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(Stochastic Convexity in Markov Additive Processes)
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Fgusta 71245
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ARBSTRACT

Stexchastic convexitvi(concavity) of a stochastic process is a
verv useful concept for various stochastic optimization problems. In
this study we first establish stochastic convexity of a certain class
of Markov additive processes through the probabilistic construction
based on the sample path approach. A Markov additive process is
obtained by integrating a functional of the underiying Markov process
with respect to time, and its stochastic convexity can be utilized to
provide etficient methods for optimal design or for optimal operation
schedule of a wide range of stochastic systems. We also clarify the
conditions for stochatic monotonicity of the Markov process, which is
required for stochatic convexity of the Markov additive process. This
result shows that stochastic convexity can be used for the analysis of
probabilistic models based on birth and death processes, which have
verv wide application area, Finally we demonstrate the validity and
usefulness of the theoretical results by developing efficient methods
for the optimal replacement scheduling based on the stochastic

convexity property.
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7bz] 3L Al7bel] whel A o2 WEjrbE o Ajx
gje} Aref& vteluE AEF AR T E A {X(1),t20)5 2eisirzt. AT
tolal 2l Agle] Are)z) xed wf fo)2f wlgo] g%t [0,t] Alolol &

= FuES

t

Y(t) = [ f(X(u)) du (1)
0

2z 7ol ®aly Holck  9kek {X(1),t20}7} vpR =T T a9 {Y(t),t:
0+ {X(t,t=0d0d HE¥H wiz=z A ERasrt Mol
Cinlart1972a,b)). Y(tizh 2jolshs 202 A7F t7bz]2] =4 u]Roji g
2owlgE Hawsty sele] 2R TAd &8Y 5 9ol {Y(1),t:20}
o) g B I spebslt 2 2 E82] FAE W4 A siEY
3 & Holvh, HAHE ntaZ oA TIMAE ORI TR AR R
gh 8F o)y B g Al ngloae] Adeol $3Y Fx 2 4b8d
2+ 7] mhFel 2 9132 A& i ofy gobn Az AdEE
fault-tolerant &3Le] AjAglofa{2e] 5Z =z (Sumita et al.,1987),
software reliability F#okoljAie]l &l F 4}%d(Ross,1987, Sumita$}
Shanthikumar, 1986), Maintenace o]&2ofa{2] 2|2 A  F7)(Barlowe}
Proschan,1975) 52| #aloll 24 e 2 Med 4 ot FAEMoz 2

g g EHadof HaF o] Bl vidE EE s Sk #lH 2o
% Tl o w3 A ES MY S+ 0 Holrh

2. aE= gros g S ngd
2.1, B8+ <r=zA(stochastic monotonocity), 82 22 de)
o} &M w7} - A5 432 - Sample path approach)

-0 STofl oisfi e vhgat A AEE R A8 Aol dedH
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(#He) 2.1 grel {X(0),6e®}7} Slolgl, TE gc@of ch3)
(1) Z2(0) ~ X8) o}
(ii) gref 01562 o], 2(61)<2(62) a.s.
2 9¥Zst= £%2] H$8-F7Hcommon probability space)ofir #elst H§
HNEZ (2(0),0e@ )7} Ez|3tc),

(&) p{X(e)dx} = Fe(x,0)0}l 32, U= uniform(0,1)2] HFHie}

&FZ}F, (Fe)~1(u,0) = infix:Fe(x,0)<u} el e} 3} HEH4
2(0) = (Fe)-1(l,0), Bt (1)

o] 7|8 2rzgte of 4 giv}, (cf.Kamae et.al.(1977)), Thl #}R.)

olgh FAbslA MEA oM HEH F7t FH~D, Fofojn
4.2 7t 7d SICX(sp) (stochastically increasing and convex in sample path
sense) 2} SICV(sp)(stochastically increasing and concave in sample path

sense) . BFsl, o} 5& v} Zo] Aoyt 4 gich,

(M2] 2.1) 61625030407 6201704638 TrFHslE LS Oie
©.i=1,2,3,40) ois) ofelel =7 (i), (i), (ii1)F r&ste 4vie) © 8
F Zi, 1=1,2,3,47F BU¥ HEF 7ol Aejd £ glonl {X0),0e0}F
SICXtspyelr %sb, (1), (i), (v)F THEsh= 4782 HEHS 2,
i=1,2,3,47} U @B FTolA  Aejd 4 glel {X©),6<0}F
SICV(spre} o wkshr},

(i) 2i7 Xte;i), i=1,2,3,4,
(11) Z2-21 < 2423 a.s.
(iii) max(Zy 22 Z23) < 24 a.s,
(1v) Z2—71 2 Z24=23 a.s,
(v) 21 = min(Z2 Z3. Za) a.s.

