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Abstract:

A new method called random sampling meihod has been proposed

for generation of binary random sequences. In this paper, a new concept, called

merit factor £'n, is proposed for evaluating the randomness of the binary random

sequences generated by the random sampling method. Using this merit factor

F'n, some desirable conditions are investigated for uniform random nombers used

in the random sampling method.

1. Introduction

Binary random sequences are widely used
as the modulation codes for continuous wave
radar or spread-spectrum communication sys-
tem. For generation of the binary random se-
quences a new method was proposed by the
authors [1,2,3].
dom sampling method and the binary random

This method 1s called ran-

sequences are generated by use of successive
k-tuples of an arbitrary binary sequence and
uniform random numbers. The optimum con-
ditions for obtaining ideal binary random se-
quences having good random properties were
introduced [4]. The first condition is to choose
the tuple length to be equal to the period of
the original binary sequence, and the second
condition is to use the Linary sequence which
includes 1's and 0’s equally in a period.

As for the conditions for the uniform random
numbers, it is only pointed out that each ele-
ment of the uniform random number sequence
must be independent [1].[2). However, it is dif-
ficult, in general, to generate artificially uni-
form random numbers which are truly inde-
pendent each other.

In this paper, a new concept is proposed for
the evaluation of the randomness of the binary
random sequence. And using this concept, the
authors show desirable conditions for uniform
random numbers used in the random sampling
method.

2. Evaluation of randomness of binary
random sequence

Let us briefly review the random sampling
method and the merit factor I'r proposed in
reference [4]. Let {a} denote an arbitrary bi-
nary sequence and N be the period of {a;}

{a;y = ag,ay. - -,an v (e, =0o0rl)

The random sampling method is as follows.
\

First, successive k-tuples ag, (1 = 0,1,---) are
generated as

A = { Qs Qs b1 " Qkask1)

Using a random number X, (7 = 0,1,--+},
which is distributed uniformly between 0 and

(e X]+1
He- X denotes the naxinum integer less than
b X, Let {r;} be the binary random se-
quence generated by this method, {r;} can he

}-th bit of ag; is chosen. Here,

expressed as

{r} = kX Chr ke Xipp """ Tk kX070

Autocorrelation function {(ACFE) of the se-
quence {r,} is defined [5] as,

Titr

¢rr(’r) -7 Z( 1) '(—1)

i=0
and the expected values of the ACF (EACK)
of the sequence {r;}is given as eqn. (1) [1].{2}.
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When the tuple length k is equal to the pe-
riod IV of the original binary sequence,

ANi+; = A5y AN(i+r)4+! = O7
Substituting these equations into eqn. (1), the
EACF of the binary random sequence {r;} is

given by next equation.

Blbn() = i £ & 2 (1)
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Here, ¢( is the number of 1’s in a

(2)

a period of the
original binary sequence and ¢g is that of (’s.
For the evaluation of the randomness of the
hinary random sequence, the authors proposed
a new concept based on the EACF of the bi-
nary random sequence [4].  This concept is
called merit factor Frr which is defined by the
next equation.
1
NP O F

when the binary random se-

= 5 ‘_‘

eqn.(3),
quence {r;} has good randomness, EACF of
{r.} is almost equal to 0, then the merit fac-
While,
pary random sequence is not a good random
So,
can be
t factor Fr. If the orig-
inal binary sequence {g,} includes 1’s and 0's
equally in a period, substitution of ¢; = ¢ into
eqn.(2) yields

From

tor Fr takes large value. when the bi-
sequence, the merit factor becomes small.
the randomness of the sequence {r;}
evaluated by the merit

Elp,(m)] =0
Consequently, the merit factor Fr becomes
Fr=o

and the binary random sequence {r;} shows
the most randomness.

