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ABSTRACT

This paper presents an algebraic approach for finding a
dynamic state feedback controller when the
multi-input system with delays in both state and input is
controllable, In the time-delay case, controllability of

linear

the system does not always imply that system is
cyclizable, Therefore, reduced order augmentation systems
which is cyclizable as the time-varying

considered. It is possible to construct feedback control

case are

systems by using single-input methods.
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g2 23 AAgEo] AnjEyEA Rrhe AlZA Ao
X3l n]EabA A (delayed differential equation)22 ¢
Y3 24y =u(1], A7|E A Aok B¢
Holgi Yol z|Qo] WA= P} oly Aol Sl
AlA®lo] iy Ao}l MAE IFY wol I
gon(2-7] olo] BAE ] A2 A 4Rl ciy FAlol g
(controllability), 7}%%/3(observability) T IS
(stability)7} 48 whe g Ax|¢ir}i8-15].
P, Ay ApH

discrete-time

olxt ) A®l(linear time-varying
systems)o] iyt oA o] E(algebraic
theory)o} Kalman} Hafez[16] Hof 23l A7EaL, 53|
S. K. Hwang[17]:2 Augmentation & ol&3slo] 1% AW
olal  Alaslol izt HEAZiE AR YEE

st o] WHE doz IRE ABY +
li=(arbitrary assignable eigenvalue) A+3d 2 B F¢
AlA®] Eg "B FH AV IE WA PR

7129 hy18.19]1Rct dibdem 2 Akee] FHolr]
A7t 7Ps3ict
thig Assle] tiy) HEAol7] dAYYPe=E A%

A AlAR1e] B9ol 2wy (direct method), ZHAlo1H
(controllable form)oZe] HEWH, Lyapunov 3419
s2Re WY oK WH(feedback gain matrix)& Tdhe
wE  ofEskx]  wpd[20]e]  gich ol AFWHS
cyclizability 7Rd& SYUsto] thi dE Al281E
Uy Aanior WEAZ ¥ ol g&EY Ao oyt
HY ol MY 3, olF thA rhi4g A2rle ol
¥ ol &F BPE A/t
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£ =FoM= Alo]7HsEH controllable) Thi4 A7k
K&edofl cigt HHAMol7] dAYHE chEch A 2¥elME
ARG AlADo] ¥ simjoligde] ch AlwEd, A
3FolA= TthHS Alzh A|d A&l iyt Augmentation
g AHAyrh A 4eldE Augment® AlARjel] T
H¥A7]  AANPEE MEsi, M 5HAlM oA
A gdleld Axg Rdrl

2, AZEX|H A|AFof T2t Jixjo] 4 (controllability) 1%

7L ™ol Alzkx|de] A= AL
A o33t o] Yol Azxde] AU A2®E
AL

. 3
x(t) = Ax(t) ¢'§)Biu(t—ih) (2.1)

o714 x(t)eRn, u(t)ERmoll A ¥ Bit ZZ o, nxm
Asiadolr}, oju} 7iAjol4d W (controllability matrix)
o=

Q=1[BpBy --- Bx ABp ABy --- ABx --- An-1Bx 1 (2.2)
2 Folxm, ¥ 09 =IA(rank)7} nolF A2
Hoj7hgsicia gioh. ER, dAkz} DE

k
D(s) :.}Bexp(—A(ih))Bi (2.3)
2 oy u), 7iAleld BH
Q=[D AD--- An-1D] (2.4)

o] 2377} nolH A|AML Hrjy oz Ao]7Ms(absolutely
controllable)d}C}al e8], o] 71 4] AHrjaog
Molrbgdichs W2 [to, uld A% eiA
0<h<Zh¢ - - <khE FolA ul x(t1)& 022 RHuEA FAlo

u(s)® 022 Hd £ 2URE uisks dl, oW s=
se(ty-kh, t1]8] F7H& Yyl
L} Aeio] AlZAldo] A= S
Abefol AjZizi@o] Qi AJAElA
x(t) = Aox(t) + Arx(t-h) + Bu(t) (2.5)

9} o] BYPEE= AP A|AHo] pointwise completedtth=
718 lell M

rank[PB, js1,2,---K, k=1,2,---Kl=n  (2.6)

ol7Iut 84| Aoiskssich. of7IM, Pi=l, Pi=acP] l4BF) ]



olg j0olAU}t k0d H$ EE kgl A Ppojc.
HEAL KE AT 2BEF WRe A4oltH2i]. A (2.5)¢)
AIARIZ Hrl A A Aladew ¥l 4
otk

