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Analysis of Dynamic Instability in a Variable—reluctance
Stepping Motor Operated on Frequency—modulated Supply

Yongsoo Kwon

Dept. of Electrical Engineering, Naval Academy

Abstract -~ A comprehensive analytical study of
frequency-modulated supply of the dynamic insta-
bility in a varlable-reluctance stepping motor,
is described. It is shown that stabiliiy can be
achieved by frequency modulatlon provided that
the phase displacement between the modulating
signal and the rotor velocity oscillation lies
between certain limits., A simplified expression
is derived, based on the assumption of high
inertia. This model is used to obtain a qualita-
tive understanding of how {requency modulation
influences the dynamic stability of the variable

-reluctance motor.

1. Introduction

A number of studies have been published on the
analysis of the oscillation behaviour which
occurs in the wmid-frequency instability band,
However as far as the development of a stabili-
sation scheme is concerned most of the papers
provide insufficient physical understanding of
the instability. In an earlier contribution {1]
a stabilisation scheme for a variable-reluctance
stepping motor,based on the frequency modulation
approach, was presented, although no detailed
analysis was given. In this work a comprehensive
analytical study of frequency-modulated supply
on the characteristics of dynamic instability in
a variable-reluctance stepping motor, therefore,
is described. Modifications to the characteris-
tics of electromagnetic damping torque coeffi-
.cient, vresulting from the modulation of the
supply frequency, are analysed to determine the
constraints involved in the development of a
satisfactory stabilisation scheme. The way in
which the phase angle of a modulating signal can

affect the dynamic instability characteristics

is investigated by means of the anaysis of dam-
ping torque coefficient characteristiés. A sim-
plified expression is derived, based on the as~-
sumption of high inertia. This model is used lo
obtain a qualitative understanding of how fre-
quency modulation influences the dynamic stabi~

lity of variable-reluctance stepping motors.

2. Evaluation of the electromagnetic damping
torque coefficient

Dynamic instability is considered for the case
where the frequency of the electrical supply to
the motor is modulated al the frequency of the
rotor oscillation «, the depth of frequency mod-
ulation of the frequency being proportional to
the amplitude of the oscillation in rotor velo-
city. The phase current solution applied to cal~
culation of damping torque coefficient, is con-
cluded the first correction term{4].

The resulting expression obtained for Kdr can
be separated conveniently into eight individual
terms as specified by equation {1).

Kar = Ka + (Kari + Karz + Kara + Kara + Kers + Kacs

+ Kar7) (1)
where
Kary = + PL1N; (Jo + Jz) 21e{luisin(ez « Nr8 - ¢}
48oa
- Iuisin(es ~ Nrd + ¢l}
Karz = + g%%gi (Jo + J2) Atit{luicos(go + ¢1 - €2
+ @) - ILicos{go + ¢1 ~ €3 - @)}
Kafs = + z;::r (Jo + Jz) Atie{Iuzcos(ge - €2 - ¢2
+ ) = Irecosl¢ge ~ €3 ~ ¢3 - @)}
PL1Nr R
Karg = - e (Jo + J2) T1{luesin(go - €2 - ¢2 +
Ned + @) - Iizsin{go ~ €3 - ¢3 + Nrd - @)}
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Kdfs = 0o (Jo + J2) Alio{Iaicos{¢go - £2 - Y1
+ ) + Ioucos{go - €3 + Yi - @)}
Kdrs = + Ztizr (Jo + J2) Atio{Ilwxicos{go + €2 + Y1 -
2Nrd - @) + Iout cos{go + €3 = 41 — 2Ned + ¢)}
Kae? = - PL1Nr

Ty (Jo + J2)2T1cosge{la1 sin{ez + yn1
- Nré - ¢} + Iat sin(es - ¢1 - Nrd + @)}
with A1 = Jo(GrBocosy) Jo{GrOosiny)
A2
A3

2J1(GrBocosy) Jo(GrOosiny)

2Jo(GrBocosy) J1{GrBosiny)

Here, P denotes the number of phases; Bessel
function coefficients with unspecified arguments
(Jo, J1, ., Jm) are functions of Nrfo.; and the

expression for K¢ was given in a referencel2].

It should be noted, however, that the term K4 is
modified by the effect of frequency modulation
on certain current amplitudes. The changes to

these currents are indicated in (2)

io » Atio, i1 > A1i1, ibm - Alibm

ia(2m) Atiatzm) (2)
ia(2me1) Atia(zm+l)

Figure 1 gives example of the characteristics

of electromagnetic damping torque coefficient in

terms of the components Kdr1 » Karz, for a five
phase variable-reluctance motor operated on the
three - two phases-on excitation mode(N.B. Eval-
uation of Kd¢ components is shown in reference 2).

