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Abstroct:

The anthors have been devoted to researches on
fuzzy theoriecs and their applications, especially
conlrol Lheory and application problems, for rccent
years.

In Vhis paper, Lhe authors present resulls on
o comparison ol optimal selutions between ones of
an ordinary-typed mathematical linear programming
problem(0.%.1..1", problem) and ones of a Zimmerman-
typed fuzzy malhematical linear programming problem

(F ML P, problem), and comment about the sensilivity

(differcnces and fuzziness on between O.M.L.P. problem

and ¥.M.L.P, problem) on optimal soiutions of these

mathemalical linear programming problems.

L. Introduction

A thesis on "Fuzzy set” presenled by L.A.Zadeh made
presentation ficst in 1965, and il was secmed Lhal
fuzzy theorics conslrucled mainly by fuzzy sels,
fuzzy logic(reasoning) and {uzzy mcasurements and

integral ele. vere systematized in the 1870°s."

But, the alfairs on fuzzy theorelical applications

did nol develop parallel with their theories. Now,

as it was called 1985 ”Fuzziness applicalions’ new

vear”, a boom on fuzziness applications came out

in the middle years of 1980"s and after, and in the
1890’ s, and especiolly in Asia arcas.

In this paper, based on our reseaches on fuzzy

2)~-5)

theories and Lheir applications for recent

several years, we will think an optimal decision
-making problem under the fuzzy conditions : the
fuzzy mathematical programming problem, which is
made a linear-typed objective function optimized
(maximized or minimized) under given, some linear-
typed constraints., And it will be reported that
Judging from our Lheoretical formulalions and our
numerical examples of this problem, an existence

and a sensitivily on optimal solutiens of both

an ordinary lincar programming problem(0,M.L.P,
probiem) and a luzzy mathematical linear programming
problem(F.M.L.P. problem) are relalive but diflerent
interestedly, that is, in the former problem,

Lhere exist optimal solutions within the feasibie
region of relaxed-constraits striclly. if Lhe
restrictions are rcelaxed; on the other hand, in the
ialter problewm, therc may exist optimal solulions
without the feasible region of restriclions, and
within the region added the shere which the degree
of membership (unction of restrictions is belween

I and 0, and their locations may bhe fuzzy and the
value of an objeclive function may increase fuzzily,

not wore than that in the former problem.

2. AN sensiLivity on optimal
solultlions in I .M LI, probloem

2.1 A sensitivity in O.M...P. problem

— 307 —



2.0.1 Sensitivily analysis ©°

Vo will think the nexl lincar-lyped equalions:
Ar=b, A=lay)le R™", b=[b]), x=[x)eR" (1)
The values of components on A, b in (1) may be
nncertain. For example, if (1) is represented the
retalions of an cleclrl circuil model, we bhave to
think that the values on A, b will be having a
variance as Lhe values on clements coslructed by
electrical circuil. Therelore, it will be needed
to clear Lhal how uncertainty of the values on A, b
is relaled Lo uncertainty of solutions x . So,
"Analvsis of Sensitivity' will be needed.
Ve will assume that in’ (1), if A, b arc changed
A=A+, b-b+db | b changes of solulions in

(1) are x—x+Jdr (x is true solutions in (1)). And

we will Lry Lo estimate the Jx . So,

(A+d)(x+dx)=b+db (2)

Theorem

Let I+l be arbitary norm defined on R" . And ve
will be given operalional norm on R” " wilh Lhe same
vay. J0 JAMhdafo1,

Ceondtd)C(laAb dab)
ond (A (laalmaly tiAl [l bﬂv

Jdall
I

flere, cond{A)=]A"Al=cond (A4)>1
is called condition number of A,

Proof)

Ve will show the existence of (A+44)7% [irst thing,

and will solve dr in (1) and (2), and will cstimale
jarl .
At AA =AU+ AT DA

(Existence of A is assamed)

So, to show Lhe cxistence of (A I—AA")'H. is sufficient

ihat we ¢ill be able Lo shov Lhie existence of (F4+A47'44)"

Thal. is, we will have to show JA '4Al<1, For this,
vill be verfied by a given condition:  JA7'I§Al<T

Vou, we will solve Ax in (1) and (2),

dr=(A+dx) (- dAx+ Ab)

={AT 4 A AA)} " (—AAxL+ 4b)
=T+ A 'JA) A~ JAx v 4b)

If we take a norm in both hands,
Iz <h(1+ A2y 1A{Jaal )zl -+1a8D)

f4-

. 1A “JAH( laAlllxl+3asl)

And devided by 170,

Jaxh_ 1AaZHAl - (laAl ,Mlzl_l____}
TAT =i

Iel T -TA N a4 Uy

Hore, il we use the relation lAflzl=[8l derived by
taking a norm in Axr=h , ve will obtain the
formulalion in this theorem.

