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Abstract

A new method for generation of binary random se-
quences, called random sampling method, has been pro-
posed by the authors. However, the random sampling
method has the defect that binary random sequence can
not be rapidly generated. In this paper, two methods
based on the random sampling method are proposed for
fast generation of binary random sequences. The opti-
mum conditions for obtaining ideal binary random se-
quences are derived.

1. Introduction

Binary random sequences are widely used as the mod-
ulation codes for continuous wave radar or spread-
spectrum communication system. A new method, called
random sampling method, has been proposed by the au-
thors for generation of binary random sequences having
good randomness property [1],[2]. In this method, the
binary random sequences are generated by use of an arbi-
trary binary sequence and uniform random numbers. The
optimum conditions for obtaining ideal binary random se-
quences having good random properties were introduced
[3]. However, the random sampling method has the de-
fect. that since only one element of a binary sequence is
obtained for one uniform random number, binary random
sequences can not be rapidly generated.

In this paper, two methods based on the random sam-
pling method are proposed for fast generation of binary
random sequence. The expected values of autocorrela-
tion function of the binary random sequence generated
by the proposed methods are derived theoretically. From
these theoretical values, optimum conditions are derived
for generating binary random sequences having good ran-
dom properties.

2. Random sampling method

Let us briefly review the random sampling method
proposed in reference [1]. Let {a;} denote an arbiirary
periodical binary sequence and N be the period of {a,}

{a,} =ap,ay,---an_y (a,=0or 1)

Then, successive k-tuples ay, (i = 0,1, ) are generated
as

240

i = (s Oigr, o (1)
Using a random number X; (i = 0,1,---), which is dis-
tributed uniformly between 0 and 1, ([k - X;] + 1)-th bit
of ay; is chosen and become i-th element of a binary ran-
dom sequence. Here, [k-X,] denotes the maximum integer
less than k- X;. In the random sampling method, binary
random sequences are generated by this procedure.

Let {r,} be the binary random sequence generated by
this method, then {r,} can be expressed as

b ak|+k—l)

{n} = apexo) hape x> Qekxy
Autocorrelation function {ACF) of the sequence {r.} is
defined [4] as,
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Here, L is a sample size which, in this paper, is equal
to 128. The expected values of the ACF (EACF) of the
sequence {r;} is given as eqn. (3) [1],[2].
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When the tuple length k£ is equal to the period N of the
original binary sequence {a;},

ANi+; = Qy, AN(i4r)41 = Qi

Substituting these equations into eqn. (3), the EACF of
the binary random sequence {r;} is given by the next
equation,
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Here, ¢y is the number of 1’s in a period of the original
binary sequence and ¢ is that of 0’s. If the original binary
sequence {a,} includes 1’s and 0’s equally in a period,
substitution of ¢; = ¢ into eqn. (4) ylelds

E{¢,(r)] =0

In this case, the generated binary random sequence shows
the best randomness.



3. Fast generatinon of binary random sequences

In the previous section, it is shown that binary ran-
dom sequences having good random properties can be
obtained by use of the random sampling method. The
defect of the random sampling method is that the binary
random sequences can not be rapidly generated. This
is because of the fact that only one element of a binary
random sequence is obtained from one uniform random
number. In this section, two methods based on the ran-
dom sampling method are proposed for fast generation of
binary random sequences.

In this paper, it is supposed that the following two condis-
tions are satisfied.

i. Uniform random numbers {X,} distribute
uniformly in two-dimensional space.

ii. Binary sequence {a,;} includes 1’s and 0’s
equally in a period.

If these conditions are satisfied, binary random se-
quences having random properties can be always obtained
by the random sampling method.

3.1 Method A
The first method, called method A, is to choose a k-
tuple of a binary sequence {a;} randomly. The k-tuples
of {a;} are defined by eqn. (1). By use of a uniform
random number X;(0 < X, < 1) , ([N - X} + 1)-th k-
tuple is chosen and all elements of the k-tuple become
the elements of binary random sequence. Then, k bits
of a binary random sequence can be generated by a uni-
form random number X;. Let {¢;} be a binary random
sequence generated by method A, {¢;} can be expressed
as
{a}= aIN. Y.,],'

TO[N-Xol+k=1s GN-X1]) " " O[N-Xy ] +k=1-" "
Y

a[N»Xo] av. x|

(i) In case of the delay 7 > k, the i-th element of the
binary random sequence and the (i + 7)-th one are sam-
pled from different k-tuples. The delay 7 can be expressed
as

r=Ak+u
A=r/lk, p= (mod 7k)

Then, the expected value of (—

g (©)

Subsmutmg eqns. (8) and (9) into eqn. (6), EACF of {¢,}
is given by the next equation.