(ojmf ~ : stochastically equivalent,& "7t #ZE& ZtE=")
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SICX(sp)& SICXych 74t #8H4 Aaolr] aifol {X(€),6e0}7}
SICX(sp)2} Axg 7kxl=l atEM oz SICxe] 43S %7l $rth. (Shaked &
Shanthikumar(1988a),Th3.6) ule}A {X(8),0=0}7} SICX & R.ol7]$i%)
QICX(sp) Y& Ho|m Zxaty), o]F (Mo 2.1 RUES VA &

WS e atEo] U TR uhyol os) wind retspA) i -
o}, ©]%7] SICX(sp) & SICx7} 2tz Esbis oy 7830 HEA 540 of
-3 convolutionoji} mixtureo] %r# gl 71, Shaked & Shanthikumar
1988a) #t2.) =2 zkz]3 7] whfof & 73 Mrh HelstA A&
Y 4 ol 7idelch

. o= ERAsofae] $EH Ay

= AMoja s ozt A17tY whol ¥dsted oy sk HEEl

2 A2 Al7ho mhE ghzsdolut i 2dof thE) ol B

e
=
kS
&
5
m

2k, Selr7t pedsr mpaE =g A Ale)Z{Hstate space) S7F 2 o
PAaE 007 7o B8 =E 2 (partially ordered) F-7t 7d5-<ldl,
N* = {0,1,2,...0%) 735} oke) Agpn)) 8B el E 2] R

A Aol Hgw solth, AlZhe D& FE ohATIRl 7ol

2L T 2 3
P55 ey = o]italzte] npp s E R g bR = A]loletir F 27|
2 3ok opE = AQlo) whshd iy bRk e Taade] 8 27e U
& 4 glok

(Me) 2.2) vbz= A (X, naitiofa] Xo=0 a.s. o], B& x5
off thal PiXedxlhn-1=i}7b i8] 275 40l99 {Xa,neN* )5 (nofl o) Slel
ct.

(Zw3) Stoyvan,1983 pbd (th 4.7.4a) A2 m

A7re) bR mg A se] Aol ofeh fabskA chga 3
& whzade] ¥ 2L " gk
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(Re] 2.3) opzE ZEAL (X0, 020004 ZE xS of chs)
IO X IX(O)=i)7} ie] Z7hsbaol™, X(0)=0 a.s. Huwll {X(t),t20}& (T
of oizl) Slojct.

(&%) s<t of cis)
P{X(1)>X|X(0)=0} = ¥ P{X(t)>x|X(t-s)=1IP{X(t-s)=1|X(0)=0}

i
T PAX(E) >x| X(t~s)=0}P{X(t~s)=1|X(0)=0}

v

i
P{X{t)Dx|X({t-5)=0} ¥ P{X(t~-s}=i|X(0)=0}

i

P{X{(s)>XIX{0)=0} =

(Mea) 2.3e] RUG WESHE npRE R AA FollM 1= X R
Moz ofrjo]BSol vy BHstA §-&EE birth-death process& =

4 sich.

(u}p=Az] 2.4) X(0)=0 a.s. @} birth-death process {X(t),t20}
£ (to]] cjsl) Slo|ct.

(Z7) Ross(1983), p257 proposition 8.2.30} 2js] RE xS of
ohal PO OXIX(O)=i )7L i8] 271 df o 4 Sith =

o3z Mglel AL UhRE S ZRazel $EH A

£ #3ylshe 7127 Uk

2. wapsm e =] 3 g ajoscoflal=] R

=] =)=

ofollaf <13t wpe} 7o A|2Ele] Ayof B¥Y FEEAM R E

e mg sl vfy f-2%to) Al Bgtel sloiAM AT v al g ol
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o]-8-of olzdgo] k. Alzl Al Fe] trpz]e] nfa = TR AAe] 3 A
Ab7d 5 2edslojof 3102 olof X A4tgro] oy WA = o 2
M2} A1) FHof Ads] &MY Y-S AbEstodobtt f-8Mdo] &4 E]
z} eb-& Zlolch, ol2¥F A &M<l whyg Aojuy o] BA]) ZAHEAM ®E
o g2 B3 FRsic).