In this paper, another new concept is pro-
posed for the evaluation of the randomness of
the binary random sequence. First, another
binary sequence {¢;} is derived from the bi-
nary random sequence {r;}. The i-th element
of {¢;} is defined as
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Here, exclusive-OR operation.
When a run continues in the sequence {ri},
r; is equal to i1, meaning ¢, is equal to 0. At
the end of the run, »; is not equal to ri |, so
¢i is equal to 1. It is considered that the ran-
domess of runs of the binary random sequence
{ri} influences the randomness of binary se-
quence {g;}.
ACF of {q,} is also defined as

bu) =1 S (0" 0™ )

Taking expectation of both sides of eqn.(5),
EACF of {¢;} is given as

El¢g(r)) = E[%

& denotes

Qit+r

fg‘:(—w‘"' (-1

Qitr
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When the tuple length £ is equal to the period
of the original binary sequence N, EACF of
the sequence {g;} is given

Elpg(7)] = (-—*" 2y (6)

Here, ¢; is also the number of 1’s in a period
of the original sequence and ¢q is that of ('s
From eqgn. (6), if ¢; is equal ta ¢y, the EACF
of {¢;} becomes

E[¢qq(7)] =0

By use of EACF of {4}, a new concept is
derived for evaluating the randomness of the
binary random sequence. Using EACF of the
sequence {¢;} instead of that of {r;}, another
merit factor Fn is defined by the next equa-

tion.
1

25 (Elpgy(7)])?

When the binary random sequence {r;} has

Fn= (7)

good randomuess, the binary random sequence
{g:} also becomes a good random sequence.
Consequently, the merit factor Fr and Fn
both take large values.



3. Computer simulation

In this section, in order to show the desir-
able conditions for the uniform random num-
ber (URN) sequence used in the random sam-
pling method, binary random sequences are
generated by the random sampling method us-
ing various URN sequences. The randomness
of the generated binary random sequence is
evaluated by the merit factor Fr and Fn.

In this paper URN sequences generated by
3 methods are used. The recurrence equations
are shown in Table 1. Here, {X;} is a URN se-
quence. {U;} is an integer sequence and {Z;}
is a real number sequence. In method A, URN
is generated by a high-order M-sequence [6].
Method B is called Uniform Random Numera-
tor [7] and method C is called Chebyshev mix-
ing method [8]. Some statistical tests are ap-
plied to these uniform random numbers and
the results are shown in Table 2. The numbers
in Table 2 represent the rejected rate among
Kolmogorov-Smirnov  test {K-S test) [9] re-

peated 500 times. In this case, the significance
level is 5%, so if the URN sequence has good
randomness, the numbers in Table 2 are near
to 5. From this point of view, URN gener-
ated by method A has good ramdonness. URN
generated by method B distributes uniformly
in one-dimensional space, but the distributions
in a high-dimensional space are not uniform.
URN generated by method C does not dis-
tribute uniformly even in one-dimensional
space.

In this paper, an n-the degree de Bruijn se-
quence is used as the original binary sequence
{a;}. Ann-th degree de Bruijn sequnece is gen-
erated by adding one 0 to the longest run of 0's
in a period of an n-th degree M-sequence [10].
Then, the period of the de Bruijn sequence is
given as

N=2"
The number of 1’s in a period of the de Bruijn
sequence and that of 0’s become

Table 1 Methods of generating uniform random numbers

Method : Recurrence equation
A U=UiwdUiw®UindUg
L Xi= U2t
. i S
B g [ Ui # Uia + Ui 1357 (Upy <5 x 107)
O T VUi A Ui+ Ui (Ui > 5% 107)
|
- Ui=Uimod 10°
X,’ = U,/105
C | Zi=72,-2 (-2<Zy<2)
- Xi=cos (Zi[2)/x
Table 2 Results of K-§ test
K ‘ ! 1 T 1 f
R ‘ . :l’(‘ b‘ Run : Run |
Test | Fre- 1 Serial | Serl; ‘o:x‘x i- ' (Above/ ‘ (Up/  Poker
{X;} | quency | (2nd) | (3rd) ~ nation Below) | Down)
AT 53 46 60 | 66 . 56 | 62 492
B 62 | 328 44 | 64 | 1000 : 100.0 | 100.0
C . 88.0 l 100.0 | 100.0 | 100.0 5.4 l 100.0 - 100.0
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Therefeore, if the URN used in the random
sampling method has good randomness, the
theoretical values of the merit factor Fr and
Fn become inifinite.

