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Abstract:

This paper proposes a new concept, called merit factor F'r, for

evaluating the randomness of binary random sequences. The merit factor F'r is
obtained from the expected values of the autocorrelation function of the binary
random sequence. Using this merit factor F'r, randomness of the binary random
sequences generated by the random sampling method is evaluated.

1. Introduction

Binary random sequences are widely used
as the modulation codes for continuous wave
radar or spread-spectrum communication sys-
tem. A new method has been proposed by the
authors for generation of the binary random se-
quences based on an M-sequence [1,2,3]. This
method is called random sampling method and
the binary random sequences are generated by
use of successive k-tuples of an M-sequence
and uniform random numbers. The authors
showed that the expected values of the auto-
correlation function (ACTF') of the generated bi-
nary random sequence can be calculated the-
oretically. However, the optimum condition is
not yet given for obatining binary random se-
quence having good random properties.

In this paper, a new concept, called merit
factor Fr, for evaluating the randomness of bi-
nary random sequence is proposed. Using the
merit factor Fr, randomness of the binary ran-
dom sequences generated by the random sam-
pling method is evaluated, and the optimum
condition for generation of the binary random
sequence 18 introduced.

2. Evaluation of randomness of binary
random sequence based on
autocorrelation function

When binary random sequence is used as the
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modulaton codes, it is desirable that the ACF
of the binary random sequence has sharp peak
at delay 0, while at the other delays ACF is
almost equal to 0, just like §-function.

Let {a;} denote a binary random sequence
and L be the period of {a;}.
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Golay proposed the concept, called merit fac-
tor F, for evaluating the randomness of binary
random sequences [4]. The merir factor £ is
defined by the next equation.
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Here, «; is given as,

L
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The ACF of {a;} is defined by eqn. (3).
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Substituting eqn. (3) into eqn. (2), 4 can be
expressed by the ACF of {a;} as,
¥i = (L = ©)paalt) (4)
Using eqns. (1) and (4), the merit factor F is
defined by the next equation.
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From eqn. (5), if the binary sequence {a;}
has good randomness, ACF of {a,} is almost
equal to 0, then the merit factor F takes large
value. While, when the binary sequence is not
good binary random sequence, the merit fac-
tor becomes small. So, the randomness of the
binary sequence can be evaluated by the merit
factor F'.

In this paper, a new concept is proposed for
evaluating the randomness of the binary ran-
dom sequence. The new concept, called merit
factor F'r, is defined by the next equation.
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Here, E[,.(7)] is the expected values of ACF
(EACF) of the binary random sequence {r;}
and /N is the period of the original M-sequence.
Comparing, eqn. (5) and (6), the denominator
of the right side of eqn. (5) is the weighted sum-
mation of the ACF of binary random sequence,
while that of eqn. (6) is the equally weighted
summation of the EACF of the binary ramdon
sequence.

3. Evaluation of randomness of the
binary random sequence generated
by the random sampling method

In this section, the randomness of the bi-
nary random sequence generated by the ran-
dom sampling method is evaluated by use of
the merit factor Fr. The random sampling
method in literature [1] is as follows. Let {a;}
denote an n-the degree M-sequence and N be
the period of {a;}

(a;

{a;} = ag,ay,--- Oorl)

N=2"-1

Then, successive k-tuples ay; (1 = 0,1, - -
generated as

y AN -1

-) are

aln'+k—1)

Using a random number X; (i = 0,1,...),
which is distributed uniformly between 0 and
1L, ([k- Xi] + 1)-th bit of a4 is chosen. Here,
[k - X;] denotes the maximum integer Jess than
k- X;. Let {r;} be the binary random se-
quence generated by this method, {r;} can be

