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ABSTRACT

As the worst-case analysis for interval plants, a
conjecture whether the supremum of the integral of square
error (ISE) is attained at the extreme paint such as
vertices, Kharitonov vertices, CB segment, and edges is
suggested: We present a sufficient condition for which the
worst performance index occurs at one of vertices of
uncertain paraseter space. Numerical ; examples are alsa
given.
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uncertain parameter® ZE MY A1@W =W AojAe]

Wl FAEt S0 o WARAL FhE AL robust
controfdtobel Al W3 FA U= BAIS dhvteld.

H38], Kharitonov H2|[1]2 e #WHE interval plant (A
g 4 Aesd g Uy ERULE 2 A2ges
ey ¢ 2.18 #3)2 robust stabilitye] iy HI g3
Sbge Wl FEY WE(2,3,4]. 24, interval plant
2] robust stabilitys= 16719 Kharitonov systems(#X, =z}
thigAle] zHzhe] Kharitonov verticesZ tiME =)o) o3
2APE 4 gleny, Uut¥el F& HA719 (nterval plante]

W Fdd AdE @4 329 B segmentof o ARG
E® olge Furdd HA4E ALY Kharitonov A AN

o Fubg FHHAdel o wydHd. AR interval
plant@ sl = A] 2% Nyquist / Bode Plotsel %‘
GFHo] CB systemso]l} Kharitonav systems o & pAEH m=’

WooAA®S 2ZEWA ¥elA A% olAW  extremal
propertiests AlZtdod-gyhe] 2 8¥ o}, interval plante] A
AArel A= asfel Kharitonov vertices Bhg o] &8}
g et (5], 29:¥o g% deddole Hig £
al¥el waAd [6]. 7 =¥ H¥HL interval plantd 2
Fop M=) AlAggolA HARSE,  integral  square
error(ISE)2  Asleole =, AW [SE7}  vertices,
Kharitonov vertices, CB segments® %% extremal systemsoff
Al EAAHEAE Wile W Ad(elRg ol Uhdtele A
). AT gyge] Uit = #}e] extremal property® 3
ot ZeE, (WA AP} A dBEe Fa
A obdelnt BEAM MF Fn glenE) o A9 HAL
‘robust parametric stabilityelA Heo optimal controlef g
He ZdE % 4+ Ao dAdEl,  1dACIA  robust
stabilityel & H &% GH= 5¥EHE Aoi79 A4
ddg ok, g dAelA HEAdS QoM AW

& H43 S Aor] dAZ steEEg. ¥ GAgAME
A4 AL °}A open questione® 9len, B =RojME
# v} ISE(the worst performance)”} verticesol] wrg&r] ¢
U Fexde] AAHG. o] FAggors UdwrHed Ao
Ao Folzl AxAdEel s Addgg+E 44 +¢ 4 <
28 Wit A=A Klg.
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2.1 A9

e AAFE FE a2 G E W

fls) = o+ fys+ - + fu8" (1)
A7AM, felfi, i1 i=0,1, .., &

A1 (1)2 ¥4 2 interval polynomialo}el #kej, I Ggal
(a family of polynomial)-& tf-g4] o2 grlaslg ok

#= 1= {f{s)l T & FI

AN, f={fof - fnl

F:={flff <f<fl,i=0,1,,m}

el 2. 1(vertex palynomial): 2] (1)e] W&} »& Welor 2"
9 33 (vertex point)& 7kl wdAe F¥ J¥e OGF
Ale g v,

a1

fi(s) = fh+ths++f%s"  w=1, 2, .., 2 (2)

AAN, = T, i=0 1, ., &

ael@, vertex AR E Ve e

3 2] 2 2(Kharitonov___ polynomials): 2] (1)9] interval
polynomial®l vertices V'3 ©g 4/ WA setd Kharitonov

polynomials ol ebabsr, X' 7)ok
Ki(s) = fi+fis +f3s%+ f38° + fas'..
Ka(s) = fy +fis + f2s2+ frs¥+ 35’
(3)
Ki(s) = fo +fis+ fas®+ s +fis'.

Ka(s) = 5 +f1s +f3s2 +fs7+ fis'.
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7} oa(s)= BEla W, dae 2w

N:= {n(s)| n(s) =mp+nis+-- +0,5° 0 € [ 0y, 0 ],

“)
i=01,...,p!
D:= {d(s) | d(s)=dp+dis+... +das?, di & [di.d]],
i=0t,...q!
r o+ e y
NQ) &(s)
Y1 sE A AL
¢ 2.3 (Interval plants/Kharitonov systems) :
G:={ g(s) | (n(s),d(s)) EN x D} (5)
KNSy ..
ijz = —— =
{ g(s) KV (S) Ji,= 112341 1 ®

A7AA  Kis)9h Ki(s)& 7% n(s)sh d(s)8l Kharitanov
polynonomialse] th.

