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ABSTRACT

A multi-echelon structure of manufacturing and distribution system
is considered, where the raw materials are transformed into a finished
good through a number fo manufacturing echelons and it is distributed to
the lower echelons (retailers, or customers).

The raw material, work-in-process, finished good inventory and the
distribution costs are unified into one model.

The objective is to determine the ordering policy of raw materials,
manufacturing lot size, the number of sub-batch and the distribution
policy of the finished good which minimize the annual total system cost.
A computer program for a heuristic search technique is developed, by

which a numerical example is examined.
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Introduction

This study considers an integrated manufacturing and distribution
system which unifies the three steps of process; raw material procure-
ment, manufacturing, and distribution process,into one model.

We assume that the raw materials are procured from the external
source by appropriate lots, and through a number of manufacturing
echelons these materials are transformed into finished good. During
the manufacturing operations the movement of sub-batches allows an overlap
between operations as Goyal [1] pointed out.

The work-in-process inventory starts to increase when the first
manufacturing operation begins and it starts to decrease when the last
nanufacturing operation begins.

The finished good is to satisfy the retailers demand by a distribu-
tion policy. Figure 1 provides a schematic diagram illustrating the

three steps of the system.

Raw Material Manufacturing Distribution

Procurement

Figure 1. Three steps of the system
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We are to develop a procedure for determining the raw material order
quantities, the manufacturing lot size, and distribution policy of the
finished good which minimizes the total system cost.

While a number of researchers have investigated the multi-echelon
structure of manufacturing and the inventory system using a variety of
techniques, the functional relationship among raw material procurement,
manufacturing and distribution has recieved relatively little attentions.

Goyal [l] developed an integrated inventory model which unifies the
inventory problem of raw materials and finsihed product for one-stage
production system. The system cost oonsists of ordering costs, set-up
cost, and inventory carrying costs. The objective is to determine the
optimal policies for procurement of raw materials and the optimal pro-
duction lot size. The solution method suggested is an approximation
technique based on an iterative search algorithm.

Szendrovits [7] presents a model for determing the manufacturing
cycle time and establishing the relationship among production lot sizes,
manufacturing cycle time, and the work-in-process inventory in a serial
milti-stage production system. In his model he assumes that a constant
and uniform lot size is manufactured through several operations, with
only one set—-up at each stage, and that transportation of sub-batches
allows an overlap between operations to reduce the manufacturing time.

The system cost is the sum of the fixed costs per lot and the
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inventory holding costs of both the work-in-process and finished good
inventory. The optimization technique employed is differential
calculus,

The model Goyal [i] does not incorporate in-process inventory and
distribution process in his model and Szendrovits [7] provides no
policies on the procurement of raw materials and also does not incorporate
the distribution process.

Most other recently publishedartkﬂesi2],[4],[6],60
not incorporate all the three functions; raw material procurement,
manufacturing, and distribution functions.

Thus, in this research we consider a model incorporating all the
three functions and develop a solution algorithm. Figure 2 provides

a schematic diagram illustrating an integrated model.

The Mathematical Model

The following assumptions are made in this study:
1. Demand rate for finished good is uniform and constant over time.
2. The inventory cost (ordering, holding) for raw material, work-
in-process and finished good are known and constant over time.
3. Lead times for both procuring the raw material and finished
good in distribution are zero.
4. No shortage of raw materials or the finsihed product is allowed.

5. For the distribution process, the singe cycle policy [5] is
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Figure 2, An Integrated manufacturing and
Distribution Model
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adopted.

6. The manufacturing rate is larger than demand rate of finished

good.

The notations adopted are;
Raw Material Procurement
Cih + Stock holding cost per unit per year for the raw material
h type i.
Sih: cost of placing a purchase order of raw material h type 1i.

Tih: purchase cycle of orders of raw material h type i.

Manufacturing process

3 : manufacturing echelon. j=l,..., J.,

b : number of sub-batches of manufacturing lot ,

Tm : manufacturing cycle (Time between successive manufacturing) ,
T : s5cheduling cycle ,

d : requirement per work day,

p : manufacturing output per work day,

S : a manufacturing set-up cost,
s : a set-up cost for sub-batch,

t. : processing time for jth manufacturing operation,

w : work day per year .

y ¢ number of minutes available for manufacturing per work day -
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Distribution process
N ¢ total number of retailers,

rﬂ/di : replenishment rate/ demand rate at retailer Z,

np ¢ number of set-up at retailer £ during a manufacturing
cycle

Sy : a set-up cost at retailer {,

hg : stock holding per unit per year at retailer —f.

