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Abstract: Some well knoun order reduction
methods are briefly described and a neu
order reduction technique is introduced.

A comparison of the various classes of
order reduction approaches are indicated.
Furthexmore,the gquestion is raised hou
order reduction should he executed with
respect to controller design. Finmally,by
means of an example,results of the dis-

cussed approaches are compared.

Introduction

The linearized original system may be
given,as result of theoretical analysis,
by a state space representation or by a
transfer function of high order. On the
other hand,as result either of experiments
with the real plant or from a2 simulation
study,the original system may be alsoc re.
presented by recorded data of its response
to any input function or/and by discrete
values of its frequency response. Since
both parametric and non.parametric repre.
sentations are used either in the time
domain or in the frequency domain many
well known methods for order reduction
are based either on time domain or fre.
quency domain representations.

i1t is common knowledge that two different
systems may have frequency responses
vhich correspond well over a certain range
of frequencies but,in the time domain,
they may have diverging input-output be.
haviour and vice versa. Therefore,a pouer.

ful tool for order reduction has to con.

sider simultaneously both time domain and
frequency domain behaviour. However,this
can not be done without being prepared to
compromise. We certainly know the relation
betwsen time domain and frequency domain.
There is no order reduction method which
enables to simultaneously eliminate all
errers both in the time demain and frequ-
ency domain. Therefore,such complete srror
elimination can not be used as a design
Criterion. When using a method which is
based exclusively on frequency domain re-
presentations,subjective ontimal compro.
mises are already inevitable within the
relevant interval of frequencies. In the
course of this,no time domain design cri.
terion can be considered. Corresponding to
this,when applying a pure time domain me.
thod,it is again necessary to compromise
within various time intervals but no fre.
quencydomain design criterion can be taken
into account.

We already stated that both input_output
performance and frequency domain behaviour
have to be considered simultaneously. By
doing so the number of available design
criterions increases considerably, If it
is inevitable to compromise it is then ob-
vious that any compromise is the better
Thus,
the result of this reflections is an appro.

the more criterions are considered.

ximating approach based on minimizing a
cost function vector. The components of
this vector must be design criterions de.
fined in both domains.

In this paper we shall be discussing in

detail the basic ideas behind the four
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methods. These will also be illustrated
by means of an example. Finally,a compa.
rison between the methods will be made,
for a single-input single_output system,

Statement of the problem

Consider a linear time.invariant system
described by the equations

X, (£) = AgXy(t) + bou(t) (1)
Yo(t) = (eT]01x, = eTx (t)

where 3_°€Rq,y°€ Rm, veRP, It uill be assum
ed that this system is both controllable
and observable,i.e.,it is a minimum reali.
zation,

The objective of order reduction is to gb_
tain the lou.order model

k(€)= By Xp(t) + by u(t)
Yn(t) = g'l‘ X, (t) (2)

where xﬁe R" and r<<q, such that Y€ g"
is a close approximation to yo(t) for all
inputs u(t).

Modal technigques: They are based on trans.
forming (1) to the diageonal form

2 =Y 2, %3+ ¥ Douaa'y + phu(n)
Yo=€'¥z = ¢z, (4)

by means of

o-ra- B - BE o
wvhere the modal matrix Y consists of the
eigenvectors Of.ﬁo- There are several
modal approaches discussed in literature.
A most frequently used and meanuhile well
known approach was propssed by /1/.

A1l techniques define dominant eigenvalues
of the original system and assume only
these as eigenvalues of the model. The
various approached differ from each other
essentially by the definition of dominance,
/1/ defined his measure of dominance for
the eigenvalues as

Bk = Ibge*s Ay (6)
uithbk*ck* the respective components of

b* and g# . Thus,not only the eigenvalues
influence on stability but also on cont.

