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(Stiffness and Load Matrix for Finite Parallelogrammic

Plate Bending Element)
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Abstract

in the recent years, parallelogrammic shape structures were often
introduced in the Civil Engineering. Especially parallelogrammic

shape highway slabs, which were used in the portions of Interstate-

75, U.S.A. , were a unique one to result in only one wheel crossing

the joint at any one time. 1In this reserch, major efforts were made

to provide an gppropriate subroutine program and to study an analyti-

cal behavior of parallelogrammic plate bending element by developing

the stiffness and load matrices.

1. Parallelogrammic Element.

node number

The finite element
formulation of the parallelogram
plate bending element is
presented based on the MiC
rectangular plate bending
element. The four node element
as shown in Figure 1 has three
independent displacements at each
node, which are a vertical

about the X and Y axes, for a
total of twelve degrees of
freedom per element.

deflection, w, and two rotations J/
z

'The array of nodal displacements
at the ith node 1is:

rgil wi wi
qi = qlzJ = oxi | = -dwi/dy]
L gq13 »yl dwi/dx
The array of corresponding nodal
forces 1is:
i = pi% - ﬁ:i fvl Positive direction of forces
P p and corresponding displacements.
pi3 Myi .
(1 = 1,2,3,4 node number)
““““““““““““““““““““““““““““““““ ) Di 3t d Positi directi 1
* P3¢ shgeista o|3cY =eastyt zas. P Parailotogram Plate Bonding Element.
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1.1 Coordinate Mapping.

The basic relationships between
regular X,Y coordlnate system
and the inclined R,S coordinate
system normalized in the range
of (-1,1) for the Gauss
Quadrature method are:

X = aR + 2

Y = bs Sin(a)
Elimlnating 2,

Tan(a) = Y/Z,
Z = Y Cot(a)
= bs 8in(a) Cot(a)
= bS Cos(a)
Therefore, X = aR + bS8 Cos(«x)
Y = bS8 Sin(«)
orx, R = (X - Y Cot(a))/a
8 = Y Cosec(a)/b

The chain rule

f(R,S), with respect to X and Y
leads to
df(R,S)/d4x df/drR 4r/4x
df/ds ds/dx
df(R,8)/4R 1/a
df/dR dRrR/4Y
df/ds d4ss/d4y

Hn+n

af(R,8)/dy

+

= d£(R,8)/dR (-Cot(a)/a)
+ df(R,8)/d8 (Cosec(a)/b)}

2b
a
@
(—1,-3)| 2a 11,7}
Fig. 2. Coordinate

Mapping for Paralle-
logram Element.

1.2 Displacement Shape Function.

The displacement shape
functions, [fi], are defined to
relate generic displacements,
U= {u, v, wi}, to nodal
displacements, q = {qi} = [ wi,
ox1l, fyl 1. Let the generic
displacement function, vertical

displacement w, with an element be:

of differentiation
of a general function of R and §,

w = C,

+ C2X + CaY + C4¥X?2 + CsXY

ES C6 Y2 + C7X3 + C8X2Y + Cg)(Y‘2
+ Cru¥3 + Cy X3Y + C 1, XY?2

(-dw/dy)i = 0Xi
(dw/dx}i = gYi
where the

frou

—C3+C5X + ...
C, + 2C,X + ...

coordlnates of the ith

node are substituted for X and Y.
Listing all twelve equations we

can write,
wi

{git1 = [ ox1
eyl

in matrix form,

|

=[{Cl1 {V}

Where [ C ] is a twelve-by-twelve
matrix which is a function of
nodal coordinates, and { V }

is a vector of the twelve unknown

constants.
{vi-s=
substituting w
where [ g

Now, w

where { f
functions

]

Inverting
(ci-11gqgi}

[l gll vi
= { 1,X,¥Y,X2,
XY, Y2 } 1x12

=lgllcti tqi}
= { £ }{ qi}

} 1s a twelve-shape
which can be obtained

by inverting a [C] matrix and
then multiplied by (gl.

Displacement shape functions
are given in following Table.

Node Coordinate Degree of Shape Function.
R, S Freedom #

: fil=1 £1 =(1-R) (1~5) {2-R-5-R#-5?) /8
R=4, S=-1 £i2=2 £2 =b(1-R) (1+S) (1-5) /8
€£i3=3 £3 =a(l+R} {1-S) (1-R) 2/8

T Ofil=4 £4 =(1-R) (145) {2-R+S~-R>S52) /8
R=-1, §=1 £i2=5 £5 =b(1-R) (1-S) (1+5)2/8
£il=6 £6 =a{1+R) (1+S) (1-R)3/8

£il=7 £7 =(1+R) (1-5) (2+R-5-R2-57)/8
R=1l, S=-1 £i2=8 £8 =-b(14R} (1+5) (1-5)2/8
£i3=9 £9 =-a(l-R) (1-5) (1+R}2/8

£i1=10  £10=(1+R) (1+5) (2+R+S-R2-5%)/8
= - €i2=11  f£1l=b{l+nr) (1-5) (1+5)2/8
Rel, 821 £1312  fl2=-a(l-R) {146} {14R) 2/8

Displacement shape functions
{£f}! relate generic displacements
(U) to nodal displacements {qg}.

Us=1{f1{q}

(2.1)

Strain can be obtained by
differentiation of the generic
displacements (U},

{€ 1 =4u.