And, if we Lake a norm in AA'=I, lAllA'1={1f=1.
lere, =1 is given by the definition of opcratioal
norm. Therefore, cond (4):21. 0.15.0.

Ve will point out the next lLwo facls:

1) il is possible Lhat an incquality in (3) becomes
an equality.

2) il is possible that when a condition number is
large, some compeonents in & receive large
relational changes, cven il cowponcnts of

are changed slightly.

2.1.2 0.M.1,.P. Problem

In this paper, we will give Lhe naxL distribution
problem.

P’roblem

at—

We will think Lhat by using two machines My, Mz,
Lwo-kinds of products A, H arc producted.

Hours nceded to make a piece one of products
by each machine, profits on a piece onc ol products,
and a limitation ol hours on cach machine, are
given in Table.

Under these condilions, obtain optimal volumes

of products such that Lotal profits way maximized.

l.el xy,%xz be productive volunes of products A, B.
We will oblain the next formulations:

Constrailss
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u+4xns8
3x+4x S12

X, 5,20
Objective function(total profits);
z=—xn—2x , minimized.
iH=2, #=).5, 1=—5
And we will oblain optimal solutions by using
Program of Prof. Tone”’. (Sece fls;l)

Now, we will call this problem and solutions

original ones.

2.1.3 Sensitivily on upper-limited values of

constraints in an O.M.L.P. problem

We will think a sensitivily problem Lyped by
Lhe relaxed of upper-limited values of
constraints in an O M.L.P. problem.

In a F.4.L.P. problem, a relaxing of conditios
on both conslraints and a objecltive funclion, bul
in Lhis section, a relaxing of upper-limited values
of constraints are thought, and their widths are
a half of it on a relaxing of a F.M.L.P. problem.
(See LiE;Z)

2.1.4 Numerical example

tipper-limiled values of constraints are reclaxed
a half widths of o fuzzy cases, so the next

sensitivity problem are obtained:

min = (x, + 2x,)
s.t. n+1s59
3,4 1x513.5

020, ,20 "
Ve will obtain optimal solutions;
£ =2.25, %,=1).6875, Z=—5.625
and a profit increases 12.5 %, compared with Lhe
original anes. In this problem, a location of oplimal
. ~ Cad - . -
solutions X;,Xz is the neighbourhood(near) in Lhe
original ones and within the relaxed-sphere of

constraints., The value of objective [(unclion z is

not so small,

2.2 A sensitivity in F.M.L.P. probiem

2.2.1 Optimal decision-making under a fuzzy environment

For the decision-making Lhat a fuzzy objective

function and fuzzy consbtrainls are given on Lhe set X
which is costructed by alternalive plans, Bellwan &
7adeh®’ proposed and defined the next:

a fuzzy objecltive function; () and fuzzy constraints;
C are fuzzy sets on the set X which is constructed

by alternative plans that is characlerized by their

membership function:

o X— [0, 1] (1)
pe: X— [0, 11 “(5)

and, the unification of betwcen a fuzzy objective
function; 0 and fuzzy constraints; C, that is,

a fuzzy making-decision; D made by thinking Lhat
D is satisfied both () and C at the same time, is

delined by the intersection set of ) and C,

D=0NnC (6)
up(x)=min{go(x), pc(x)) (7)

llere, pp is denoted membership function of 1),

To obtain an optimal fuzzy making-decision x,
maximized decision-making melhod(to select x which
is maximized the values of a luzzy making-decision
D’'s membership funclion un(x)) was proposed:
that is,select x* such that

wp(x™) =max 1p(x)
=max (min{reo(x), p-(x)) (8)

Now, these x* may not exist, and may exisi
infinitely.

2.2.2 F.M.L.P, problem with a fuzzy function and

fuzzy constraints

Let c=(¢, e -, ), x=(x, X o 1)
be n-dimensional vectors, p=(b, b, -, p)T7
be an m-dimensional vector, and A={(ay) be an mXn
matrix. lere, T is denoted transpose.

For O.M.L.P, problem (9):

min 2= ¢-x
s.it. Ax=b (9)
x2 0
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Zimmermann*’ proposed, based on M.L.P. problem,

cx=Xz
A xXb 0
20

and, Lhought of the F.M.L.P. problem Lhat the valuc
ol objective lunction cox is nearly smaller Lhan 70y
and Uhe values of constraints A+x arc nearly smaller
than b,
Thercfore,
B-x <X b
xz0 (1)

vhere,

SHE!

In fuzzy inequality  Bex <d ,especially i-th

inequality:
(B-a), < ¥, 0
For =0, L, - opio»
a lincar-typed membership funclion: i ((B-x),)

is given the next;

1 ((Bx)) SV,
ll;((’}':{)‘)?—‘ 1 _((B‘I)A)“' b)zd, ¥, 5((B-x))) SHtd (4
0 ((Bx))) 24+ d,

and represents "fuzziness” of a decision-maker.
(See Fig.d)

llere, the value of dy is set subjectively by a
decision-maker.