Ay = (aki; Qkitls* "y
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expressed by the original M-sequence {a;} as
{ri} = apx,) G fi-x)s
ACF of the sequence {r;} is defined [5] as,
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and the expected values of the ACF (EACF)
of the sequence {r,-}is given as eqn. (7) [1],[2].
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When the tuple length k¥ and the period N
of the original M-sequence are coprime each
other, the EACF of the binary random se-
quence {r;} can be calculated theoretically
(11,[2]- On the other hand, if they are not
coprime each other, the EACF of the binary
random sequence cannot be expressed as the
function of k£ and N. However, when the tuple
length is equal to the period of the M-sequence,
EACF of the sequence {r;} can be easily ob-

tained. In this case, substituting eqns. k =
N, ANi+; = Ay AN (i4r)+1 = A into €qn. (7)1
EACF of the sequence {r;} is derived as
N-1N-IN a;
Bl = 35 2 % 3 (=1)" -(=1)
=0 k=0 (=0

1 A= a;s .,
"Na{g:o(—l) } (8)

Since {a;} is an n-th degree M- sequence, the
number of 1’s in a period of {a;} is equal to
2*~! and that of 0’s is equal to 2%t — 1 [6].

Then, the summation of (=1) *  becomes
N_—‘l a;

2(=1) T =ty (9)
1=0

Substitution eqn. (9) into eqn. (8) yields
1
Elgye(1)] = N2

Theoretical values of the merit factor F'r can
be calculated using EACF of the binary ran-
dom sequence {r;}. And it is shown that when
the tuple length is equal to the period of the
original M-sequence, the merit factor Fr takes
the maximum value
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and the binary random sequence {r;} becomes
most random.

In order to prove that the theoretical values
of F'r are correct, computer simulation is car-
ried out, and the result is shown in Fig. 1.
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Fig. 1 Merit factor Fr vs. tuple length &k
when the characteristic polynomial
of M-sequence is f(z) = 2 + 27 + 1

In Fig. 1, the merit factor Fr obtained from
the ensemble averaged ACF of the binary ran-
dom sequence {r;} are plotted, where the aver-
aging number is 100,000 and the characteristic
polynomial of the original M-sequence is

f)y=z"+2+1

A solid line in Fig. 1 is the theoretical values of
the merit factor Fr calculated from EACF of
the sequence {r;}. From Fig. 1, it is shown that
when the tuple length £ is less than 29, there is
little difference between the simulated values
and the theoretical values. While, when k is
greater than 30, the difference becomes large.
However, it is considered that the difference
becomes small when the averaging number in-
creases.

From the result of the computer simulation,
it is shown that the optimum condition for ob-
taining ideal binary random sequence by the
random sampling method is to choose the tuple
length to be equal to the period of the original
M-sequence. In this case, the binary random
sequence is expressed as

{ri} = AN Xo}r CIN-X1]>" " s AN-X) "
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The example of the ensemble averaged ACF of
the binary random sequence generated on the
optimum condition is shown in Fig. 2.
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Fig. 2 Ensemble uveraged ACF of binary
random sequence generated by the
random sampling method

Here, the characteristic polynomail is the same
as that in Fig. 1 and the averaging number is
1,000. It is clear that the obtained ensemble
averaged ACF of the sequence {r;} is almost
equal to é-function. So, it is shown that the
generated binary random sequences have good
random properties.

4. Evaluation of randomness of binary
random sequence obtained from
an arbitrary binary sequence

When an arbitrary binary sequence is used
as the original binary sequence instead of an
M-sequence, binary random sequences can be
also generated by the random sampling
method. Let {¢;} denote an arbitrary binary
sequence

{¢i} = q90,91,- 9.1 (gi=0o0r1)

Here, L is the period of {¢;}. Let {p;} be the
binary random sequence obtained from {g;}
by the random sampling method mentioned in
section 3. Then, {p;} can be also expressed by
the original binary sequence {¢;} as

{pi} = Glk-Xo)r De+{k-X1)o " "9 Qrit [ X o

where k is the tuple length and X; (¢ = 0,1,---)
is a random number distributed uniformly be-
tween 0 and 1. In this case, EACF of {p;} is
given by eqgn. (10).
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Since the properties of the binary sequence
{gxi}, which is obtained by sampling every
k digit of the binary sequence {¢;}, is not yet
known, it is difficult to express the EACF of
the binary random sequence {p;} as the func-
tion of the tuple length and the period of the
original binary sequence.