6¥ interval plantel A oj s}, 16719 HWE setel 8 ¢
2] Kharitonaov plante} R E7[ & g},

29 2.4 (CB subset)
49 Kharitonov h@HAje & HE XisE e GE 4 AP
‘& segment S¢ o}

S:= 1A Ki(S)+{1-M)Ki(S) I relo1],
(7
i,jde 1 (1,2),(1,3),(2,4),(3,4) 1 )

Hacga] dis)shn(s)el dl-&dhe
Kharitlonov segoents& Sp¢b Snvebdbd (B subsetd thgA4]e
Z o,

Interval plantsel #3,

{Nx D)= { (n(s), d(s)) ] n(s) €K, d(s) = 8°
®)
or n(s)=sM, d(s) K}

P2 2.5 (Exposed edges)

a dimension box Foll of#fi &9 verticesZt line segments
o set& f(s)e] exposed edgeseh ok

Efi= (P (s) I f(s) =ff+ffs+ . A+ (1-MH )

w5 s e 14 s™ ksvor -, (@)

«=—(k7h+<i),i=0,1,..,q}

od 71 A}, exposed edgese] £ q=(mi1)2"

49 2.6(The worst Performance Index(WP1)):

g AMFeAMM(integral of the square of the
error: ISE)-& interval plantsidol] i@ HAAFAF WPI)E
ot

Iw .« max fn (1) dt 10
REG

2.2 A @grE olg et 1sEe]| At

agiel HEY A2gela, EO)E e(t)d] dBgds WREs

2t s} Parseval®elo] ol& S #A7 ot

1= [t =5 [ B)ECs) s

- * __Vi(s) _
= 5xj I-im A(s)A(-s) 9 an
ANA, A% JUoE e AW YHE 2dHE (R, R()s
1/s),

. B(s) _
B = 2 = < wn (12)

Vi(s) = B(s)B(~5) = Um1 S¥™ D 4 v pS¥m B4 vy (13)
Als) = d(s)+n(5) = @ns™ + Gn-gs™ L + o+ ap (14

Bls) = dis)/s
21 (14) v th& T (A2)ell o A sk,
7H4 (A1) MR AlAYe BE g(s) € B e YA
ol &, 1+g(s) =0, gls) €6y RE BH2&
HFCE) Y ded Fed.
(A2) #3t =719 1sE7t RAEI] HMA, gs)e H
t typel (@l 18] 3 ALYl
7H (At)e] gls) € Gol W& w&FdezE HFdcede
Kharitonov like stability7} wi-$&#¥elct. P4 Als)+e
interval polynomial familyo]”L b polytopic polynomial
family® Uebiubed, #Z Kharitonov 2] 9 Edges® el [1-3]
of o &1 £AE £ Ad.
olx (1) ¥ AZkdHoA e nmean square signal £ ¥
234 M¥E @Ex BAY dHduiE FAAANE A HE
¢ EANE 82 W
2xyel 2.5(7,8]: H(nelM, I tg@dez Aldg

p- Antt | 1H
2 am T HI

ANA, [HI & %4 A(s)9 Hurwitz FdHelrl, | Hel

= JHI o AP E Ha3)g A 98 vE R0 9
Alojd}.
%, m=7] el
am-! 8;m-3 - a0 0 .. 0
am 8m-2 -~ &1 0 ... 0
IHI = 0 8m( 8wm3 - @ - O (16)
0 mn 8o-2 - & - 0
Va1 V-2 o V1 Vo
8mn Bm-2 a1 0 ... 0
IHyl =] 0 am-1 8a-3 - &0 0 an
0 &m 8m-2z - @&l [i]
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A} (1h)%= &A] interval plantse] A5:ike & closed form2 2
298 Aoy ufito] AMLAE) uB IsE9  HE 3¥
717 fol% yeRYE & £ ah

d={didido]l , n=[mons. nq)

g §od, interval systensd HdA5A$ [.8 9% £
A (12)~5) 2R 2o Pgd.