T, AAE A AS Byisfe AMEY B (spectral
mode)& 7HA|H il RE AMEYd mest Mo]spissid
A&Rl2 AWEs  AorMssitiy Wikl AMEmy
7Heldel "WedE AL spectrum pointofd =3
208 He¥ 4 Utk F

x(t)
T A& Ajagloy

K
rank[sl-ZAiexp(-sih), bl=m-¥o&me—-

Kk
:.%Aix(t—ih) + bu(t)
iz

st g el A

oj7lgt s AAH (2.7)2 2AMEY Ao|sHsslrH2).
ol#¥ 2 ] vhH4 Ao BAY 4 Ul
th gels} ™o Alzix o] o= A
Beiet Yol A|ZA|do]l odg Wl Aoirisy
o3y 222 4 (2.4)% 4 (2.8) sl M=
A¥" 4 2en F3 Y(Ring) Aolq THstE npx
Auolulordinary differential) AlA®lojMe] Ha3y
2 22 Yl g 7Y 4
Al2ge] BHel§ cha} Yol Frt
x(t) = i?;Aix(t-ih) +j=)::B.iu(t-.ih) (2.9)

A71A x(t)eRn, u(t)sRmol A;(i=0,1,---,p), Bj(j=0,1,
ca)e 47 mo Y e BPolth ANXA dAxlz} 2F

2f(t)=f(t h)i %5—"7 21(2.9)& tiA] EA)3HEH
= A(z)x(t) + B(z)u(t) (2.10)
7t EHH, °1w’ﬂ A(z) 3 B(z)& T4 3 (polynomial Ring)

Aol A2] o B nxn WP .A(z);_z:Aizi.

olnf 7kdlold WAL
Q(A(z),B(z)) = [B(z) A(z)B(z) - An-1(z)B(z)] (2.11)
2 ¥ 7ttt Aulut AlAR1S] Jlalold A FYY
Beld & o 4 slch wetd A (2.11)9] 23
rank Q(A(z),B(z)) (2.12)
s FYnl BRE Big zo] i) A (2.12)7F 4y
A2 8 (Ring) Aolld Aoi7besitia wiich7,14].

B(z):ZqszJOI\Z}.
i

=n for all z

dHoz B Aold A4 2A7HssE FH AW (pole
assignment o} 7}E3lal o] F-Loll AMojsbssltt. e o
A& dUshA et oA Alaslo] cyclizablestd Als
213 (coefficient assignable)o] 7Hss}u}. wetd Ay ol%
Bo] £248}7] A= AlLHo] cyclizable Bjo} 3R= rj
3 FA= ok FollA chech

3. CHHS AJZIR|H A|AGSO) CISF Augmentation

ol RolM THEE AlATe thez} ok

x(t) = fAix(t-ih) + E?Bju(t-jh)
i=0 Jj=0

= A{z)x(t) + B(z)u(t)
2 2xeldel 4 (2.12)8

(3.1)

A7 A& gt s1gsta

olth. ofxf gutsal-apziate—

THIA B A x(t) € R, u(t) & Rm, A(z);_ijmi.

a
B(z);Eijz-iE =
s

o]# F(z)
o e

» 6(z) R E(z) BHE rn, rxr, ot 3
Alaelg TRt

w(t) = F(2)x(t) + G(z)w(t) + E(z)u(t)
4] (3.2)9 A28t A

L1 =1

(3.2)
(3.1)9] AlA®lo} augment A]7|H
Alz) O x(t)

F(z) 6(z) Il w(t)] [

B(z)

Eo) Ju)  3.3)

7t ol 33 312 2 augment® AlAmowm wy
7Fssich.
given system
u(t) i((t):A(z)x(t)+B(z)u(t)—l—:]—)K(t)
E—
W&U=F§ZixttVG(ZMH‘fE(Z)uHJ}——)\v(t)
augmentation
3% 3.1 augment® A]A¥le] HyMde
A 2

% (commutative Ring with Identity) AbollA u(z)&
Dol nx13BY 2 g2t oluf U(z)8] BI7t BE 20 the)
nold, vhE AL WHI= (1-n)xl WY V(z)7} sat
Eapgict,