22 gge] B2 Wizlgo] HH Fokgtcks Flolnz (He]
2.1)% o]-&slod thF2 - 83 AAUE I§ 5 surh

(Me] 3.1) gref {X(t),t20}0] SI ol9 wpz 3= 2xEZ A2 (1.1)
- ok T2 A4S hrla gich
y Tret £} Zrhakgo|ml, {Y(t),t20}2 SICX(sp)e]T},
(b) gFet f7} gagfsold, {Y(1),t2042 SICV(splojct,
293) 54 (a)2] 73 F-off Ostystastasty o]l ta-ti=te-te & T
E5be ti,1=1,2,3,45 AMebsizp, {x(t),t=0}0] Slejm & (#e| 2.1)0f o}
CIR
11y 2= t20 of uhis) A(t) 7 X(tiol2
(11) Ozusto-t12) BE= uz0ol cis) Z(tyi+u)<Z(tz+u) a.s,.

E gbEghi opR T A9 {Z(),t:0} o] Ez|gkcl, ol
t
Yit)y = f £(Z2¢w du (1)
O
& ogesd
Yiti) ToVtry), i=1,4,3.4 (2
YOty + Y0ty = Ylto) + Y(t:v a.s, (3)
max{Y(ri),i=1,2,3) s Y(tq) (4)

ol Y& HA o % omg (He] oo o)s) (arzh Adejsre o & gl

oh. (be| 79w olel fabstA Euiar 4 otk w

\
)

of Hely v.zdold T ntE mEazel Yzsel P
73k Akstel whe tulglstA S8y & Utk ol 2l ol

F7] AAdo B Baof M 8stod &%) 2zt why g Atobd £ 9

}' f
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7 ojrt.

4. 8-8 o

ofw 7lAe] 2rE Aefol whel 7}Eu] (52|, w2 0% TEhHH
Ak go) cpE 738 padsfyzl, oo 2E Arele] #WiElE= gracefully
degrading systemz} 7}-2- fault-tolerant design ol 23| U% &< 27
off u}E zjAle) Aat el WEoM 7Y 4 = 9l(Sumita,1987) o
eiwe}]  Selof 2tk vlA Adgel shEe] oy Hd Sx gl
(Stadje, 1990).

Xty « {0,1,2,... M} & 2lagle] A17F tolMe] 2hE Afelet sha

x(p)el zho] 2 48 2Ajxele] aF z=3o| <tzlsl= - ojul¥cin s}
zb,  ol& 59 Al 2gjo] MrHe] FUR HEBF ARSI HYIzdu]l A
ol ¥t REo) P4F sjar]e] Adelr ®BXY 5 gl& Flolch Al xgle] ¢
M) thAEl = AlA T7kzle BEFe] aatoli} 2] 8 Fel Alzagle] el
7} birth-death =2 d~siefs wighctn sizb, 2oje] 7b§ s]&3k A4

Felg 7hzh ctx(tn, rixttnel iy shn Al AsIoiA 8] 8-& Db Yal, 2

oA Al T 7Rl o]

T T
R(TY = / r{x(w) du - f c(X(up)} du - D (1)
O 4]
o2 FEIE L o, rt) o] AErpEst OBl 2 ¥aeby o) rlc) ol

e} ElR(TY 7} & =5t

T T
EIR(1Y) = 7 ElrtXtw ]1du - f EleX(widu - D (2)

O (o]

2 7ol ®¥Y & rh

o
hry
LY
ai

Eﬂ°| o:“o—",{—}?l 7!!0‘ 8“ t‘%oi '774‘0‘ \.l—o‘- 710 \_].

ol >
& 2]
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Wz LBSE AT AST A BB Asst Hess ANFS
spobal Zlolm, el g Mol Zolch F vl FrWE, FUE

AU AU QAR Dedol Lol sloleh. ol & e o)

o
oxpel 3ae) Azg ol gstod thyE ¥ 4+ 3Uch

(H2] 4.1) X(0)=0 a.s.ol2, ¢& F7t &%, r& Hx shaat

sr o E[R(T) 15 T2 E2loj 1 gh5oict.