Computer simulations are carried out using
URN sequences and de Bruijn sequences. The
results are shown in Figs. 1,2,3. In these fig-
ures the merit factor F'r and Fn are calcu-
lated from the ensemble averaged ACE of the
sequnece {r;} and {¢;}. The averaging number
is 50,000 and the maximum delay L is equal
to 64. In ¥ig.1, the URN sequence generated
by method A, which has good randomness, is
used. It is shown that the merit factor F'r and
Fn take large values and the binary random
sequences have good random properties.
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Fig. 1 Merit factor Fr and Fn vs. degree
of de Bruijn sequence when URN is
generated by method A

URN sequences used in Fig. 2 and Fig.3
are generated by method B and method C, re-
spectively. In Fig.2 , the lower the degree of
the de Bruiin sequence, the smaller the merit
fctor Fn. On the other hand, in Fig.3 when
the degree of the de Bruijn sequence is small,
the merit factor F'r and F'n takes large value.
From Table 2, the URN generated by method
C shows good ramdom property only in the
run( Above/Below) test. While result of the
run( Above/Below) test of the URN generated
by method B is bad. So, it is considered that
the result of the run( Above/Below) test affects
the randomness of the binary random sequnece
generated by the random sampling method. In
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Fig. 2 Merit factor Fr and F'n vs. degree
of de Bruijn sequence when URN is
generated by method B

1% |
¢ Fr
4
10
2 Fnp
18°
187
18’}
10" M
2 3 4 S5 6 7 8
4]

Fig. 3 Merit factor Fr and F'n vs. degree
of de Bruijn sequence when URN is
generated by method C

order to verify that this hypothesis is correct,
a computer simulation is carried out. First,
URN sequences which show various random-
ness in the run(Above/Below) test are gener-
ated and the K[y, values are obtained from K-
§ test. Then, using these URN sequences, the
binary random sequences are generated by the
random sampling method and the merit fac-
tor F'n are calculated. The relation between
K o values and the merit factor F'n is shown in
Fig.4. It is obvious that the smaller K4, value,
the larger the merit factor Fn. When the de-
gree n of the de Bruijn sequence is greater than
5, the merit factor F'n take large values in all
cases.

From the results of the computer simulation,
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Fig. 4 Merit factor Fin vs. K g value

the conditions for generating binary good bi-
nary random sequernce by the random sampling
method are as follows.

1

.If URN wused in the random sampling
method has good randomness, binary ran-
dom sequence having good randomness

can be generated from an arbitrary binary

sequence.

. When the distribution of URN are not uni-
form in high-dimentional space, the degree
of the de Bruijn sequence must be high.

. When URN does not distribute uniformly
even in one-dimensional space, good bi-
nary random sequence can not obtained
by the random sampling method. How-
ever, if the URN shows good randomness
in run(Above/Below) test and the low de-
gree de Bruijn sequence is used, the gener-
ated binary random sequence shows good
randomness.

4. Conclusion

A new concept, called merit factor F'n, is

proposed for evaluating the randomness of bi-
nary random properties. The merit factor F'n
is defined using the expected values of the au-
tocorrelation function of the binary random se-
quence. Using the merit factor F'n, the ran-
domness of the binary random sequences gen-
erated by the random sampling method is eval-
uated. And it is shown that the unifrom ran-
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do

m numbers used in the random sampling

method must distribute uniformly in high-
dimesnionnal space.
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