U(z) ]
V(z)

rank[ =1 for all z

& 4
U(z)8] =7t zoll thal 84} nol 22 Dorezal 2}
ol&of wa} th3AlE RFIM= Ixl invertible A
(z)2} nxn invertible 3@ W(z)7} 84t Za%ict,

BrE

U(zM(z) = [ W(z) 0]
714,  Wi(z)}& 92 (l-n) x (I-n}  invertible
P2 ED V(2)=[0 * Wi (2)IM1(z)2} Lo
U(z) Wz) 0
Ly | = o)
V(z) 0 Wi(z)

7 E3 olmj [W(z ]7} invertible 3tELg& [ (z)]E

Wi(z)
invertible 3jt}, uwlekr [U(z 7} invertible¥t ¥y
V(z)

<
32

V(z)7} B4 EAct oo d=drh |

A2l 18 A3NE Zheld Me 4 (2N e FERA

(2.12)o] H-g3lH 7]”"“"1’8‘ B3 Q(A(z).B(z))= #A7}
mxjel B Q(A(Z) (z))i augment®™ 4 2L U 4
et

A = 2

)7t Aol 7bsstar B(2)9)
i3] rank B(z)=m o|™

g Aol Alx=E (A(z) B(z)
$37t AHol® sht 2z ol
n<q<mel B4 qofl thzf

w(t) = F(z)x(t) « G(z)w(t) + E(z)u(t)
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o] (q-n)A} augmentationo] EaIBlo] qAle] augwentH
N2® (A(2),B(z)& 4% 4 T}, of A% augwentd

P (;\\(Z).ﬁ(z))%:— q-cyclizable 3}, Az) % Blz):
Al (3.3)3} o) FolA= Wolr).

2 4
3 A™07]

A 29 AE ol 83hd manxl2] Ao BA Q(A(z),
B(z))2%¥ B(z)2] RE @¥el &, [bi(z) b2(z) -bul(2)1E

sl RE 2o thsf rank7} ngl nxaxt Q(A(z),B(2))&

2% 4 orh wheld AMz).B(2)el Hel 19 AHNE
gt rakst q@ ot Q(Al2).B(z)Z  augment7}
Thsstd 9 A (3.3)3 & qrkel augment® AL
4 4 gk

olAl ARzl iz Ba) 28§ ol&3led g-cyclict augment

A2" (A=) Bz))E o e wAME ABesta
okt 2k

% A

M fdele] AJA™  (A(z),B(z))E25E Aol ¥E
Q(A(z),B(2))& *¥ct. &,

Q(A(z),B(z)) = [B(z) A(z)B(z)---An-1(z)B(z)] (3.4)
olct. olu B(z)2] AL Hoj= shte] z ol thdl o
olgta 7Hgyich

¥k A 2
nama}  ZhAo}d ™ Q(A(z),B(z))8] BA7H nold
QA(z),B(z)) ¥|AelA B(z)e] ZE 248 I,

BE zof thsl rank Q(A(z),B(z))=n0] HEF nxqx}

(4714 n<q<mn) ¥E U(A(z),B(z))& F4Ych &,
Q{A(z),B(z)) = [bi{z) b2(2) --- bm{z) A(2)bi(z)

- A(z)bm(z) --- Ar-1(z)bu(2)] (3.5)
2x¥

Q(A(2),B(2)) = [ bi{z) bz(2) - bm(z)
the column vectors such that
rarnk Q(A(2)B(z))=n ] (3.6)

select

o] Hrl.

T} ;j 3
I - N A A
nxqXt A Q(A(z),B(z))2RE rank Q(A(z),B(z))=q7}
=& g-nx} @HE (column vectors) eolz) e1(z) -

ca-1(2)& DA augnent® FHAlol B Q(A(2),B(z)
7%
N~ A A
Q(A(z),B(z)) =
E(z) bz(z)- - bm(z) 'selected the column vectors

(z) e1(z)--em-1(2) em(z)

olml feo(z) - eq-1(2)]i= BE zof thsh Q(A(2)8(2))7}
invertible 3}=& Zt=c},
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¥t A 4
olA Augment AlAR! HPL
A Az) 1 O A _ B(z)
A(z) = [F(z) G(z) ] B(z) = [E(z) ] (3.8)