(33
L2 {X(t),tz0}% birth-death process o] E.Z X(0)=0 a.s. Hul
slelef,  Foizl 271 7hxjn (Ade] 3.1)& ME
T
{ACD) = f r(X(uyrdu, T=0}2 SICvispro| ,
0
1
{(B(T) = / c(X{u) du, T=01 SICX(tsp)d & & 4= ek,
0

abeba E[A(D |3 Z7b &2o) B &4olan, EIBD]F Frb WA
skaolnd whaba] 2 ELRCD J3= 22fol ¥ gdolr), [

17T

EIRCTY [ & %ltliﬂ Pie B s 2wl sbg EIRODY ]S 2lchid g
sto 2 wjaa 7rhers| 23 4 gloh, dix)=Erix) - o(x), x5 2 gL A

(2) 5 vz »m

T
E / d(Xiurddu

[#

E[R(TY} + D

T
= f Eldixtw) ]du
QO
T
=/ 3 deoP{X(u)=x}du
0
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alebal h(D=E[R(D] + D, pE nlZEZAN2] 27| FE(F px) = P{X(0)=
<)), PIOE 7P tollae] Hol3hesld (& P(t)iy = PX(D)=]j | X(0)=i})
2} sbud,  oe] ¥7)H-2 AFE%lod

T
hT) = f pT Plw d du (3

Q

h'eTy = pT P(D) ¢ (1)

Ame (42l PDE  Axrste FHol  #o] FEZE Yoon &

Shanthikumar(1989)2} 742} 8 o] -&%}od

h'(T) = v} = pT Px r, k=[AT] {5)

9} 7ro} Tab A4FE & 4 glek. oA7lA P = Yoon & Shanthikunar(1989)
off MAY uhijo) whet MYs| #sb E o AZIAME ZFol%) wpIIE A
ol gxrar arel Z7HE 7hd WPs] A st hesk EHEE HArAE Z}AY

f-gel )5 trel#h( internal uniformization ) 7I¥-& A}-&-5}od

P=1+ (1/A)R (6)

2 a]strh, ojuf 13 The|A, RS vpZEAQIe] generatoroil A

supi{-Rii} & Tr&Eslodo} 3t}
o) @ (5)% o]&sted v=0 o] ¥l g FHsiT (el 4. 1ol 2

s) #lrhdol Aoz sl Ach o] TAMHS AE F¥s] A s ol

2oaa) zohe) TAdskAl sl o, RabH) AE 3lsh A 22] He R
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otof sk azk 219 o|Ae|W AHEgHoz HEsicl (Yoon &
Shanthikumar(1989) #%t=). oju} h’e] TFRAMol| Zr{slod  sequential
searchg ste] Pyl ¢l A7 998 2vhAlR R sted AAtAFe] &84

2 59 F v o o]lF FAaAHo g rviepd otelle] g el g2} ot

<{Algorithm Searchl>

0. A% 220 HAZ F¥3| 2A AETH20 o4, chAAIzre A
of &A= E MAdstod MAN= [log2(A] & ¥t

Loi50,1,2,.. ., MAXE F7F217100 4 t=2i/4 ofl vhel (4)F ol g3t
of h'(0)F AsEI b (tvh 22 oxch A ZAAEE 18 aled
ubeb2 vt

2. ubel UB=0 o)l 2a)A t* = gUB/AE P wch, 18z
Qfomi 3v g 7hr},

9. i=pPBel gUB=1 4 | ) 2UBYR Zopalseda t=vi/iof Cfs)
() g olgstod h'tHE AMsEZ b (7h 2R orTh A g

1g  sbod i*epin Fouh A APE t* = (40 E e "o

(o¥)

{X(t), t:20; 2 Arell=-7F 5={1,2,3,4,5}F 7, generator

R= -5 5 0 0 0
1-6 5 0 0O
0 2-7 5 0
0O 0 3-8 5
0O 0 0 44

3V birth-death 2}*ole}lsr spzb, 27) BEE pl = (1 000 0y, rix) =

e~x, clx) = log(x) @b & wft D= <jefe] gh:

k = 219 <oaj #27d t =94/ 219 = 0.091796875
k= 212 2uaj 27 ot =378/ 212 = 0.091796875
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k = 218 ojuaj 2274 t = 3007 / 215 = 0.091766357

of 7| A k7t Fobgboll whel dghado| Frbsb Hg PAY 4 glch
ofal (r28l4.1)& Yul tof T k=210 7 F T v(t) T AL h’(t)2)

Mg Rod S oo h'e] 2 Fdads #HYY 4+ ok

h(t) 0.003
0.002 4 \\

0.001 - AN

-0.001

-0.002 4

-0.003 ™ T

0.0 0.1

39 4.1 (128
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