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0. Abstract

In this paper we present a method of reducing
controller desigr problem from LQG/LTR approach to
Hxr optimization, The condition of the existance of
the

derive the

optimal solution is derived. In order to

contral ler
LIR

equation for NMP plant we

reduce the Ha problem to Nehari’s extension

problem and derive the optimal controller equation

vhich is best approximation for this problem.

Furthermore, we shov that the controller obtained

by presented method guarantee the asymptotic LTR
condition and stability of closed loop systen.
1. Introduction

The Linear Quadratic Regulator(LOUR) of Anderson

and Moore 11 and Kwakernaak and Sivanl2) is a

straight foward state feedback design approach

which results in a siuple controller consisting of
a state feedback gain., The best kaown example of

formwal mathematical synthesis iws

the LQG optimal
control problem. This problem formalize a specific
dersign the

feedbark

cituation, namely constriction  of

compensators for finite-dimensional
lincar time invariant plant models with stability
disturbance as

LG

and  performance under additive

design objectives, However, the Jesign  may

have poor loop preperties, i.e., lovw stability
margin(robustness) st the plant input and/or
outputi3.6.111,

The loop transfer recovery(LTR) method was

developed by Doyle and Steint4:5) to improve the

robustness of LQG regulators., In their work, they

address the the state

of the

problem of finding steady

observer gain which assures the recovery

transfer function full state

feedback, This

foop resulting

method is successfully applied to

the minimum phase plant. But when the plant have

847

right half plane zeros exact not

for

zerosl6l,

recovery ic

possible and is required some restriction;

loop transfer recovery due to the RHP

Stein and Athan suggest that the plant with RHD

zeros  has it’s  approximation obtained by
pp

nuitiplving the finite Biaske product and LTR can
be obtained by using the approximated plant. Since
their method for MIM3 case is no more \alied
becanse ve capnot select the finite NBlaske product
into SISO

for MIMO plant vhich caanot subdivide

form. Also Ly using approximated plant, LTR error
In 1829,

and Tay'"! presentod the Hy LTR ontroller schems

is always exist for some frequency. Moor

and its design algor thw vhich can cbtain the
the

LR

by obtaining sensitivity recovbery., For the

plant with single RHP zern, the NMP condition ‘s

replaced by MP system pre-(or post-) muitiplying

the frequency valued scalar jarameter and the
selution of Ha mianiwization can be c¢btained. This
wethod also valied on the plant with single RHD

zero and 3ISO plant only,
In this paper we precent Yhe I LTR for “MP plant
hased an Mehari’s extension problem and shov that
the stability and Hxa LTR condition are satisficd.
in order to obtain the optimal soluticn ve derive
of LTR error,
the Hv LTR

the

bounded value present a method of

reducing frow problem to o Neharits

extension  problem and reconstrusting  the

target loop and derive the optimal solution in Hy
matrix form. Finally, we show that the contraller
suggesled in this paper guarantee the optimality,

stability and satisfy the Hx LTR condition.

I Matbematical prelininary

1) Notations

In this section we precent some notations which
¥



are used over the paper.

Ryx real-rational,stricily proper  transfer

matrices functions which have no pol

RHx

on Je—e K

Soproper tran fer matrices function which s

stable.

e dix = sup {1 M2 }

Go ¢ outer factor matris of G

G *inner factor matrix of u

X7k left inverse of X

X"R ¢t right inverse of X

I ¢ Hankel operator

Lo, L ohservability ard contrallability

gramians

2). Inverse

Conzider the transfer function G(s) denited hy

(A B
Ges) = | |
LoDy

the inverse of Gz can be

following method

1. D is not singular

[ A - RDtC Bh-t )
G-t :[ | ——(1)
Y }
2D i singilar wit i o lem nt
[ 4 AFF 1
GTlWey = F 5o+ !
[ - Fua - FCARE

vhere F = ( OB -t ——— 2

3y Inner-outer factorization and its proportics

in this = tion we  present  the  inner—outer

factorization of anw Rhe matric vhih bave one or

wor- right plan seros. The inner metris o defined
43 a matris in RH- vihich fv

Gi* Gy o= 1
vhere Gi¥oin ocomples conjugate d pase o G

Hne useful property of inner matri. i that

RHY matrix preserves its nors snd fnoer prodot b

pre={or posr=) wmultipling incer wairi 4, @t r

matrix used in this paper is cuter matriv G, vhich

can be defined as a matris that have full row or

column rank for all frequency. The cubler watri=
has a hav

property that its inverse

RHP. By

na poles in

definitions of innar and suter functiom

matrix, we can derive  the  inner end  outer

factorization for

The

any transfer matri. in BHx(71,

state space formulas for inrer-outer

factorization has been developed by Dovle vhen the
full

all frequency. This result is extended by Chen and

given transfer matrix has columnm rark for

obtaired by one of
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francis vhen the given transfer matris G has fuld

row rank foe

O - @ - ., In 1989,
funct os

full

“harg and

Frevdenberg suggest that the which are

altoeed  to have then rank on  the

extended imaginary axis or to have the state spa e

realization  of D=0 case.  This  results  are
summarise in the folloving lemma.

femma. ‘1. Fuvery RHx matrices have unique 1-0
factorizat ion, 200 Anv BRH: matris preserve its
noru and  inner product by re~{ ot post-)
multipling inner matrix, . Any outer matrix
vhich is proper hag left or right
inverse in Rilv. 4. Any outer wastris chich is
strictly vroper has left or right inverse as the

form of 5 + REs matrix.

