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ABSTRACT

In this paper, we propose a method for
obtaining state-space realization form of two-
dimensional transfer function matrices (2DTFM).
It contains free parameters. And, we perform
various consideration about it. Moreover, we

present the conditions so that the state-space

realization form exists.

1. INTRODUCTION

The transfer characteristics of two-
dimensional digital systems, mixed lumped and
distributed circuits, circuits containing
variable parameters, delay-differential systems,
and systems with time delays in multi-input
multi-output system, can all be approximately
expressed by two-dimensional transfer function
matrices (2DTFM).

Many studies about the realization problem
of this 2DTFM have been done [1]-[7], and they
are very interesting. But, state-space
realization form has not been reported.

Then, in this paper, we propose the

state-space realization form which can be

directly obtained from the coefficients of the

given 2DTFM. This state-space realization form

contains arbitrary constants, and by designating

them properly, coefficients can be designated
variously. By these free parameters, flexibility
of circuit design can be extended, so that it is
effective in low-sensitivity realization.

And, we perform various consideration about
this state-space realization.

Moreover, we present the conditions so that

the state-space realization exists.

2. A METHOD FOR OBTAINING STATE-SPACE

REALIZATION

In this paper, we realize two-dimensional

transfer function matrix of the type:

W(s,z)=l8i}(s,z)/fL}(s,zY
((l,l)_ﬁ_(i,j)é(p,q))- (49
(i) We express (1) as
|F(s,2)=lgL}(s,2)]/f(s,Z)
LG, nge,a. (2)



(ii) Consider the case of a separable-

denominator 2DTFM, i.e.:

Fs, 20218, (5,201 / () £y (20)
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where ?Ys) in (3) is n -degree arbitrary

polynomial and it is assumed that
(&)

and fh,(z) in (3) is coefficient polynomial of
s in f(s,z) in (2) and fy (2} is monic.
In (3), we regard s as the main variable and
realize (3) by a controllable companion form

with respect to s so that the following system

is obtained:

xs%hws+mu
y=¢(z)ws+m(z)m
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where u is input vector and y is output vector.

(|“) The following feedback transformation
has the effect of transforming the system with
separable-denominator 2DTFM (3) into the system

with nonseparable-denominator 2DTFM (2):

—fn'_l(z)/fn.(z))]I%]\wsﬂv (6)
where fL(z) (i=0,1r'“,n,) are coefficient
polynomial of 2t (i=0,1,-—,n|) of f(s,2) in (2)
and w is control

input vector.

It can be expressed as
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m=T(z)wS«w. (7)
This transformation will be used below to
obtain a minimal realization for a nonseparable-
denominator 2DTFM from that of a separable-

denominator 2DTFM.

By substituting (7) into (5),

#g= (A+BIF (2) )\ws%\v
®

W={¢(Z)*D(ZNF(Z))WS+m(z)w.

(8) is a realization by a controllable
companion form with respect to s, of {2) . It can
be understood that, by substituting (6) into
(5), IF(s,2) in (2) can be realized.

(iV) The output equation in (5) can be

expressed as

7= €2 { D(2)] w7 w7, (9
In (9),
[€(2) {D(2)] (10)

is pX{n +1}q rational function matrix. Then, if
p>(n,+1)q, we realize (10) by a controllable
companion fore, if p<{{n,+1)q, we realize (10) by
an observable companion form and substitute it
into (5).

By this realization method, realization
dimension of (10) becomes lower.

The obtained system can be expressed as
-~ N
5 : T igTiT

¥y sz+[@,l mzllws tuT]

' '] ||€'ﬁ|2 W,
Y C [D2| E ﬁZZ u

an

- T
(#g=Ixg s Xggy=-mmn- ”‘znz-min{p,(“'“)%}l

= T
\wl—[wll ,szy ’winz-min{P,(Hvﬂ)%}l

(j=l,2,—-~—-,nz-min(p,(n‘+l)q)))

de.f wa}



where n, is the degree of IF(s,2) in (2) with

respect to z.

(V) As F(2) in (7) is qXn;q rational
function matrix, we realize [F(2) by an
observable companion forl‘and substitute it into
(7).

The obtained system can be expressed as

By B 2)
i =’5ﬁz:ﬁfus v

(= R Ry ’/X\Z'}]T

W= [0g gy ’/"\z%'T

&‘Z}:za‘x} (3=1,2,---=-- ).

(Vi) Combining (11)-(12), the state-space

realization of IF(s,z) in (2) is given by

W 1By
Wy *IBZ \/
Fg) L0

3)

=18, | € €g) tweT fw i@ TIT v

where
Pay A A ) A A A
Ay =D, D, D, Mg, T, My =B 4B,
Pas AN A
/A22=/A, /A23=1B2¢, /A3l =B, /A33=/A
!\ ~ A ad JA
B, ,, B,=B,, ¢, =, +D,, D, €,=¢
Fa s 4 ~
T3, C, D=D,,.