(1) Cost of carrying finished good Inventory
The manufacturing rate for finished good depends on the processing
time at the last manufacturing echelon, El- unit per minute.  Thus

the average carrying cost is given by [See Figure 3_]

%CJQ(l—dtJ/Y) “ e e (1)

(ii) Carrying cost of Work-in-process Inventory
The work-in-process inventory incurs from the start of the first
manufacturing operation to (J—l)St operation.

Szendrovits[ 7 ] gives a general form of manufacturing cycle (Tm) as

(A
~—

T E‘. +t + (b-1) . I.{. . . .
n Z & - ) 1 <
where ;D is defined to be zero,

Olif tjgt

and I. =

-1
3 J

1 )otherwise
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Inventory Level
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Fig ure 3. Inventory Level of Finished Good and
Work—-in-Process

It can be easily extended to the case of jth echelon case as

o[
T. ==|t. + t. + (b-1 t. + (L. - t.) I.
J bl I+l (b=1) <J (]"‘l J) Jﬂ (3)
where I = Or 1t byt

1, otherwise,

i=1, ..., J-1

.

The amount of work-in-process inventory for jth manufacturing echelon is

given by
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1
= . = Qt. )l T, - . + . - T.
2 C(TJ 0 J+l)/ tj) <J Qe * 08 J)

1 . -
+ 5 <(Tj - Qtl)/t2> <I‘J - Qt:j + Qtj + Qtj+l Tj)

- - 02 _
= QTj Q (tj + tj+l)/2 (3-1)

the average

k-in- = a{r, - o, + t. 2}
work-in-process { 5 o] : j+l)/ /Y

inventory in jth echelon

Thus, the annual work-in-process inventory cost for all echelons

of the manufacturing is given by deviding eq. (3-1) by Qy/d as

J-1
. .= Q(t. t. 4
% Cy ATy~ Qley + £5,0)/2)/y ()

(1ii) Cost of carrying and ordering of raw material inventories
For simplicity , we assumed all J types of raw materials to be
analysed, i.e. the ith raw materials are used only for the jth manu-

facturing echelon. Thus there are m, kinds of raw materials used in

manufacturing echelon i.

Thus, | the requirement amount of = Kih' Q,
raw material h, type i
cover period = Kih Q - % minutes (see Figure 4).

As 1n Figure 4, there are Kih triangle sub-areas and Kih . (Kih—l)/z

quadrangle sub-areas under the raw material h, type i curve.
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The total area under the curve is given by

’

2
1.2, 1 2y
Kih3 @ 'ty + 5 Ky (K-l =5

and (Average amount of raw material inventory)

= 1 1 T Qv
Eih 5 Qt + 5 KKy = 1) }/(thd

- 1)

Thus the raw material inventory cost for all h, and i is given as

g M at,
b 3Cin Q5+ Ky - 1) (5)
1=1 h=1
The annual ordering cost is given by
S (5-1)
Kin2
(iv) Annual Set-up Cost
w d

The number of manufacturing lots in a year is 3

Thus, the total cost of set-up for manufacturing lots and the sub~

batches per year is given by

(v} Annual Costs for Distribution Echelons

When single cycle policy (nl,..., nN) [5] is used, the annual
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inventory and transportation costs for retailer j are given as:

d'w-né
annual set-up cost = g . S@
de'rﬂ 'tg‘
annual carrying cost = — (1 - dg/rf) . hf

transportation cost = tfdﬂct{

_Q .
d-w-ne dqctg

Thus, in the distribution process, the total annual cost

dW'I‘lgSIQ 1 de

N
=7 = - B . apc,) (7
T TTo T TEe Ry G-y )

By equations (1) -~ (7), the total cost function is given

FQ/b/kyymy: 121,000, 0 ¢ b=l e, m; J=1,...N)
-1,
= ds+b + 3.0 (1dt. + C.» =+ 4T, t.+t. 2
(wdstbs)/Q + 0 (1=t y/y) + 2 Cye o | u0(esrey ) /2]

m 3=1
J_ >—_l dt,
£ 575 ds wd/k, Q +iC, Q=+ K., - 1)}
o= { ih ih ih Y ih
danSQ de

dwng

N
+ 2.7 Q@
=1

tof

(1 - dp/5g )by + aw_%' 3 -C (8)

%

where Tj is defined in equation (3)