In order to illustrate how the characteristics

are affected by the phase angle y of the freque-
ncy modulating signal, two values of y (= ~ 900,
- 90°) are adopted.

A number of peints emerge f{rom consideration
of Figure 1. For y = - 30° and ¥ = 90°1t appears
that Kdri, Kdf2, Kdr3 and Kdara are the most im-
portant in determining the overall characteris-
tics of the damping coefficient, with Kdr1 being
of considerably greater magnitude than the oth-
ers. Although the terms Kdrs and Kdfe are not
small enough to be neglected in the region of
the stability boundary(approximately Q@1 = 1) the
magnitudes become insignificant with increasing
frequency.The effect of load torque on the terms
Kdarz2, Kdra and Kars is small, because & does not

enter directly 1into the expressions for these

components. On the other hand Kdr1 and Kare are
influenced significantly by the load variation

through the presence of the load angle.
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Fig. 1 Comparision of additicnal damping torque -coefflcient
terms (V/r = 2.0A, Gr = 10)

{a) 7 =-290 (b) 7 =20 .

(r = 6.5Q, JeL = Jr, Lo = 6.17mH, L1 = 2.99mH, 60 = 0.01 )

The characteristics of Kar1 » Kar7 for 'high'
inertia operation are displayed in Figure 2. In
this case Kdri and Kar4 are the principal compo-
nents intreduced by frequency modulation, since
Kdrz and Kdra cancel exactly (shown analytically
in Section 3) and Kdrs, Kdrs and Kdr7 are of neg-
ligible magnitude. The variation of the various

components with load torque is similar to that
observed in Figure 1(for rotor inertia only).
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Fig. 2 Comparision of additional damping torque coefficient
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Figure 3 gives the characteristics of Xar >
Kar?7, in the different case of the excitation
mode and oscillation amplitude, for both rotor
inertia only and 'high’ inertia load. Although
the individual terms are somevhat decreased in
megnitude the characteristic behavior displayed
in Figures 1 and 2, in terms of the relatlve
importance of the various components, remains

fundamentally unaltered.
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(r = 8.50, Lo = 6.17mH, L1 = 2.99nH, 6o = 3.0 )
3. Stability Characteristics

To obtain a qualitative understanding of the
way in which frequency modulation influences the
dynamic stability of the motor, it is advantage-
ous to consider the additional terms in the ex-
pression for the damping torque coefficient Kar,
in isolation. In order to simplify the problem
and obtain an analytical expression for the fre-
quency modulation components it is convenient to
consider the 'high inertia’ case.

For practical values of the depth of modula-
tion, A1 = 1, Az = Gf@ecos y and A3 = GrBosing.
Also, when 8o is sufficiently small, Je = 1 and
J2 = 0, Thus. subject to the assumption of 'high
inertia’ so that w1 » «, the additional damping
coefficient Kdar may be rearranged in terms of Kv

(= Vo/Vi), KL (= Los/L1) and 1 (= w1/(r/Le)) as

Kar cos{Nrd ~ ¢o)

. o PLNeV® [_ 2Kv Gros siny
460 21+ o) V2

R Q1 GrBo siny sin ¢1

Kl + @®) O+ (o037
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Q1 GrBo siny
riu(1 + %) {1+ (2a0)%?

sin ¢1

Kvﬂtz GrBo siny
KA+ @) {1+ (2an® P

cos(Nré - ¢1)

_ aL1 GrBe cosy + al.i Gr6o cosy

cos(2Nrd ~ 2¢o)

2r3(1 + 2 2r’(1 + m?)

Ke@iL .

oRvLL GrB 057 Sin(Nes - o) ] 3)
rKL(1 + m°)

Inspection of equation (3) shows that Kar1 »
Kdrs are zero when y = 0° and have a peak magni-
tude for any particular set of operating condi-
tions when y = % 90°.  Kdrs - Kar? on the other

hand are zero for 7 = * 80° and at a peak value

value for 7y = 0°. It should be noted, however,
that for the value of 7 of principal interest
Kars, Kdare and Kdar7 have magnitudes which are
insignificantly small, in comparison with those
of the other terms (Kdari» Kdr4), for all values
of load torque. This may be expected since the
expressions for Kdrs - Kdr7 in equation (3) in-
volve the angular frequency of the rotor oscill-
ation(a) in the numerator, and a > 0 as JrL - w.

In addition. it may be observed that the Kdrz
term is identical to that of Kdr3, but with oppo-
site sign, and thus Kdrz and Kdra cancel exactly.