@ _1ym+l
Iw = max 92(t)m=m_ﬁ__él_aL____lll;l*_vll_
g6 70 z&6 @
_(:nefx 2an | HI “dﬂgﬁl(d,n) (18)
ne =
71M, D:=ldldeld ,d'}),i=01,..,p!
N:={nln €ln ,0'),j=0,1,..,q}

ola AEoA AgeRAEo]l interval systems®] A

extremal propertiesvt WPIo|® A 8¥ds sHddel, ddsd

@& i g Fuiele B4 A7jdd.

31 <2y interval systemse] Gof thdt weighd A
3}

BA2 : <291 Gof A& weigkel ©g F Shid HFu
;Y 24 pAAA?

(1) v c maxl(g) = mapl(dn) a9)
g g;gn

(i) lwc me 1(g) = magx1(dn) (20)
ge ﬁ‘égn

(i)  lw © I1{g) = max I{d.n) 1)
g‘g‘é%" (n, 4) € (NX Deu

(iv) Iw ¢ max I(g) (22)
gEG'

B3 ¢ <2y weRg2ageld  gls) = clshpls)de
(71, efs)s A¥RA7] ol pls)= interval
plantsg))

B> 4] (19)~(22)8 SFHAIIAG 2L BR
71

CEALE B8 Aoy BaWE ANtgE RE 0
@ Al AaFo] opdy A9 ¥rbsdd. 2 48 WS
we  dok pol s AR EE ¥E%d Hdos H,
HYzre AN 4 gk 2 dubdeg oy e
conservativedth, G- EolAdE <BA2>G <BEADC A
oA E AR

3.x2943

<BAY ()& interval systems?} WwPIvh g(s)el 2
parameters®] verticesol #ASZ14W RAL RAAsteld
WA convex@Sol Wid GEEelE A

e] 3.1 [9] : 18 open convex set CC Riojuisfl £Had%
Wl Ertsed AM4e g4eaad, flx)t x€ Col WAl convex
o}7] %1% WasR7 S o Hessian matrix7} BE x€ Cof

W3l positive semi-definite(p.s.d)o}ejoptet, sux
el 3.2(9] : fE convex¥hgeli,  CE
polyhedral convex seto]lmd 3} (< domjf(fel effective
domain)elth. 23 j old® Col ol fBase Fed
ao7PE ey 23| Col Wik fo] Supremum® C2] extremum
points@ o] Sitel A EAYP L. wux

non-eapty

o}7]A, interval point ¢ uncertain parameter vector@d
o3,

xT=1 do 61 = do mo Dy = ng ]

Q:={xlx & D , i=0,1,-,p+l
N ,i=p+2,p*3,~ , prq+2 )
@ p+q+2 dimension hyperrectangular boxe]tt.

aela M8 AEASws: I(x)=I(dn)¥ Hessian matrix@t
=g #,

2
M = [ mg(x)], mgx = —-aa—%(a—xﬁ (23)
Mg 3.3 : <A interval systemselA, weF Mol RE

principal minors7} box @e°l W3 nonnegativeol®™ ot @
9] vertices@old AV F,

max I(g) ¢ max I(g) (24)
gEG gEG‘

3=,

max I(dn) < max I(dn)

d<=D dEV’

neN Nev'

29 . Hdn)e 7F3 (AN (A2)¢] 945 szl deEy
vt webA 18] Hessian matrix M& E¥ hHermitian
matrixo} k. Me =& principal ainors7h
x € @l s nonnegative] 7]uk dd  ME positive
semi-definite(p. s. d)elch. weks & AHz2l9 psazdg W
e P4 I <] 3. 1o Y convex functionoldt.

Hermitian

2] p+q+2 dimension hyperrectangle Q& p+q+2 din.
polyhedron €9 subseto]E= £ @2l 3. 2o o#f 19 Hd4A
el lots QY verticesFolA dold}. wux

Hel ¢ He 3.HE A 2-()9 & #HE HAFE R
o, witA o] 2AE WH2 v @9 extrese pointse]
I/t doid$s sl 2@ g 3.8 ¥4 3-()ed= v
A7t 2 HEdd.

4, ] o

R 3.3>% 8% £ dEeld 3 0SB4 2-4)
9] 4 $elth '
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oA 4.1 : <Y 1>efA
= — K
gls) = <y

714 b e [ 08,15] ,k € [ 10, 20 JoIg.
GHAYE ] uie A AR S TNE e

E(s)= 1+g(s) s’+bs+k A(s)
V(s) = B(s)B(-s) = -s*+b?

Als) = ax®+ais+ap = sZ+bs+k

A(s)E turvitzdr g Aol 22 714 (A1) & dF @t
2} (16), (17)E X H

_|vo
I HI |1k
2
| Hol = I_iH: ~k-p?

