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Abstract

In this paper, we present a robust H* controller
for a state delayed system with uncertaintics. The
unstructured and norm bounded uncertaintics enter
into both the state and the input matrix, where the
matching condition of the uncertainties is not as-
sumed. A robust stabilization condition and also a ro-
bust H* stabilization condition are suggested. The
robust H® controller is obtained by solving a Riccati
equation which is derived from the suggested robust

I stabilization condition.

1 INTRODUCTION

In recent years, there have been several publications [1]-
[4], about the robust H™ control problems which combine
the robust controlier with the H™ controller. And there are
also a few publications about the H control for delayed
linear systems [5]. In such publication, the objective is to
find a feedback control law to stabilize the uncertain system
or the delayed system, and guarantee the prescribed level of
the disturbance attenuation in the H* sense. In {1) and |2],
Xie et.alsuggested the robust H* controller when the struc-
tured uncertainty enters cither purely into the input matrix
or purely into the state matrix. Also, Xie et.al [3] suggested
the robust /7% controller for uncertain systems with norm
bounded time-varying uncertainties in both the state and
input matrix, which must satisly the matching condition.
Lee et.al suggested the memoryless H® controller for state
delayed system.

In this paper, we will propose a robust H* controller
for a state delayed linear time-invariant system with nor-
m bounded and unstructured uncertainties in both the in-
put and state matrix, which need not necessarily satisfy the
matching condition. In particular, we will extend the robust
H® controller in [6] and the memoryless H* controller in
[5], to a robust /1* controller for a state delayed system with

uncertainties. First, we suggest a robust stability condition
for the state delayed uncertain system, and then derive a ro-
bust 7/ controller using this suggested stability condition.
The derived controlier is obtained by solving an algebraic

Riccati equation.

2 MAIN RESULTS

We consider the state delayed lincar system with uncer-

tainties given by

dz_d(:_) = [A+AA@)e() + Apz(t~ h)
+[B + AB(e)]u(t) + Du(f
() = Bx(h )
() = t),t€[~h0]

where z € R" is the state, u € R™ the control, w € RP
the disturbance, and z € RY the controlled output. 4,4, €
R™n B e R™™ D¢ R™? E € R™", and #(f) € C|~1,0]
is a continuous vector valued initial function. AA(¢) € R
and AB(¢) € R™™ are the time-invariant uncertainties in
the state matrix and the input matrix, respectively, where o
is a vector of uncertain parameters which is restricted to a
prescribed bounding compact set 3. The uncertaintics are

bounded as follows:
AAT()AA(e) < Qs
ABT(6)AB(6) < Ry, foralloe¥, )

where Qs and Ry are positive definite matrices with appro-
priate dimensions. In this paper, AA and AB will be used
to denote AA(0) and AB{a), respectively.

We are interested in designing a linear state feedback

control

u(t) = Fa(s), 3)
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where ' € R™" is a constant matrix. The closed loop

transfer function 7., f[rom w to z is given by
Tow(8) = E(sl = A~ A+ Ape™71D, (4)
where A=A+ BF and A = 4A + ABF.

The purpose of this paper is to construct a controller

u(t), which stabilizes the closed loop system and simulta-
neously guarantecs the H* norm bound, 4, of the transfer
function Tiy, namely || Tuw [lo< v, where v is a positive
real value. In order to find the robust H™ controller, we
will derive a robust stabilization condition for stabilizing the
closed loop system and also a robust /' stabilization con-
dition for guaranteeing the I/® norm bound. The following
lemma suggests the stability condition for a state delayed
time-invariant lincar system, in which uncertainties enter
into both the input and state matrix without the matching
condition.
LEMMA 1 The closed loop system of the state delayed
linear system (1) with norm bounded uncertaintics (2)
is quadratically stable with the state feedback control (3)
,if there exist positive definite matrices P, @, K, and 17,
which satisfies the following inequality:

(A+BRYTP+ P(A+BF)+ Q+ I + FTRrF
+P2L + AT ADP <0, (5)

where Q > Qs and R > Ry.

Proof: The proof follows immediately from Lemma 1 in
{5] and Lemma 1 in [6].

<Q.E.D.>

The above lemma provides a robust stabilization condi-
tion which is dependent only on the upper bounds of the
uncertainties and is independent of the delay h. Lemma 1

will be used to obtain a robust H/* controller.

Now, we will present a sufficient condition under which
the controller (3} guarantees the H™ norm bound of the
transfer function T, i.e. || Tw o< ¥, and simultancously

stabilizes the closed loop system.

THEOREM 1 If there exist positive definite matrices
P, Q, R, and IT which salisfy the following inequalily:
(A+BP)TP 4 P(A+BFY+Q+ 11 + FTRF

1 1
+PI+ AT ADP + ’—yETE + :/PDDTP <0, (8
where Q > Qs and R 2 Rj, then the uncertain and

state delayed linear system(1) with the control (3) is

quadratically stable and the H™® norm of the transfer
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function T.,, is less than or equal to v, t.e. || Tow flo< v
for all AA and AB satisfying (2), and for all . 2 0.