Simoe the axioms given in thais lemwa ar: obvious,

ve omibe prowts, The asiow - oaand 4 can be

prooved by aoing the e piat jons given in v lion .

P45 Nehari problen

Let us cdeffine the distance from Ly malrix R to

any matrix ¥ in ilv be

disttR,X) = min { §8-N1v: X' Ho}

states thet

theoren

from a unstably matyis

it Hankal

e

wothe Lo

norm Gl operator vhich
Hanke 1

sperator for unstable matric R be Di. Then T elx

maps o Iy matriz to He matriv., lLet the

is a lover bound for the

distance from R to Hy,

malrix X fo a
T el

to R ONow

Theoren 2. There elists a closet He

giver Li-matrix I, and

LR -xi=

Geperslly, ther s many N's nearest the

preobien bo finding Y which s from e van

apart

b solved by definins the followving ohseprcability
gramian to ond contrellability gramian Lo for
ctate space prealizatior of R,
Y Pe
R=1 |
L Cr Dr |}
Ther  the controllability gramian Ie and the

observability gramian Lo satisfying the following

Lvapunov equat ions,
Avle + LeAeT = BeBeT =0 A -8
ArTho + LoAr = CeTCe = O S N

The:

of Toletl,

uf Hankel
Thus

La-norm aperator equals to Lo-norm

the shortest distance from La

matrin I to any He matris |y, i3



Y= maxt AilLel )}t 2

Let @ be the correspording rigenvectors of b, 3)

and define (s} and g5 be
[ Ag w ) [ -AgT \"1los )
fisi= | I et = | |
L Ce 01, L BT 0

Then the best approximation of R is X=R-A f/g and
the state space formulars for R-X /g bhecones
F-Af'g

[ 3 Pg ) [ A Yo ) -4&7 AT Low 17t
= | | -t I |
L g O ! | Ce oJt BT 0 J
vhere
M = (BT -1Lpw:~!
Aa = (1 = BiMBPT) AT
Ba = =AgiTt'LooM
Ca = MBTALT
Da = MBTAL-18;M
e e e — ‘€)
By simple algebric wmanipulation and removing
unobservable and/or  uncentrollable  modes  the
Eq.(6), then
R-Af/g
{ -[I + x"tLow(BTLow) ~!BT]AgT ~AgLow(BTLow) !
ll - Cg ~AuCg
————=(7)

Now we review the multivarible case solution of

X which are nearest to Lo matricz R, let us define

the following matrices.

A -Lacm)
Lyis) = | f
L« 1)
(A NTE )
o) = | |
¢ J
( —A\T yoT ]
Iatsy = | ]
L -n7 o )
( =AT NLob )
Lits: = | |
LBt T
Select Y oin BHy with ) vl 0 1 then X is
X = R = (Lyy-Lst Lav+l 0t ———-1( 81
TIT. Hx LTR

{1} Hv LTR problem

A Hx QG controller structure is shown in Fig. 1.

A K(s) +b

G(s)

figure.1 Hx LQG structure
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he Hy Toop transfer recove ey

S0 =

error io

Kool - KOG e

vhere © = gl - A1
Copripe factorization For plant G and general LOG

wontrolier K is given by

G = NM-t (op =
F =1Vt (op =700 =10
vhere
[MUT TA+BR I af]
| =1 Xe 1o
LNV ] Lc+«Dhke D [ |
or
[ TA+K T —B+ Kf Iy KED
| | =| ki [ [
R B -1 I
Substitude the Egq. (10} into (9), we can obtals
0 as
0 =2 1T =M = UT + @ V-iny-t - il
Then the Hx LTR peoblem is to find @ <2 RH. such

that the Hi-norw of 8¢ small =5 possible as e
can. This Hv LQG/LTR prodlem can be reduced th
well known Hy model-matching problemn by defining

matrices T and P oas follovs,

[ Ty Tio ) {1 -¥ G
T =] | =1 !
U Tay T2z ) Lov=tay-t 0
. i1
(M -1  FKup=tr )
P |
L ov-iaM-t M-t i
[
The reduced model matching problem 15 find
Rilv vhich minimize the transfor matsio (7