To this problem (10), ve will adopt Bellman &
Zadeh maximized decision-making method. So, Lhe
problem (10) will convert into the problem vhich
chooses x* such that

(2™ ) = max min {(B-x),) 19
X200 0SiSm
that is, the problem which makcs minimum membership
funclion values maximized in x=0 and chooses x*=0.

Therelore, lel b, =¥,/d., (.’3":),:(13',1'),/'d,l e

(15) will change the next:
up(x™) = max o';ms'l.( 1+ — (B0, (17)

s0, Lhis problem will convert into the next

mathematical programming problem:

max 4
s.t. A A6, (B -x), (18)
x2 0

2.2.3 A sensitivity on optimal solulions in
F.MLLEL problem
For this . H.L.P. probiem, we will give the next
conditions.
That is, {or an objective funclion:
ve vill give Lhe vidth dz placed between -5 such
that  p=0:—=5+d/2, p=1:.~5~dy2 ,
for the conslraints:
we will give the width duy such that
p=0:8+dw p=1:8 , with respect Lo My,
and the width duz such that
=0 12+ dwp #=1 112 0 with respect Lo ¥z,
Therefore, this problem will change into the next:
for given the widths dz, dwy and duz,
constraint wilh respecl to My,
A2+ 8/dy, — (1 7du) i~ (A /du) 1z
50,  (17dw)xi+ (A /dw,) 2.+ 2 S 1+ 8/dy,,
constrainl with respect to Mg,
1S | +12/dw, — (3 /du) 0= (4 /du) 12
sa, (3/7dy) 01+ (A 7dw) o+ A S L +12/dw,,
objective function,
AS 1+ (=5-d/2) (=1 /d))x— (=~ 2/ds),
so, (Mo +(2/d) e~ Az A+d,r2,
That is,
max A
st { (V/du)x+ (A /dy) 2+ A S 1+ 8 /dy,
(37dw) i ¥ (A /dw) 0+ 2 S 1+ 12/dy,

(L/d)a+(2/dz)x—2 2 4 +da/ 2,
na0, =20

Now, this problem can be solved by our modified
program of Tone's one.

2.2.4 Numerical examples

The next three numerical cxamples and comments
are given.

Example |:
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tet an objective funclion; #=0 D45, u=1:-5.5 dz=1,

constraints?

My u=0:10, p=1:8, dz=2

Mz, #=0:15 pu=1:12, d;=3 .

This exampie is the next:

max A
st.{(1/2)n+2x5+2<5
n+{(4/3)u,+ 2155
xt2x— 2245
n20, 20

Ve wilt! oblain oplimal solutions wilh our wodified
program of Tone.

£T2.1181, H=1.5807, 1=0.779534 , ;= _5 97054 .
A profil increases 5.6 %, compared with the original
ones. in Lhis example, a localion of optimal solutions
XyvyXz IS neighbourhood of the original ones, and
wvithout Lhe shere of constraints in Lhe original
ones, but its localion is within the additional-
shere which the value of membership function is
between | and 0, and is not on or out of Lhe most
ouler boundary line (that is, the value of

wembership fupction is 0).

Example 23

Let dz=1, de,=2, du,=2

This example is Lhe next:

max A
st ((1/2)e +2xm+2s5
(3/2)u+2x,+2s7
u+2x—224.5
520, 20

W¥e will obtain optimal solulions with our progrom.
B=2, H=1.625, 1=0.75 , F=-5.25 .
A profit incrcases 5% and x: is the same value.
Example 3:

Let de=2, dy, =2, du,=1

This example is the next:

max A
st((1/2)xn+2x,+1<5
3xy+4xn+ 21513
(t/2)e+xm—222
Hn20, 20

We will obtain optimal solulions with our brouram.
# =1.81818, %, =1.72727, 1=0.63634 , Z=-—5.27272 ,
A profit increases 5.45 % and x. is smaller, xz is
larger than those of the original ones.
The rate of increases in a profil in the case

2.2.4 is not alvays larger than it of Lhe case of

2.1.4,

B .Conaclusion

To the distribution proﬂlcm vhich is formulated
by a F.M.1..P. problem that is a fuzzy ob.jeclive
function and costraints, it is reported of the
characteristics of optimal solutions and Lhe value
of objective [unction, and Lhé sensitivity of
2.1.202.1.4, 2.1.402.2.4 and 2.1.462,2.4
comparalively. [L is casier to catch the result of
sensitivity in 2.1.4, bul 2.2.4‘15 not casier,

fuzzy than linear-typed 2.1.4.'9?
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