2 B3 E2)-leo(z) - ea-1(2)]18) Zhe Aot B(z)el
7t @HEEE bi(2) balz) - bu(z)0Z ¥ch olu
UA2)B(2) el A(2)8 Fopm

A

A

A ~oA A A A A A A
[A(z)b1(2) A(2)bz(z)---A(2)bn(z) -]
(3.9)

7t EZ A (3.9)8 ol HdelE d@E ol tiy
ei(z) 5g Al(z)x(z)8 FeiEEXE Foixle

A+EE o183l 78 4 Aot E GA@b)E 2E
zo]| th3} invertible 3B E

A

(F(2) 6(2)1=[A(2)b1 (2): - Alz)bu(z) - 181 (A(2)B(2))
' 3.10)
oz g}

olig2l 4etAl AE AH q-cyclict augment A2 A
(3.8)% d¥ch ATAQA A2"old PPE  Augment
Azg A (3.8)o iE olM ABADe] FYUHLE
(independent of delay) Y SIHZ HE olF K(z)&
R

4. Thgp Al A9 JPEelr] MA

th4 AA=lo] gt WVAl7] AAYEL 13elA
AFE WY olfelx oferix] el gloyt & FolM:
AMuPY (direct  method)& B Aeolrl AANZR
7143t thi4 AAR Z=(A,B)o] HHE WY FTTE
Y of ABolS Koot m¥El po7t EXB]  (A-BKo,
Buo)7t B ¥ AlAYE Aol 4+ Y& W, o]
A| A2 cyclizable #lTia %irh. F(Ring) YolM EEE=

this AZAE AAY T(@)=(A2)B(2)olN Alade)
cyclizable BpH A=A} (coefficient  assignment)o]
V8t whetd  FHEX|H(pole assignwent)o] 7Psdlm
Aoj7hsditt. 1BEE AJARI] cyclizable BI=FH Ko,

uod T8 el $asu. Ko, wo7t FEIZE dele

(A2)Bz)ko(2), Blzluo(z))8] © Qo x2mleg
27810 38ulx) (pole placement) Wilol WHE HBoIHE
24 4 9ok &, olulol: WHE ¥} Eapsto
A A A -
det(s1-A+BKo+BueoW) = sd +j2(:)ll‘isi
7t HES, il WA Qs Asx ol olFe] NES
AYo|E WA LohE PO Wrh ol§ Iges EYs
17 413 Zrh

(4.1)

wo(z)W(z)

a3 4.1 Ao whE oS Az
Al2zlel WA 7] 78



A =2 3

(A(2),8(2))7} q-cyclizablesVd axq B [ro(z) ri(2)
---rq-1(2)]17} invertible¥! E¥e <U(column vector
sequence) o(z) u1(2) --- wq-1(2)=Rmo] Ezf¥ic}
oluf

ro(z) = B(z) pro(2)

ri(z) = A@)ri-1(z) + B2)uilz), =12, .q-1
olmd, ZtZe] uo(z) - wa-1(2)8 ro(z) - rq-1(2)7}
2829 (Az)-Bziko(z), Blz)uo(z))E Mol7hssich,
= oj7]4

Ko(z) = - [u1(2) - aq-1(2) 0)[ro(z)--rq-1{2)]"!
£ Folzth u

Az 3¢ ZAM2 % (commutative Ring with Identity)
Aol e] chilg AIA|A Al ARe] TR W AHolr] dAE
Y=(field) oA this Anlgajagle] chyt A¥oir
AAE Bd8E o 4+ Uch olul chig A28 Aol
¥ Y ol 52

K(z) = Ko(z) + uo(z)¥(z) (4.2)
= yshdet.

5. ofx Algdo|M

ChE2 32 chi4 AR E AlARE A3zl

)'((t):[‘l) z]x(t—h)*[:, _(l)]u(t)*[z (I)]u(t—Zh) (5.1)

ojul A|A Bit=l z& 2f(t)=f(t-h)2 Y23pd ¢ Aaxde
xw =[xy o [ !
z 0 0

= A(z)x(t) + B(z)u(t) (5.2)
2 BEHE o 4 vk md 4 (2,119 ool et
7Mool P
1o 0]
z 0

1 0
o- |

0 z2-1
o8 Fola A A4kal zo] BE ol il Moi7FeHE
o 4 otk oAl 4] (5.2)9 B(z)%& bi=[1 0]7, by=[0
22-1]T2 8 o™ A(z)bi=[0 2z]T, A(z)b2=[0 0]T7} EHx
AZ(z)B(z)=¢p B¥o] HE ¢ + Uct