Ti2WT2r)

min | Ty = Toclizy |- AR
Q& RHx
For the cese of winum phase plant,i.e, T2 is

full rark for all s3>0 direct caleoulstiomn of Q o

intarpolation is pocsible. But for the nen-minieus

yhase case,i.e, T2y is not Full rark for some s-C,

there is no @ in RHx vhich nininize the Hi-norm of

loop tyransfer recovery error. “his is due to the

fact that the sufficient condition for e istonce
of @ in Ry for model matching problem is that rhe
rank nf Tiz and Tzy are full for all s>0,181

(21, Problem formutation for Hv LEG LTR  for

noncinimum phase plant
In this section ve present

Yy LQG/LTR with NMP

a problem for solving

plant, Since My TQGILTR
problem has no solution for the of NMP plant w»

must approximate to select the controller., The H



mal o

63

LQG/LTR error ® is nzed in this approx

in vhich the plant model is directly cmployed, The

sufficient condition for existance of thic optinal
full for all 5 >0
\‘hlr,h“impl ieg that U a
RHP

VoML

problem is U or VTIRMTT g reink
L]

VoMU han

including v,

no zeros in ircluding at origin and infinity

), However, or U bas zeros at ¢ or o,

The Hx 1QG/LTR problem can be pestate as find 4 <

R+ which minimize the Hy loop rrinsfer recovery

error &0 with constraint that Kiwr siahilize Gtsy,

By Eq.(2) in Hx LQG/LIR prodblem the loop transfer

recovery error £3 can be denoted hy

&a= C KeoB - RUQrGesy

By post multiplication of (¥ we can obtain

Sar = KeohGi™ — K(QiGo - (1a0
Theorem 3: |} €3 v = 0 17 and ol if | oy B0 =

0
proof)

Substitude Eq.. O intooBo. ) s can obtan

Saeo= L RCOBGI* = Lot e 1ot

Bofine the following matroces,
Ty ke BGi—?
fia 7 iy

vhere Q7= UgHY,

then &, become s

o= el

- T
= '

LAG/LTR rreblow for
RGO TTER

Hence e can restate the

nonminimam phasze plant asn to Find o Hy

contralter  equation Ko RHY hich  male e
Ta-rorm of £, an pessible an omel

(3).Hxy LTR error hoonndary

The nessary and sufficient wditoon e TR

cecur ds dEodliy appe b e o b i

controller B is not oeist T oo oith 1

zerco;. Hero we note that Toy fane R

it has fastorication as

Tt = Re + - 17
here Ba is the stable part of 1, and Ry 15 fls
unytable part of Ty, Let the best approsimation
of Tyy te Tere then

Tirs = Pe o+ X BT S
vhere X is oany RHy ma‘ris chick by 2t

approvimation of Ru.

Define &g he

850

The e v approaches S

e 1

ipp roshes

preofs Tf Uogelv = 0 then the direct solutior ]
o
WET e T Tea ™t
£a0= Tor = Toye e e 1
Ly onerm of Fq, 019 equal to ), henc
7= KLoBGox - Ke@iao
= || KesD - Ko G ol
= il s s CT0)
tdi. i BTR
A: ahown in presicus section fhe LTR error

R |
514 e PR X

an ob-aln g a:.

Fo o+ N b Myimt - 05! — 7]

Q=

then the enptroiler equation ki@ i3

KeQy = Re = N ) MoNe”tb 0 e €2
Theorew 3 The controller RiQr obtained =zbove
stubi.ize the plant  and  make the LTR  errew

arproachs
preaaf
The stabidiabiiity of piant ar be reduced as

the «sitance of the imerse in 8Hy of follo.ing

matiis

Moo 1t can be peduced as

S Ty - T
= Rn -H»
Tedoo T

4o i =

can chtain

Horin, e

L summery of LTRD

Too vh'o sectior we precent Lo thooren

procof which can explain tle loop rransfer poocove =

Al plant oufpat o The focp trarsfer recovers arror
could be defined at plant catput as
N SEETE § s

whore oo atse defined by

P51 = (ol-A+he O Ry

Revrite (23 in o state space formoand

b

Arppticying i, 1 can obtain the  folioving
eeqeat i

TomoTheY ey Ty T T e 05
Sote that MU de pet cmall for all frequency il

Syovan reduce ur

RIS FUPEL USRI PN -

~U0ED

wd

Al equat tes cers for adl froqueny ve o

chtoin Joop *ransfor recovers thue the conlroller



quation oand K i obrained by

T

and  the sxact doop transts
recovery resulio are summerized in the folloving
tlecren,

Thecrem A, kil 27 Py ard stabiltize the
poand, tather more the oo Doop tean far re overy
can be oachizved I, the plant has oo zeros o
RHE,
cicof i The proof 1o the same as theoren
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