- 0, 1if tj>tj+l

] 1, otherwise
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By substituting Tj in equation (8) and rearranging, the total

cost function yields

F(Q’b’Kih’n[; i=1,...,d, h=l,...,mi, =1,...,N)

dt., J-1 —t.,
1 d_J J+l
= (w.d. S+ wd. + . +) C.= +t., =t )I.
J g% 1 at, =
+ =C.,. (——~-1) + = C.—(t. - (t. . -t)I.
§lh=l 2 1h(y ) bj=Zl jy( 3+l (j+l ]) j)}
O 1
+r§‘2; SipW d/(Q°Ky ) +5Cﬁ3ﬂfQ}
i=]1 h=1
N  aws N { d h,d
+ 2 +Qﬁ{nd{zw (hy - erg +Ct)}
1=1 0=1\"Y 1 4
Let, G = wd-s,
D = wed-s,
1 d_tl JoLog bty
R= =C.(1~ + T C.= t. —t.)I.
25 1- =5 ‘j%il_jy(i—l—z (t5477E5) 1)
+ =C,, (—= -1,
I
-1
7 = - Ciy (B - (4 - ENY
Gih=w'd Sipe 441 and h,
=1
Bih =5 Cipr
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d-w-sg,

Kl

*? de
% = 3w (hf - tL) !

then, the system cost function is given as

g™ Glb
F(Q, by Ky 1) = (G+Db)/Q+Q(R+—Z) * Z 2 (5 T By )

i=1h=1 1h

™ 0
+Z (AF——+B 8)

Since the manufacturing Cycle time, Tm’ must not exceed the

scheduling time, T,

T+ A QLT (9)

where p| is additional delay factor,

J-1
= Qy/d, and T = ?_:i (T; - Qti+l)

By substituting T and Tm into equation (9), b is given as

5 J=-1
—-— - z _ _
i j=zl{tj+l 50 tj)Ijg /{ g = (Xt +j%—I(tjﬂ &) Ij)j

Since b is an integer greater than or equal to one,

z(B]
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Thus, our problem is

Min F(Q, B, Ky, nji i=l,...,d, b=l m, Z=1,...,N)

J m

= (G+Db)/Q + QR + 1/b-Z) + 5 Z (ﬂ+B

-Q..)
iip1 Qp 2 Bhih

g
+ Z(Aﬁ——+Bﬂ ny

ST. Q) = K@, -# i,h

Solution Algorithm

The objective function, F(Q, b, Kih,ry) is a non-linear polynomial
with second degree of cross product terms, where Q is continuwous, and
the other decision variables are integers. Thus the problem is a non-
linear integer program. The function F(+) is convex over Q, b, Qih and
??. Unfortunately the optimal decision variable is represented as the
function of the other decision variables, thus it cannot be obtained
without prior knowledge of the others.

Thus, as in Hadley [3] and Goyal [1] , we adopt a heuristic method

to solve the problem as follow;
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Step 1. Set initial values as;

b=1

1]

Kin

L ¥ i, hi=1,2,5 h=l,..., m,
ng =1,% £=1,...8

and set n=1

(n)

Step 2. Obtain nth iteration values and let Q = Q such as

m,
J 1
= = F .
ZWd{.S + bs + & h=l(Sih/Kih)+ = n? S[
Cj —dtj/y) +M1+M2 +M3
g 31 ta-ts
where, Ml = -§;§Ei.cji b( 3+1 (tJ+l tJ)IJ) + —J—EJ——-+ (tj+l—tj)IjS,
J my
M, = Z:%—{Cm(&ﬁﬁ’+Km —1{},
i=1h=1
ﬁ% R 1
M, = (1L /r, )h +—.—dC '
3 =i mn? (1dy /1 2 " dw ny 2 tQ:S
0, if t. . t.
and I. = 3=+
] 1, otherwise

Step 3. Obtain the value of

b= b
- (n)
Kin = Ksp@ )
- (n)
“g nf Q")

(n)

where b(Q" ™), kih(Q(n)) and QQ(Q(n)) are determined as following;
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J-1

> C5{tn e 5)
M) _ o gL
3b ! o Wey*S

b=[$2)([] [b']+1), [B]]

where, F(b) = F(only with b terms)

(1)

J-1
wdsb . QO d
= + =
Q b %{Cj y( j+1 (tj+l tj)I E
i 2F(Kih) s . 1 2wdsih
, _ =
2th itho Q Cih

(n) Min +
Ry = K @) [F(Kih) ([Kiho} ,[KihO] + 1) {]

J m
3 i{ wd Sy AR;p-Q) + €0 Kih/%’

where, F(K. ) =
* " Tih T =1

1

 3F(n) 1 (1% 9 dy
(1ii) EYN =0 , Mo = 9 awSQ{ldw(l Wt a g}

€ Q(Q( )) E“(n) EHQO] [nﬂﬂ +1) , 1]

dwnﬁ dﬂQ dy Qd
1 Lxx Gt =t
where, F(nﬂ) =3 Sﬂ + > dwnf (1 rg)hf + dwnz Ct(’_

Step 4. Stopping Rule

The search procedure terminates in nth iteration

if, b @™y = ™D,

(n), _ (n-1) .
Kih(Q ) =K, (Q ), ¥ i, h

(n)

ih
n[(Q )=n£(Q ’ V[

otherwise, set n = n + 1 and go to Step 2.
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Numerical Example

Following example problem with 5 manufacturing echelonsand 5 retailers

is examined by a computer program coded after above heuristic algorithm.