As a result the findings of Section 2 are con-
firmed and equation (3) may be approximated in
the form

Kar = - PLiNrVE Kv siny [ Gr cos(Ned - &) ]
ar?k? « (1 + 21 + (2a1)%
(a)
where
¢ = tan”! [21@2{221(1 + (zmiz} + 2:2113 ] 5)
2KLE{1 + (2m) %) +

In equation (4), the maximum value of Kar occurs
when (sin y)/a is at a negative peak provided
that (Nré - {) < w/2. Furthermore, at any parti-
cular operating frequency,the steady-state pull-
out torque is produced when Nrdé ~ ¢po = a/2 (see
reference 2). Therefore for any load torque up
to the pull-out value, cos{Ntd - ¢) >0 and a
positive damping coefficient can be obtained by
appropriate choice of . The phase displacement
¥ between the modulating signal and the velocity
variation is thus a very important factor in de-
termining the dynamic stability. The general re-
lationship between Kar'and 7 indicated by equa~

tion (4) is that Kar'is positive for - 180° < 7

< 0° and is negative for 0°< ¥ < 180°.The varia-
tion with ¥ of the 'high inertia’ damping torque
coefficient characteristic for the motor operat-
ed in the threestwo excitation mode, is shown in
the Figure 4, for oscillation onset (8o = 0.01°).

The damping coefficient is dominated by the fre-
quency-modulation components and the relation-
ship between Kar and ¥ corresponds to that sug-
gested by equation (4), i.e., Kdar positive for

- 180°¢ 7 <0° and negative for 0°< 7 <180°.
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Fig. 4 Variatlon of damping torque coefficlent(Kdar) with phase
angle 7 of frquency-nodulgtlng signnl (V/r = B.QA. Gt = 10).
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(r =6.50, Jit = 10%0e, Lo = 6.17mH, L1 = 2.99all, 86 = 0.01°,
TL = ONm)

Within the normal range of practical values of
rotor-plus-load inertia, the assumption that. w1
» @, upon which the derivation of the simplified
expression for Kar (equation (4)) is based, no
longer applies. Furthermore, because the exist-
ing damping coefficient torque Kd {shown in ref-
erence 2) is of a similar order of magnitude to
the additional damping torque coefficient intro-
duced from the frequency modulation, it is not
instructive to consider the additional compo-
nents only. Figure 5 shows the characteristic of
damping torque coefficient Kar ( at 8o = 0.01")
for rotor inertia only. In Figure 6, the charac-
teristic is presented in smaller increments of 7
around the boundary values for which a positive
damping coefficient is produced at any value of
excitation frequency. The motor can be operated
stably at all input frequencies provided that ¥
is at least in the range - 140°s ¥ s - 5°, for
the three-» two phases-on excitation mode. Thus,
if the supply frequency be modulated at the
oscillation frequency, using a signal which is
displaced from the rotor-velocity oscillation by

an angle within the aforementioned range, the
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motor produces net positive electromagnetic
damping and the oscillation decays to zero. If a
value of y is used outside of the band which
produces a positive damping coefficient, stable
operation may not be obtained over a wide range
of stepping frequency and oscillation onset can
occur at a lower frequency than when the machine
is operating without frequency modulation (N.B.
8o = 0.01° is taken to be the oscillation ampli-
tude at onset).
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4. Disscusion
It is of interest to compare the characteris-
tics of damping torque coefficient with frequen-
cy modulation in variable-reluctance stepping
motors with those for hybrid permanent-magnet
stepping motors published recently by Pickup and
Russell{3]. Although the characteristics of Kar

described are obtained from analysis of a uni-
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polar drive system, the fundamental patterns of
the dynamic stability are very similar to those
of a hybrid stepping motor. The small difference
which appears in the mid-frequency range, is ca-
qsed by the influence of the additional damping
torque terms (Kdrz, Kara and Kdra) dependent on
current components of frequencies 2wt or (2wi %
«). Another point of interest is the effect of
Kars, Kdré and Kdar7 on the damping coefficient
characteristics; components which are related to
the current oscillation frequency ma. For rotor
inertia only, the particularly significant 1in-
fluence of Kdrs is observed in Section 2. It is
important to note, however, that for the region
of high stepping frequency the importance of the
damping components Kdfe2 » Kdr7 becomes much less
and the overall damping coefficient characteris-
tics are identical to those of the hybrid motor.

The characteristics given by equation (4),
derived on the basis of high inertia and small
oscillation amplitude, are fundamentally identi-
cal to those of the hybrid motor. The resulting
relationship between damping torque coefficient
Kdr and phase displacement ¥ is the same for

both types of motor.
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