._i_lL .___L___%khz_'(b'k)c_:Q

Lbk) = —5 o7 THI =

4] (23)o] -3 8t& Hessian®¥d M

B L B 14 I WS T
ab abak | = b’ x°
% 2%y |

akab Kt P —1?"

ed Mo principal minor& may, mz2, | MI1eolx, 74
(el 9# b> 0, k> 0 |22 °]Eo] nonnegativec]”] 4
% 24& dFa go] gl
k™ > b

A EAY £AAL o] 2AE
functioneltd, ¥ BE WPl laE
. &,
1o = max { (b k), (b k"), Kb k), I(b k)

= o ly = I(b', k) = 108
o] Al TG A& I(bk)el Wiz HBH A4 7y
2 ol 2HMAME %33 PgrHd.

nEHAoE
Qe vertices®ol Ltebd

1 (bk)& convex

oA 4.2 <2g@elA &9 2% interval systend& ¥
o}
k

gls)= s(s?+ais+a)

474 kel(20,. 2], aw=l11,13]1, a1 =(45,55]
Al AR ol dig AR Lo et

52+818+an

9= Bl(s) _
Els) Als) s +ars“+aps+k

V(s) = B(s)B(-s) = s* + (2a0 -af)s*+ &f

Afs)oll di® Murwitz determinante

ar k 0
1 a0 O
0 a1 Kk

IH| = =gar k - k?

1 (20 -af) af
a0 0
0 aj k

Iag,a1,k) = ___j__\_!_f_-aok+a a;+afk

2(acark - k°)

IRyl = = —agk +afa; +afk

xT=0x1,x2,%xs) = [ @ 81 kI
1(x)2] Hessian ¥d M
mi miz mp3
M=|lmz mz mza
m3 m3p msn
mimd FEBYIE AGea, xeQoduH Mo
principat minorse A& AdNE diage] 2F

nonnegativeol 2 & [(s)+ convex functioneltc}.
my = 00067 , mz = 0027 , myu = 00015

my = |ou m”|=l.8><10"
m2 mz

oy = | 08| <528 107"
n3 mn

my = M2 3|2 76x 107
1032 M3z

| M| =599 107°

uwgtA  I(w) = max I(g)
gEG

=1(%", an, a1 ) = 06485

AA 4.3 0 BA -GS F$E, 2# interval plant p(s)s}
PIAI/E 74" v Al29E g,
k
pls) = “Frasvar " a1 =145,55)
wel 9, 11}
€[22, 21
ols) = oS t K
s

e Yol i AAYAES W8 Pt

_ o kikps+ki)
g(s) = cls)p(s) = S(sz+pa1s+ao) =

bis+bp
s(s®+ars+ap)

4714 b1 = kke,bo = kki

st+ais+ap

) = R(s)
Els) s +ais + (a+br)s+kp

s(1+g(s))

V{s)=B(s)B(-s)=s*+ { 20 - af }s* + af
srollob e A4 ¥abd, 16719 vertices pointsE iy
I(w)=1lap ai b bil=039248& d:=ct
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5.48

Uncertain paraseters@ 2t A ¥ A 234 (interval plants)
o) of i 7}4 worst case analysesefA W& 79 Kharitonov
vartices, CB segments 12|30 edgeF .28 dj2[¥o] #HE &
sl

Y3 robust stability$} F43$3¢549 boundaryd A
interval plants®] extremal properties’} W HiHoz @
2¥ 4 dg.

Kharitonav like theorye] 2} ¥ parapeter spaceofM 2] robust
design A AME, 72<2A/d (robustness) o] divt
Hidfie dasHd et of3 He optimal theoryefM st &
e oA 2¥ Adeld. olE HAMME interval
systems®] worst performance?} AAFE £ 9loiokdtn], ols}
worst perfarmance indexd F+& 54 EUWE modeld 74 %
glabd  olg PAE ¥ robust optimal designo]l 7h5¥A H
t}, ¥ E=®olAM i warst performance’} verticese] Wb
FR20E AAstddd.

ISEE performance index® ¥ 3!, mean square errors]-& ¥4
HBAog, H2MES parameter spacecfA 2l el ¥4
ulg HBAz7 Mersmand] FHAEZXE convex functiond A
& o494

Interval systeme] i1%°]3l uncertain parameterse] 471 %
o}z, Hessian matrix?] principal minors® RAlates o]
consercativedt x| gk, AAM FHEs} 2xAGzeld Fed A
R a4 ged. 9rka #2948 F8 o dag
+&4& B
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