rollability and observability is considered.
After computing the measures (6),the state
equation(3)is splitted into

iy =Al*§r * l,-:l.*n, A1*=Diag( )\1: s} 7)
zs.az*zs + hz*“,hz*abiag()tﬂ,l,...} (8)
(7) is the dominant part. For reason of
simplification it is assumed here that

the number of dominant eigenvalues corres.
ponds with the number of essential state
variables. If (8) would be neqglected comp.
letely,steady state agreement of x (t)
would be violated. Therefore,one receives
from (5) )

X = Zg.!lz—ar * Yip 2g=(¥31+Y; Blap (g

with the g;proximation
E is calculated such that Ifs(t)_‘glt)]is
minimized and steady state agreement of the
Insertion

§s= £z. The matrix

reduced-order model is achieved.
of

o= 0 - aE (10)
from (9) into (7) yields the reduced.arder

model (11
kp(t) = Apx,(t) + byu(t) ’
kith
A, =¥ A", b, =MDb* (12)

When having a critical look at modal tech.
ques,also at /1/ method,some serious que.
stioms may arise. Is the adoption of un.
changed dominant eigenvalues really ideal?
It can be shown that results areimproved
greatly by slightly shifting both the re.
maining dominant eigenvalues and the zeros.
Balanced realization: In some way related
to this class of methods is the idea of us.
ing the minimal realization theory and to
2liminate weak subsystems which contribute
little to the impulse response of the sys.
tem. The original model (1) can be trans.
formed to a balanced representation for
which

(-]
T
g-J'eﬁtpg'l'ehtdt,az+za'r+hh'r=9.
[+

w0
T
g=[Atogtedarnoraat+ae" =0
©

B = Q = Diag{dys...,0ps0psys--r9g}
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are valid, Ifcr >> ar+1,the components
smaller than ¢y are neglected, Thus,from

the balanced and partitioned ariginal

- e - -

y=[£rlzlx2
the reduced.oroef model with the order r
is received as /2/

£ (t) = AL X.(t) + b, u(t)

{16)

(1)
Y=l x

Error minimization technigue: This vas
astablished by /3/. In the visw of the
present contribution,it seems to be the

most powerful approach to order reduction
in the frequency domain for the time be.
ing. It belongs to the class of methads
which are oriented on minimization of
cost functions in the fregquency domain.
The original model Go(s)sl(a)/N(s)
should be approximated by the reduced-
order model G (3)= P{s}/Q(s) such that
both frequency responses and step respon.
This
requires correspondence of the frequency

Ses are -as similar as possible.
responses Go(ju) and G&ju) within a laroe
range of frequencies. This correspondence
is attained by minimizing the cost func.
tion 2
Mp= 121 ag\NCiu)P(au)-2(50)aCu) | (18)
=
v i=1,2,...k are discrete values of fre-
quencies within the range of corresponden
ce, These values have to be laid down with
respect to certain rules, The weigting
factors are given in their most general
formulation
2(wy)|?

N3 wy)

1
INGwp |2 w2

a3 = {19)

The method thus offers the transparent
cotrol paramster ui,qi=0i(ui,$,?) where
the number of k can be rather low. /3/
proposed an algorithm to find the optimal
control parameters.

New arder reduction technigue: A high.
(s} should be
approximated by a transfer function

order transfer function GSO

(s,rs) with an order as low as possible.

The pole.zero difference of the reduced
order model Gsm(s,rs) should,whenever
possible,agree with the original model.
Since the low-order transfer fupction is
not caleculated by an analytic method but
designed by means of an approkimation app.
roach,order reductien will be an iterative
procedure in most cases. Howaver,in majori.
ty,the designed results are better than
results calculated by any analytic order
reduction technigue. Since the original
model is represented by measurement results
the structure of the reduced.order model
has to be estimated first. Some 8 priori
knowledqe, e.g.,from theoretical consider.
ation is helpful., If the model was contro-
lled when executing the measurements, the
trafgfer function of the cantroller belong s
to the fixed part of the reduced .order
model, As above mentioned, known transfer
functions of subsystems belongs to the fix.
ed part of the reduced-order model; After
having estimated the model structure and
having specified the requirements by a set
of cost fuoction,optimization of the para.
meters T is carried out. If the result of
the approximation is not satisfactory the
model structureor/and the cost fuaction
must be altered. The systematic bottom-up
approach is based on factorization of trans-
fer functiens, After factorization,the
original transfer function is splitted in.
to reduced.order components. Zero or paoles
in the origin belong to the fixed part ;
non-minimipsum phase components are treated