Proof: From Lemma 1, the controller with the state feed-
back gain F satisfying the inequality (6) stabilizes the un-

certain system (1) for all AA and AB satisfying (2). Let’s
define a positive definite matrix § as follows:

8§ = —(ATP+PA+Q+I1+FTRF
+P(2I + AhII“AZ)P%ETE + %PDDT P, (7)
Then we have
ATP+ PA+Q+ 1 + FTRI
+PQ2I + AT ADP + -};ETE + -E}PDDTP +8=0 (8)
and
(~jwl = AT~ AT = gAY P
+P(jwl — A - A—~eTA4,)
—FTRF =3P = Q11 ~ § ~ I;ETE - %PI)DTP
=—ATP - PA- " ATP —e 7" PA,  (9)

for all w € R. Let’s define Wand X{jw) as lollows:

W) = Q+FTRF+2P*~ ATP~ PA+1TI
+PAWITUATP — &R ATP — TP A(L0)
X(jw) =3 (Jw[ — /i — A& — Ahc—jwh)—ol (11)

for all we R. Since
WGw) = Q+FTRF4+2P*— AATP - PAA
~FPTABTP - PABF
H{P AT~ I ATPS ~ 11] (12)

Q+ FTRF = AATAA - FTABTABF

v

v

Q- Qs+ FT(R-RDF, (13)

W{jw) is nonnegative definite. Using the matrices W(jw)

and X (jw), the equation (9) may be rewritten as
(XT(—5w)) 1P+ PX " w) — W(iu)

—s-LpTE-LpppTP =0 (14)
Y Y

also

PX () + X T(=ju)P %XT(——jw)PDDTPX(jw) -

XT(—jw){ W) + S + }{E”'E}xuw).m)



This implies that
DTPX(jw)D + DTXT(—jw)PD
1
—;DTXT(—jw)PDDTPX(jw)D S
—I + DTXT(—jw){ W(iw) + § + %ETE}X(;‘W)D. (16)
It follows that
1
—;(71 ~ DTPX(—jw)D)"(I ~ DTPX(jw)D) =
—AI + DTXT(—jw){ W+ S} X (5w)D
1
+;DTXT(—jw)ETEX(jw)D (1n

for all w € R. In the equation (17), the left hand side is
nonpositive definite and EX(jw)D = T..(jw). Hence, we

have
—1 + DTXT(jw){ W(jw) + 5} X (jw)D

+177;2(—jw)71w(jw) <0 (18)

and

To(=iw)Tuliw) £ 2T = ADTXT(~jw){ W+ S}X(jw)D

IA

forall we R, ie. || Ty |lw< v

<Q.E.D.>

If there exists a matrix I® which satisfies the inequality
(6), then u() = Fz(f) is a robust H* controller, which
stabilizes the state delayed uncertain system and guarantees

the J7°° norm bound 4.
Consider the controller

u(t) = — R BTPx(y), (20)

where R is a positive definite matrix. Substituting this feed-
back gain matrix —R™1BTP of the control (20) into the in-
equality (6), we have a matrix inequality

ATP 4+ PA- PBR'BTP + 1pppTP +Q
Y

+IT+ P2I + AT 'ADP + }—YETE <0. (21)
Ilence, if there exist positive definite matrices P, Q > Qs,

R 2 Ry, 11, and a positive value ¢ which satisfy the following

equation:

ATP 4+ PA- PBR'BTP + ’lyPDDTP +Q

1
+IT+ P2I + AT AP + :YETE +d =0, (22

vI (19)

then the state feedback control (20) robustly stabilizes the
lincar system (1) and guarantees the //° norm bound of the
transfer function 7T}, The derived Riccati equation (22) is
similar to Riccati equations in [2], [5], and [6], though the
problems are different. Under the special case that Ap =
0,R =1 and € = 1, the Riccati equation (22) coincides with
the Riccati equation proposed in [2], when the unstructured

uncertainty purely enters into the state matrix.
3 Conclusion

In this paper, we proposed a robust /7 controller for a

state delayed linear time-invariant system with unstructured
and norm bounded uncertainties. The proposed controller

is an extension of the I/* controller proposed in [5] and
[6]. The controller robustly stabilizes the state delayed un-
certain system (1) and simultaneously guarantees the [/™
norm bound of the closed loop transfer function T;.(s). A
robust stabilization condition and also a robust J7*° stabi-
lization condition are suggested. We can obtain the robust
H® controller via the Riccati equation which is derived from
the suggested robust H™ stabilization condition. By choos-
ing appropriate @, R, IT and ¢, we can obtain the positive

definite solution of (22).
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