3. VARIOUS CONSIDERATION

.
{|) The dimension of state-space realization

in (13) is

(n'+n2)q+nz-nin(p,(n'+1)q}

(14)

at most.
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And, in the denominator of (3), let the
polynomial of z be arbitrary, and we regard z as
the main variable and realize (3) with respect
to z, and perform the similar step, so that the
dimension of the obtained state-space
realization is
(nl*nz)q¢n|-lin{p,(nzfl)q) (15)
at most.
Consequently, in order that the dimension of
the state-space realization becomes lower, in
case that n|>n2, we should realizei?(s,z) in (3)

with respect to s formerly, in case that n,(nz,

we should realize it with respect to z formerly.

(ii) In case that we realizei?(s,z) in (3)

by an observable companion form with respect to
s or 2z, the feedback transformation is fairly
complicated and state-space realization can’t be

obtained easily.

(1) (8), i.e., realization by a
controllable companion form with respect to s,

of IF(s,2z) in (2), can be expressed as

s e s P (s
v Ec(z)ilnc(z) v ).

In case that we realize (16)

),

in order to
obtain state-space form, realization dimension
is

(n|~2n2)q*2n

-uin(p,nlq) an

2

, (17) is much higher than (14).

By dividing (8) into (5) and (6), the
dimension of the state-space realization can be
reduced fairly.

Therefore, to begin with, we realize (3),



and perform (6) on it.
(iV) In [7], IF(s,2} in (2) is realized by an

observable companion form with respect to s. It

can be expressed as

{_’fs_ _[r@ B g
\/4 C E D(z2)}u | .

In case that we realize (18)

as)

in order to
obtain state-space form, realization dimension
is

(n'+2n2)p*2n2-min(q,n'p) (19)

, (19) is also much higher than (14).

(V) As the state-space realization in (13)
. . A
contains arbitrary constants ﬁi (k=0,1,----- any -
0,

free parameters exist in the state-space

realization.
4, EXISTENCE OF STATE-SPACE REALIZATION
{In case that s(z) is a dynamical variable)
We calculate backward 2DTFM from (13).

(s,2)=(fy (2)/fy (2))F(s,2) (20)
| 1

That is to say, F(s,z) in (2) can be realized
with common factor fnl(z) between denominator
and numerator of each entry. Therefore, if
fn|(z) in (2) is not a stable polynomial, the
realization system 1s unstable.

In case that we realize (3) with respect to

z formerly in order to obtain state-space form,

we express the denominator of (2) as
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n .
i/f\}(s)zd’. @210

4=0

~ , .
It is necessary that fn (s) in (21) is a stable
2
polynomial.
(In case that s(z) is a statical variable)
Frow MII’ MZZ’ “33 in (13), it can be
. A .
understood that if f. (z) in (2) and f, (s) in
n, Ny
{(21) satisfy the following [Condition 1], loops
containing positive coefficients without
dynamical clements exist in the circuit

expressing (13), so that (13) is unstable.
[Condition 1]
In case that variable range of s(z)

(w

is positive, all coefficients of ?ﬂ
A

{expressing fn (z) or (s) (W
| Ny
expresses s or z)) have the same sign.
In case that variable range of s(2)

is negative, it is assumed that

Ny~
— _ —@®) %* ny
fn[’(w)- g= fhl,,w we.

(22
0
If ng (j=1,2) is odd number,
?fz) (k=0,2,----- ,n}—l)<0 (23)
and
?S? (k=1,3,----,n.=2) > 0 (26)
If nj (j=1,2) is even number,
“f'g? (k=0,2,------ ,nd-_—Z))o (25)
and



(26)

Because, A||, MZZ} Maa in (13) are companion
matrix, the circuit expressing (13) has feedback

loop containing only several potentiometers 1/li),

-?ff“:. If [Condition 1] is not satisfied,
feedback loop whose product of potentiometers is
positive yields, then, the above-mentioned loops
exist.

In case that

[Condition 1] is not satisfied,

it is possible to perform the following variable
transformation

W= (c+d) / (ald*b) (21)

on F(s,z) in {(2), so that [Condition 1] is

satisfied.

5. CONCLUSIONS

We presented a state-space realization form
of multi-input multi-output two-dimensional
system. Arbitrary constants f}k (k=0,1,----- .nl-l)
in it, can be designated freely. By thenm,
flexibility of elements in the circuit increase
and it is effective in low-sensitivity
realization.
we obtained the conditions so that

Moreover,

the state-space realization exists.
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