as separate subsystems. This decomposition

into subsystems must not be carried cut
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arbitrarily but has to follow certain rules
which are programmed in the package. Thus,
for the purpose of order reduction,a rule
based tool was developed. The first rule

is that the order of each subsystems must
not be hiéher than four. tach partial

transfer function is reduced %to its lowest

possible order not violating the pole.zero
difference. Thus,subsystems with one zero
and- two poles or systems with two zeros
8bd three poles are reduced to first order
systems, Subsystems with onas zero and
three poles or with tuo zerocs and four
poles are reduced to second order systems
vith tuo poles The parasmeters of the redu.
ced subsystems are the initial parameters
for the first step of the optimization
procedure and are calculated from simple
formulas. The reduction of subsystems is

based on the principle of time_moments

matching.

Compariscn of different methods of order

redoction for a system

A comparison of four different methods of
order reduction wvill be made for the case
of 8 system, The considered are (a) modal
(b) balanced realization,(c) error mini.

mization,{d) neu ordsr reduction. We shall
consider the example of & 20.,order modsl.

The eigenvaluas of the system are located

at
zeros poles

0.000 ~ 0.063 * § 32,575

0.000 -~ 1.096 * 3 4.
R EE TR B
- 1.027 % : -~ 1.969 * § 45.547
- 2.607 % 3 11.983 -3.712 % 3 5.808
- 2.851 + J 30.895 - 7.466 * j 18.383
- 7.461 # ] 48.693 -18.714 i‘] 43,103
-20.584 * 3 29.938 ~25.636 + 3 6.060
-22.450 2341596 £ 3 24,022
~32.265 ¢ 3 18.499 -48.611 .
-33. ~66.310 # .
-66.722 + § 85.126 3 40.810

Table 1. 10.reducsd-crder model by {a).
38508 ~boles
3,8.1076 -~ 0.063 + § 32.575
- 0.082 * 30.973 - 1.096 % 14.363
- 3.102 % 7.019 - 1.,96% % 3 45.547
- 3.732 % 33.196 - 18.714 £ 3 43.103
- 6.566 & 3 48.920 - 34.596 £ 3 24.022
- 52.571 % 67.590 - 48.611
Table 2. 10.reduced_order model.by {b)
28ros poles
0.000, 1.740 - 0,064 % j 32.576
- 0.233 £ J 30.454 - 0.810 % § 14.421
- 1.804 * 3§ 14.435 - 1.824 * § 45.520
- 2.525 % 3} 32 479 - 2.793 £ § 15.945
- 7.034 % j .206 - 10,073 t § 36.175
Table 3. 10. reduced.order model by (c)
2eros poles
0.000, 0.000 - 0.062 ¥ j§ 32.576
- 0.593 & 3 29.678 - 1.083 £ 3 14.325
- 1.364 & J 31.954 - 1,921 % 4 45.530
- 2.235 £ § 12.650 - 5,396 * § 13.560
- 8,399 £ 3§ 47.207 - 12,086 £ 3 29.991

Table 4. 10. reduced.order model by (d)

zeros oles

0.000, ., _0.000 - 0.346 2 32.561

- 0.185 % j 30.502 - 0.716 % 0.697
- 1.172 * 3 1.251 -  1.355 % 15.046
- 6.012 % ] 34.280 - 2.174 t § 45.168
- 10.631 * 3 47.795 - 16.517 t 3 42.001

The response y(t) for the original model,
as well as for each reduced.order model,

is shoun in Fig, 1.

Concluding remarks
Ve have considered a number of different

methods for obtaining lou-order models for
high.crder model. from the point of view
of practical applications,the new order
method and the balanced realization app.
ear to be the most promlsing.
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