FHAlold Mol 948 F WA AlAR a4t BT

PAF ZUEF [br bz Alz)bi]& Hesled, o Bo)
AYYE U= [e0 o1 e2]F [0z 112 Wapad

~ 1 0 0
a:[o 22-1 z}

0 z 1

0 ]u(t)

22-1

(5.3)

(5.4)

7} Hol Go] invertible®h& @ = it}
L A{A:] B[B] % Exlep 1122 ¥ A B AlAR
E

F.
Bol o3 Foixj= ZhAleld Mol A (5.4)8) FEE

2A=® F, GE ABUTh A (5.4)el g H-32
{pre-mul tiply) &}

AN AN AA A A

AQ = [ Aby Abz A2by ] (5.5)
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ol k. AZIM bi=lbi 01T, by=lbz z]Tolz Aby=[0 z 1]7

olch. = 4] (5.4)%} A (5.5)2%¥ [F Gli=[e; e3 4]
¥ 29 Abz=[0 0]7, A?b1=[0 O]JTZH¥| e3=es=00] P& ¥

Qich wetd [F Gla=[1 0 0lo] =z Ge ool
2Asing

[FGl=[(10 0]3!

1 0 0 -
=[1 00 ]{ 0 -1 4 \
0 z -(z2-1) -
=[1 0 01} (5.6)
7b "tk 1 EE augnent® AlA® E(z)=(A(2)B(2))
000 1 0
Alz) = [z 0.0 B(z) = | 0 =z2-1 } (5.7)
100 0 =z
o] BT} olm} Al2Y T(2)8] 7hAlold B Q(z)& Foid
A 1 0 00,00
Q(z) = {0 22-1  z 0.0 0] (5.8)
0z 1000

22X B3I} 28] RE o RystA 30] €& ¢ 5 Uck
olal AlA%¥] 3(z)7} cyclizable 3I=& Ko(z)o} wolz)E

3o wA
1
wmo(z) = [ J
0
2 gpod
A 1
ro{z) = B(z)uo(z) = [ 0]
0
7t 5§
0
amilz) = [ ]
0
L7 Fod
AA 0
ri{z) = A(z)B(z)uto(z) = [ z ]
1
o] ®rhL E ro(z), ri(2), r2(2)E olFolA 3«3 %P0

invertible 3}x.&

ua(z) =

,]
1
Z god
A A A 0

r2(z) = A(z)ri(2) + B(2)u2(z) = B(2)uz(z) = [zz-l }
z

7t €& ¢ 4 ok wmeiA
Ko(z) = -[ u1(2) w2z} 0 1[ ro(z) r2(z)}-!

000 1 0 0 0 0 O
oo lle @] ]
o1 04to 1 z 0 -z 2z2-1
7+ Bk

aHES (Az)-B(z)Ko(z), Blz)uol2))E cyclicdithe
Ag o 4 Qo o
]
0 -z 2z2-1 0

[0 0 0
9] gl UY AARo] EHo] Hah= JFHulx] ol wep
AE Ao ol 5 Wg 7Y = U
K(z) = Ko(z} + wo(2)W(2)
of mhet thi$ Al AlAde] N YHo|SFg U +
st

ri{z)

Ko(z) = ] wmo(z) =



6.4 B

Hoj7bs thig AR AjAwlof Tyt H¥ajo]7)
AAEE disAd FI2PdE  ol83td MUt
gl(commutative Ring with identity) AlolA A==
A RA A A¥o] cyclizable 31 Al4X]| 3 (coefficient
assignment)o] JHg3lthe 524 ol &3l thig A7x|d
MARE T UEY AA¥ioz HEAZ §H AZRQo]
U WA P& Ajaslo] iRt APolS WAL Fch
53], ¥ nab AJ4%A(A(z),Blz))el oS HE ApHE
olakA| Tt AlARle] AR(1712F KA JHAlY BER
°]-&3} n<q<mngl qx} A £®(A(2),B(z)) o2
augmenetation A7l g AAdlgen o AL
q-cyclizable 3lo] Agalgo] wE Hol5e] Aol
7Hssict.
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