’,Sx' — 1S 4+ 1% 4 1SE] 4+ 1S%, + 182, + 1S%, (19)
P, FNYESR e oed Yol B4 2 24WEEIEe o= Yud 4 Ut
dey = de% + deb (20)

SGARHEEZ RS 4(27a)0 HEE FAFELS AFIA, 2EEE FTEL ofdl 9 flow rule
o &AM ne €t
F

defy = di- i = d-a 21



o714 Fe 24Xd4-8 Jehdy, 54 83845 AMdt A= vEldFelr a & 44X
Hdo] AdAZ 7HE zte FHdA YWARES Yed= flow vector o]t

A1P-(21)E o} 833, A9 normality conditiond A-&&d ot gol wiA FE $2-
AP BA 4L 4L 4 Atk

d( f,Sv) = Cep' dEii : (22a)

T
714 Cop = C — H—Cfa?%—a (22b)
H@0AH He BASIEARE AAT Fol AFEA-WYT T4o) WP $2

€718 vehdg. v 311’5. oA BHIPsFS AE3] e Ao ws FaIG. oRle &
AFoA A 2HIF}FT HYS Xﬂ*l?}l:}.

D %3*17‘Esga° Hkiasd

2) ZTEYAAL oA FEAFAUNAYE £ FANEE FIL

3) 48)& AMgslo Z 7192 HAEAHANA HIEFES AL, AAFZANM Aldd HY
EZEE AZFAFAZ AFALT

H 2 ARFAN By 2A-AASRAS olgje] $AFEL AR
5) AT0E AMgdtal 44¢dl Bese SHEYRL AP,
6) 23t BASAN T8 AALY AolzA BAFAFS WY ol £FYZAE 2AG

123
| AR — HrE®W 100 < LTOLx I AR (23)

714 LTOLL 8oz FojA= ¢ {&A ot}
3. #AAY 9

oL Ao Ay 2 B MRS #1781 9138k, total Lagrangian formulations ©|
23 93 B JEEY 37 Von-Mises BikfEHol FEHAAT olul shear locking 84
3} zero energy modeE 3 3t7] $13t] Heterosis element’} AM&-H Atk 2= FE- AR Tq
gA e ASole A FA WEOE 24, @ - a4 A Aee 2499 A FFE %
otalr] g8l 54 JheA ARL ALl £AAHEIFC T3, A #E £HS €8
e oS LW ETol WEESES 37 Y8y, MME BU/AERS dueES EAAR
o} ol F MHTER L UnSe) EWsie i L ARG AZTAAM, HREHEN 220 K
e mald BMEMAETC) WHES AFE WMHTI WL HEIND o TIPS AHE-SY
B AgHe mgd 9 2 A 72 JAHES AP @ - 24 AFE n2d A2
F8g3ld gds @ & £33 ANES viu, FEFT

31 &4 & e deEAA B

3% 1)E 4 B e B2 Jdehad Age FEsAe o, = 200N/ mm’, 7,=6,/V3
olvl, 2 ¥el UAAL malsl we) 1282 819 AP¥eAZ Y AP RIS ¢%
o] 83 AAIZH o] AAEE (N,),9 AN 23 490.174 N/mmelil Timoshenko®] 23

My 485888 N/mm=XA 23 09%9 AFAS Vel Aok =3, & 1= B9 7129 A=22
o] Hlo] WE AZHAN AFNE HAZAS k (4 (24) Fx) #e2 vEd Relth, B a7 A3

0{)1 Kl

— 22—



£ Timoshenko®] ¢J@#l”'st 2 AXNFL & 4 U}k FElelA a/brk 1.0 A-$E 059 0.66667
A Ao 28 3% sineFds A HAZReES e

X
x D

AAAE #e] FAF AFL FH37] st N /10°% N, /10" of gigste £535¢
m el ASART 2”8 Ub)e A olze Hel zxFo] WAIE AEFQ Fa= 1
2 RoqF T 9} imperfectiono] & & AASF o] 7l7tol ATt QaldA Wslsles A
HolZEo. o] dAls %9 FEgHo] dAGSE ¥ ZJomg w . A4 AFE Bol -4%3}7] A
o YdelvA "o (29 1)

k= (N,)., , N, = N0(1-2%> (24)

mlo

¥ 1 buckling factor k of simply supported rectangular plate
under pure bending

o | 05 ] oeser | 10|
reduced integration 259792 24.2838 %0362 |
selective integration 257198 I 2;10&)2“ 258106 1

25 256 | w9 | »6

I a .1 NO

=
m
b E=210000N/mm?
a=b=100mm
t=1mm
v=03

(a) rectangular plate

1500 5 600 7
3 E
~1250 7 500

ITTRIREIRIvL

o
o
o
i
N
o
o
1

x § x
=z E =z
g 3 g
2 3 [
1) E ®
E £
O 7503 © 3009
— 3 -
O 3 o
a E a3
- 500 3 T . N,=489.8853 N/mm - 2004
o y. JS4 E
d i s o 3
3 3 Elosifcslmper’eCQEOn 1077 g ] 3 Ve oeeoo Elastic(imperfection 107*