1)%+7 is given as

aa+m+p

q.f
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E[d’qq ‘("l)

=0 (10)

(ii) In case of the delay 7 < k — 1, if 7 is smaller
than & — m, the i-th and the (i + 7)-th element of {p;}

are sampled from the same k-tuple. Then, the expected
value of (~1)% . (=1)%+ is gien as
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The first term of the right-hand side of eqn. (11) becomes

0 if the conditions i. and ii. are satisfied. However, the
value of the second term of eqn. (11) depends on the
arrangement of 1’s and 0’s included in a period of {a;},
and it is not always equal to 0. Let £(7) (1 <7 <k—1)
be defined as

k—r—

n='y

m=

1N1

a‘J +m ~1 Crtmtr

(12)
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[

Substituting eqns. (1 1) and (12) into eqn. (6), EACF of
{g:} is given by the next equation.

k—r
El¢e(r)] = N~kE(T) (13)
Examples of EACF of {¢;} are shown in Fig.1.
?Sqq (T)
1.8 ¢
N=24
.5 k=8
% + + +
10 20 T 38
(a) when £(r) =0
7%:; (T)
1.0}
N=24
BJS‘ k=8
4] A + +
vvlﬂ 20 T 3B
-8.5
-1.8+

(b) when £(7) #£0

Fig.1 EACF of binary sequence {¢;}



Here, the tuple length k is equal to 8 and the period N of
the original binary sequence {a;} is equal to 24. In case
of Fig.1 (a), the original binary sequence {a;} is chosen
to satisfy the next equation.

Er)=0 (0<7<k-1) (14)

Then, from eqns. (10) and (13), EACF of {¢;} is equal to
the 6-function. On the other hand, EACF of {¢;} shown
in Fig.1 (b) is not equal to 0-when the delay 7 is smaller
than the tuple length k, since the original binary sequence
{a;} does not satisfly eqn. (14).

From these results, the original binary sequence {a;}
must satisfy eqn. (14),in order to generate binary random

sequences having good randomness propertiesby method
A.

3.2 Method B

The second method, called method B, is to use a multi-
valued sequence instead of a binary sequence. Let {6:}
be a P-valued sequence.

{bi} = bo, b1, -+, b

In this paper, it is assumed that the multi-valued se-
quence {b;} includes every value i (0 < i < P~ 1)
equally in a period N. So, the period N becomes

(0<b; <P-1)

N =3j.P (j:positive integer)
The i-th element of the multi-valued sequence {b;} can
be expressed by the next equation.

k=1
b= b 2 (bi; =0 or 1) (15)
=0

In method B, one uniform random number X;(0 < X; <
1) is generated and ([N - X,] + 1)-th element of {b,} is
chosen. Then, the sampled element of the multi-valued
sequence is transformed into k bits of a binary random
sequence by use of eqn. (15). Let {p;} be a binary random
sequence generated by method B, {p.} can be expressed
as

{pi} = bv-xolor - OV -Xal k=10 D21 )05+ B x k=10

7l
b xa] b ]
EACF of {p;} is also given by equation (16)

Blém(r) = 7 £ B0 ") 00)

and can be calculated theoretically as follows.

(i) In case of the delay 7 > k, p; and p;,, are obtained
from different elements of the multi-valued sequence {};}.
Since ¢ can be expressed by eqn. (7), the i-th element of
the binary random sequence {p;} becomes

i = b x,)m

Then, the expected value of (—1)?/ is given by eqn. (17).

; N-1 bym
B-1" )= 5 T (1) (7)
=0

Using eqn. (17), EACF of {p,} can be calculated by the

next equation.

1 L-1N-1N—1 bim bomtn
Elbn(T] = 72 X_; 20 Z_:O(—l) (=1 (18

Here, p is equal to (mod 7,k). From eqn. (18), if eqn.
(17) is equal to 0, EACF of {p,;} becomes 0 and the gener-
ated binary random sequence {p,} have good randomness
properties. In order to satisly that eqn. (17) is equal to
0 for each m (0 < m < k—1) , the binary sequence
{bim} 1=0,1,--- N —1) must include 1 and 0 equally
in a period N. Then, the maximum value of b; becomes

k—1
P—1=maxb, =) 2 =2—1
=0
P=2* (19)

If eqn. (19) is satisfied, eqn. (17) is equal to 0 and conse-
quently, EACF of {p;} becomes

Elpgq(r)] =0

(ii) In case of 1 < 7 < k — 1, if the delay 7 is smaller
than k& — m, the i-th and the (i + 7)-th element of {p;}
are sampled from the same element of the multi-valued
sequence {b;}. Then, each term of the right-hand side of
the eqn. (16) is given by the next equation.