However, when the tuple length is equal to
the period of {¢;}, EACF of the binary random
sequence {p;} can be easily obtained. Substi-
tution of eqns. k = L,q1i4j = 45,0647+ = @
into eqn. {10) yields

1 E1L-
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Let ¢, be the number of 1’sin a period of the se-
quence {¢;} and cq be that of 0’s. Then, EACF
of {p;} becomes

El¢p(7)] = (11)

If the number of 1’s in a period of the sequence
{¢:} is equal to that of 0's, substitution of ¢; =
o into eqn. (11) yields

Efgpp(m)] =0
Consequently, the merit factor F'r becomes
Fr =00

and the generated binary random sequence
shows ine most randomness.

A computer simulation is carried out and
the result is shown in Fig. 4. In this case, the
original binary sequence is an n-th degree de
Bruijn sequence [7]. The characteristic poly-
nomial of the de Bruijn sequence {¢;} is the
same polynomial used in Fig. 1 and the period
of {¢;} is L = 32. In Fig. 3, the merit factor Fr
obtained from the ensemble averaged ACF of
the binary random sequence {p;} are plotted,
where the averaging number is 100,000. The
solid line in Fig. 3 is also the theoretical values
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Fig. 3 Merit factor F'r vs. tuple length &
when the characteristic polynomial of de
Bruijn sequence is f(z) = z° +z? + 1
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(b) ensemble averaged ACF of {p;}

Fig. 4 ACF of de Bruijn sequence {¢;} and
ensemble averaged ACF of binary
random sequence {p;}



of Fr. A de Bruijn sequence can be generated
by adding one 0 to the longest run of 0 in a
period of an M-sequence [7]. So the number
of 1’s in a period of an n-th degree de Bruijn
sequence and that of 0’s are equal.

From Fig. 3, when the tuple length is equal
to the period of the de Bruijn sequence, the
theoretical value of the merit factor Fr be-
comes infinite and the simulated value of F'r
takes maximum value. Comparing Fig. 3 with
Fig. 1, the maximum value of the merit factor
Frin Fig. 3 is about 10 times as large as that
in Fig. 1, though the period of the de Bruijn se-
quence used in Fig. 3 is almost equal to that of
the M-sequence used in Fig. 1. So, when the
tuple length is equal to the period of the de
Bruijn sequence, the generated binary random
sequence has more randomness compared with
the binary random sequence obtained from the
M-sequence.

ACF of the de Bruijn sequence {¢;} used in
Fig. 3 and the ensemble averaged ACF of the
binary random sequence generated on the op-
timum condition are shown in Fig. 4 (a) and
(b), respectively. Here, the averaging number
is 1,000. From Fig. 4(b), it is clear that the
ensemble averaged ACF of the binary random
sequence is almost equal to §-function and the
generated binary sequence has good random-
ness.

5. Conclusion

A new concept, called merit factor Fr, is
proposed for evaluating the randomness of bi-
nary random properties. The merit factor F'r
is defined using the expected values of the au-
tocorrelation function of the binary random se-
quence. Using the merit factor Fr, the ran-
domness of the binary random sequences gen-
erated by the random sampling method is eval-
uated. And it is shown that when the tuple
length is equal to the period of the original M-
sequence, the merit factor F'r takes the maxi-
mum value and the generated binary random
sequence has most randomness.

When an arbitrary binary sequence is used
as the original binary sequence, the random-
ness of the binary random sequences generated
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by the random sampling method is also evalu-
ated. In this case, the optimum conditions for
obtaining ideal binary random sequence having
good random properties are introduced. The
first condition is to choose the tuple length to
be equal to the period of the original binary
sequence, and the second condition is to use
the binary random sequence which includes 1’s
and 0’s equally in a period.
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