(2.2)

where, €x=dU/dx, €y=4dv/dy,
€xy=du/dy + d4dv/dx



substituting (2.1) to (2.2),
{f¢€ t =4du=d{fi{q} = B {q}

where B Straln-Displacement
operator (B = d {f}) relates
nodal displacements at each point
to strain matrix and can be
obtained by the differentiation
of shape functions.

Simple continum mechanics shows

6= [E] ( €-¢€0) (2.4)
Substituting (2.3) to (2.4),
o= [E] {(BQ) - ¢,]) (2.5)

in which the matrix product E B,
which 1s called stress matrix,
gives stresses at a generic point.

2.1 virtual work Principle,

By the definition, the virtual
work of external actions is
equal to the virtual strain
energy of internal stresses.
duil = dwe (2.6)
Assume a set of nodal virtual
displacements, { g} .
The resulting displacements and
strains within the element are
[ uv ] {£1 {a)
[ e ] [B1 (g

non

Equating the external work
with the total internal work and
integrating over the volume of
the element,

{Q“}TJJF] ={,()7 {0} dv={q"}"

CfIBY (o) dv —f{ £ )T wdv)
Substituting Egs.(2.1) through
(2.5),

{F} = fJ(BIT(EJ(BJ)dv ) {q)

— [LBIT(E){¢,) av

— JULE )W dv (2.7)
The stiffness matrix (K] becomes,
[ K1) =g, [B]T [E] [B] dV (2.8)

Nodal forces due to distributed
loads are
(F,)=—f,(f)Twdv ~ (2.9)

Nodal forces due to initial
strains are

{(Fo} =—f,(BYTLE] (¢,} dv
3., stiffness Matrix

From equation (2.8), stiffness
matrix becomes
K = f,BTE B AV

t |J} ffB" E B dRdS

(2.10)

- 30—

(where dv = dxdydz)
(where -1 to 1 integration)

By the differentiation of £(X,Y)
with respect to R and §, Chain
rule produces the Jacobian
matrix J as follows:
[df/dRJ=ldx/dR dY/dR] [df/dx]
df/das dxs/ds dys/d4s af/qay

Jacoblan [J) [GX/dR dY/dR]
- tdx/ds dy/ds

= ab Sin(a)
Therefore, the stiffness matrix
K becomes

K = t ab Sin(a) [fBTE B dRdS

where Bi = d4f
-fil,xx -£fi2,xx -£fi3,xx
= | -fil,yy -£i2,yy -f13,yy}
2fil,xy 2£i2,xy 2£i3,xy

After finding B operator by the
second differentiation of shape
function, Numerical integration
of (BT E B) from -1 to 1 gives
stiffness matrix K of
parallelogrammic plate bending
element as shown in Appendix.

4. Equivalent Nodal Loads.
4.1 Uniformly Distributed Loads.

when an uniformly distributed
load of magnitude w acts over an
element, the equivalent nodal
loads:
Fw=A [fTwdA=w ]| ff f¥ dR dS
=w ab Sin(a) [[{T dR dS

Numerical integration using three
point Gauss Quadrature for each
of the two axes of integration
leads to:

( 1/4
-b/12
a/l2
1/4
b/12
a/’/lz

4 w ab sin(a) . 1/4

-b/12

-a/l2
1/4
b/12

-a/l12 )

.FW =

4.2 Thermal Gradients,

Assuming that the temperature



varies llnearly from the top to
the bottom of the plate with a
temperature differential of drT,
the curvatures of the
unrestrained plate element

will be

- d2w/dx? - a dT/t
€q = - d?2w/dy? = [ —adT/t
2d2w/dxdy 0
a = Coeff. of thermal expansion.
dT= Temperature differential.
t = Thickness of plate element.

The virtual work theory ylelds
to the equivalent nodal loads
due to the uniform temperature
varlations as follows:

F'= [, BTE ¢, dA

ab Sin(a) ffBTE ¢, dR dS

ab Sin(a) f[fBT [Dx DI
Dl Dy
0 0

]‘ dRrds

(- adT/t) [1

(=2 ol

-2 Cot(a)
a/Sin(a)
-b/Sin(a)
2 Cot(a)
-a/8in(«)
-b/Sin(a)
-2 Cot(a)
a/sin(a)
-b/sin(a)
2 Cot(a)
-a/Sin(a)
-b/sin(a) J

E £ (adT)
12(1-PR)

-

S, concluslong

Comparisons of deflectlion and
moment between Timoshenko's
analytical equation and this
F.E.M. formula show that skew
angles up to 45 provide great
accuracy.

0 .
0
Dxy.

Skew Deflections at the center
angle | Timoshenko's {Jo's |Error
90 0.8298" 0.8323" | 0.3%
60 0.8069" 0.8022" | 0.6%
45 0.7864" 0.7367" | 4.1%
Skew Moments at the center
angle | Timoshenko's lJo's ,Error
90 143.86 144.55 0.5%
60 139.39 [ 138.74 0.5%
45 129.31 122.90 4.9%
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In common with other methods,
the accuracy of results obtained
using the finite element method
to solve the structural response
of concrete pavements system
decreases with increase in
skewed angles. At high skew some
improvement can be obtained by
meshing a larger number of
elements or using a higher order
displacement function.
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