When eqn. (19) is satisfied, the first and the second term
of the right-hand side of this equation are equal to 0.
Then, EACF of the binary random sequence {p;} be-
comes

E[¢p(r)] =0

and the generated binary random sequence have best ran-
domness.

4. Computer simulation

In order to show that good binary sequences can be
generated by use of the proposed method, computer sim-
ulations are carried out. In this paper, the uniform ran-
dom numbers used in method A and B are generated by
a high-order M-sequence [5] and distribute uniformly in
a high-dimensional space.

The randomness of the binary random sequences {g,}
generated by method A is evaluated by use of the concept
called merit factor Fr [3] which is defined by the next
equation.

i
2T (Blbw(n])?

For the calculation of the merit factor Fr, the ensemble
averaged ACF of the binary random sequence {g;} is used
instead of EACF of {q,}. Here, the averaging number is
equal to 500,000 and the maximum delay M is equal to
64.

Fr (20)



In Fig.2, maximum and minimum values of the merit
factor Fr of the binary random sequence {g;} are plot-
ted where the period N of the original binary sequence is
equal to 24. When the tuple length k is shorter than 10,
the maximum value of the merit factor Fr takes large
value and the generated binary random sequence {g:}
have good randomness properties. On the other hand,
the minimum value of Fr becomes smaller as the tuple
length becomes longer. It is shown that good binary ran-
dom sequences can not always be obtained by the method
A even if uniform random numbers have good random-
ness properties.
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k

Fig.2 Maximum and minimum values of the merit
factor Fr of binary random sequence {&:}

In order to generate good binary random sequences by
use of method A, the original binary sequence {a,} must
satisfy eqn. (16). Then, the probability Pr that the gen-
erated binary random sequences have good randomness
properties can be calculated by the next equation.

number of {g,} satisfying eqn. (14)
J
Here, J is a number of binary sequence {a;} satisfying

the condition ii. In this paper, when the period N of
{a,} is shoter than 28, all of the binary sequence are used

Pr=
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Fig.3 Probability Pr vs. period N of the original
binary sequence {a,}

to calculated the probability Pr. When the period N be-
comes long, the number of the binary sequence {a,} which
satisfy the condition ii becomes very large. When N is
longer than 24, we choose 1,000,000 different binary se-
quences randomly to calculate the probability Pr. Then,
the number J is given by the next equation.

J= nCnj2 (N £24)
1,000,000 (N > 28)

The relation between the probability Pr and the period N
are shown in Fig.3. From this figure, it is shown that the
longer the period of the binary sequence {a;}, the samller
the probability Pr. It is also shown that when the tuple
length k becomes long, the probability Pr becomes small
rapidly.

In Fig.4, maximum and minimum values of Fr ob-
tained from the binary random sequences generated by
method B are plotted. Here, the value P satisly eqn.
(19) and the period N of the P-valued sequence is equal
to 2¥. Comparing Fig.2 and Fig.4, the minimum values
of F'r calculated from the binary random sequences gen-
erated by method B take large values. So, good binary
random sequences can always be obtained by method B
if eqn. (19) is satisfied.

Fr
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Fig.4 Maximum and minimum values of the merit
factor Fr of binary random sequence {p;}

The maximum number k,, of elements which can be
generated from one uniform random number is shown in
Fig.5. From Fig.5, it is shown that the number &, ob-
tained by method A is always larger than that obtained
by method B. Therefore, binary random sequences can
be generated more rapidly by use of method A.

K
1g T '0—0—/'

¢ method A

8 method B

2

+
+

| "
T T }

? °B N
Fig.5 Maximum number of elements vs. period of the
original binary sequence {a.}




5. Conclusion

In this paper, two methods called method A and method
B are proposed for fast generation of binary random se-
quences. The methods are both based on the random
sampling method. In method A, binary random sequences
are generated by use of k-tuples of a binary sequence {a;}
and uniform random numbers. Expected values of auto-
correlation function of the binary random sequence gen-
erated by method A are derived theoretically. From the
theoretical values, the optimum condition for obtaining
ideal binary random sequences is introduced.

In method B, a P-valued sequence is used instead of
a binary sequence. It is shown that when the value P is
equal to 2*, the binary random sequences generated by
method B have good randomness properties.
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