250 T Elastic(Imperfection 10 1003 yd aasan ElustucElmperfectlon 1073
3 1 Elasto~ ploshcilmperfechon 107t 3
I Elasta—plastic(imperfection 107
0 Frrrrorr (RARREEL ARARGRRARERS: RARAREEE R T T O Frrrrrrrr 2 BARRRER T T T T T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.00 0.01 O 02 0.03 . 0.04 0.05
Vertical displ. at point m Vertical displ. at point m
(b) post-buckling behaviors (c) elasto-plastic behaviors

3% 1 simply supported rectangular plate under pure bending



e 95T A

filo

32 Ad SR X At W9 AFEF

-

Y 2a)E WY SEX AEEE g S mAFl WY AFsE Pl AsHE T 6.35mme)
258 4A(cylindrical shel)& Jehin Utk AZAel ek QA weisie] 4 A
1/49+-& ] fe42 2dy Uk U¥Y Ao FENRS wsle B HAFHML F
Pale], B Ao og A28 A A ABAQUSe sjd AN s 1 n 37 Jehdl ok ol
Wy 12 vdg dydsgde v wd A2 Jelde, 4 25 Von-Karman®] 7H3
gt FPA] FAA YA d-§d= 23 HEEF e ued 61141% yeldich X 2614 BE
ul9} o] FE WX Fo] FI1tel wil Wy 1o A% A7 ABAQUSS ZAxel & AXF
e U % A

A
kGl
2

B 2 buckling loads of simply supported-free cylindrical “shell
under uniform compression

(@9: N/mm)
: ”':Shape Condmon " Method 1 Method 2 ABAQUS™
R=2540 mm | 6=0.2 17.7249 17.8692 17988
R=508 mm | 8=1.0 735513 83.1813 _._,,,-l‘}_ 517
R=254 mm | 6=2.0 13145 | 165397 | 12099
me] HAFskE Po A AH7IA F/59 WU SREXSEE g = 00, 50, 100 N/mm o] #&

e At W9 2 sFESE s 751% st Fz}Ta)al-s —’?‘-“33‘}5\’15}. vl A sfAAl A
YWEEXEF g= A s5aAdld ZAAM QAT 272 A3tH9 ¥y AFsF P vHdFe
2 PZEe Wiy g7 2 Z2|7F dEd 28 2b)= 1Y JAFEFE pe] sl g m3F 9
A3 Alole] AAZTHL Yehd Aojuk B dAl= o292 snap-through®} turning-back-<

EFhe 18HEA HdE AFE BoE ¥ okd2l, WYy SRESFo| FUHe wet AWUA
F@FT el Fade S Yt

800 Ne=17.9355 N/mm

(immovabl

=3105N/mn

L=508mm
R=2540mm
6=0.2rad
t=6.35mm
v=0.3
o 5 o 15 20 25 30
Vertical displ. at point m
(a) the cylindrical shell (b) load-deflection curves

1Y 2 the simply supported-free cylindrical shell

— 24 —



32 BRrAES W Yy @

O 3% #AMd AMS-d AEd oz F EoEES v AdAuE Jedan Ut sig
gules 1Y f842 RdFEdT gHE A £P50] Ydstel 8 BAE M=f-me b
#) 3}%(proportional loading)el™ 1:4:12] H]-&& zt= S7MEAslEe s o9 Ao AR
o} olg] Aol AW wWlo] g ANATNE gds @ G2EH Axe) wiasle] ¥ 3
o Yehliglen old, gadsie A(25)7F AMS-EIATE B oA s ddteA] 2 4= e ulekgd
ol B A NEE aAxrl ZA HA3= AL, v=A] HAZe diF 22188 meisteo} R
& M-S T 4 gon 883 84RT 98 Q47 o] o ZAHSE ARE AL 4 Yot

(25)
M-L

~  EI

¥ 3. Load-deflection characteristics of the cantilever beam

; Loadfactor Analytlc Suraném Ref.m ‘ Present study
f PRI SOluthI'l E - 8 nOdE‘_“ ) 9 noge__
[ 02 364751 362330 300461 | 362931 | 363396 |
Y 6.59840 6.57446 387888 | 657628 | 657981
06 8.33346 8.32846 464027 | 830213 | 830322
i 0.8 8.63742 8.61940 5.21749 i 53886 8.54209
! 1.0 7.63944 7.50556 566177 | 7.35577 7.37311
T2 5.75828 537277 601550 | 561860 | 521502
; 14 357148 | 287401 630250 | 268185 | 275521
16 164960 0.82923 635939 | 0749946 | 0.80161
18 0.40528 -0.00179 673758 | 0218507 | 005253
2.0 ~ 00 - foese0 | - | o802 |
z
% M=fm X
Q —— % h
(IR 12in i b
}-
E=30x10°1b/in?
v=0.0
b=1.0in
h=1.0in
1=1/12
Y M=fm

z / m= 7Bl -654498.48051b/in

9 3. Cantilever beam and finite element models
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