Example problem:

production echelon 1, 2, 3, 4 5
unit processing time 6.7 , 1,10 , 0.6 , 1.2 ., 0.6
carrying cost $/unit-year .10 , 0.15 , 0.30 , 0.29 , 0.4
No. of raw material 2, 2 , 2 , 1 ;3

required at echelon

w = 250 work days/year

y = 480 minutes/work day
d = 200 units/work day
N = 0.4 minutes/unit

S = $300 per set-up

s = $20 per sub-batch

Unit cost of carrying raw materials/s/unit/year,

Cll = 0.05 , C12 =0.07 | C21 = 0.02 , C22 = 0.01
C31 = 0.09 C32 = 0.03 , C41 = 0.01 , C5l = 0.02
C52 = 0.15 , C53 = 0.09
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Cost of ordering of raw

Sll = 32.0
S31 = 30.0
852 = 6.0

Various unit costs of retailers

Retailer
No.

The solution of above example problem is represented in table 1.

demand
rate

7,000.00
5,000,00
15,000.00
3,000.00

1,000.00

v

= 47.0
832 = 39.0
S53 = 6.0

Replenishment Carrying cost
S/unit/year

rate

11,000.00

9,0060,00
20,000.00
5,000.00

19,000.00

material, S/order

S,; = 6.0

21

S,; = 47.0

41

10.00

20.00

50.00

15.00

90.00

240

= 25

cost
S/order

100.00
50.00
20.00
10.00

120.00

= 40.0

Ordering Transportation

cost
S/unit

15.00
20.00

6.00
30.00

20.00



MANUFACTURING TOTAL CONSUMPTION MANUFACTURING

LOT SIZE  COST IN ¢ CYCLE IN DAYS  CYCLE IN DAYS
19456, 00 40445.83 98, 2& 80.99
COST OF FHASE1= 8726.73
COST OF FHASEZ=  Z171%9.06
MATERIAL ORDERING GQUANTITY IN UNITS
#RAW MATERIAL NUMBERs
ECHELON 1 2 <
1 19656.00  19654.00
2 19656.00  19656.00
3 19656.00  19656.00
4 19656.00
S 19656.00  19656.00  19656.00
NUMBER OF CONSUMPTION CYCLES
BETWEEN SUCCESSIVE RAW MATERIAL ORDERS
ECHELON 1 2 =
1 1 1
= 1 1
5 1 1
4 1
5 i 1 1
NUMBER OF ORDER-CYCLE OF RETAILER J
BETWEEN SUCCESIVE FRODUCTION SET-UP
RETAILER NUMEER OF  CYCLE TIME  NUMEER OF
ORDERS OF RETAILER J ORDER QUANTITY
RET. 1 13 7.560 211, 680
RET. 2 19 5.173 1032, 453
RET. = a8 2. 536 155,179
RET. 4 39 2. 520 30. 240
RET. S 23 4.273 170. 922

Table 1. Results of Example Problem.
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To compare the above result with that of other methods, a number

of results of the same example problem are represented in Table 2.

Method Economic Lot Size Remarks
Classical BOQ 10,000.00 Only one -echelon manufacturing
Model process is considered without both

raw material and in-process inventory

Goyal's Method [ 7] 10,000.12 Raw material and finished good
inventory are considered but not

in-process inventory

Szendrovits' 7,216.29 Multi-echelon manufacturing with
Model {77 both in-rpocess and finished good

inventory is considered

Proposed Integrated 19,656.00 The raw material procurement, Multi-
Model echelon manufacturing, and two-echelon
distribution process of finished good

are unified into one model

Table 2. Comparison of Lot Size by Various Methods

As iIn Table 2, the first three models result in similar lot sizes, where
only manufacturing process (one-echelon or multi~echelon) is considered,

but our proposed integrated model results in significant lot size compared
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with others as expected. This result is mainly due to the fact

that milti-echolon manufacturing and distribution process are incorporated

into a model.

Conclusional Remark

The model suggested in this paper is well fitted to an integrated
manufacturing and distribution system where the operation is multi-echelon
structure. There is well known conflict of interacting interests among
procurement of raw materials, multi-echelon manufacturing and distribution
policy of finished good.

This paper has illustrated the optimal manufacturing lot size, affected
by the inventory costs of raw materials, in-process and finsihed good in
both manufacturing and distribution process.

A mathematical model for a single product has been formulated, and a
heuristic solution algorithm of this model is developed.

This model may be extended to incorporate a probabilistic demand for

finished good, although it would be much more complicated.
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