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COLLISION-FREE TRAJECTORY PLANNING FOR DUAL ROBOT ARMS
USING ITERATIVE LEARNING CONCEPT
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A collision-free trajectory planning algorithm using the iterative learning

concept is proposed for dual robot arms in a 3-D
follow their specified paths with constant

workspace
velocities.

to accurately

Specifically, a

collision-free trajectory minimizing the trajectory error is obtained first

by employing the linear programming technique.
time is iteratively adjusted based on the maximum trajectory error
previous iteration so that the collision-free trajectory has

Then the total operating

of the

no deviation

from the specified path and also the operating time is near-minimal.

1. Introduction

industrial
that
robots.

There
applications

are numerous
(e.g., assembly)
necessitate the use of multiple
A multi-robot system can be <classified
into to the way
they are incorporated in the workstation
3 1) isolated case which all robot
arms do not overlap their workspaces, 2)
loosely coupled case in which the robot
arms execute independent tasks a
common workspace, 3) tightly coupled case
in which the robot
object by holding it from
position to a desired position.
robot arms in the isolated
collide with each other,
physically apart from each other by an
adequate distance. Thus, those
trajectory planning techniques to
date may be sufficient for such case.
However, in loosely coupled tightly
coupled cases, most industrial robots may
waste most of their time waiting to enter

three cases according

in

in

arms transfer an
initial
The
never

since they are

an

case

known
a
and

the shared workspace, unless their
motions are effectively coordinated.
Thus, it is important to coordinate
robots' motions so as to minimize their

idle time for productivity increase and

cost saving.

planning

a
of
Freund

There exist only few path
schemes concerning the coordination ox
multi-robot system
collision-free motion planning.
and Hoyer [1] proposed
collision avoidance
multi-robot systems

a

in terms

an on-line
scheme
assuming

for

by a
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fictitious robot to detect a danger of
collision. 1Its application, however, is
restricted only to the robots of
cylindrical type. Lee and Lee [2]

developed the notion of collision map and
time scheduling, and applied it to
realize a collision-free motion planning
for two robots. But scheme
limited only to avoiding potential
collision, since it does not consider the
collision among the links of robot
manipulators. In [31, potential
collision is defined be the
operating of a robot from its
current position to final position. If
the end-effector of the other robot is
expected to be in the potential collision
area, then the trajectory is modified to
follow the boundary of the potential
collision area. However, the resulting
trajectory is not guaranteed to be
optimal, since this method prevent a
robot from reaching a safe area where the
risk of collision may not actually exist.
Shin and Bien [4] employed a coordination
chart to visualize all the collision-free

their is

wrist

a
area to

space

coordinations of two specified
trajectories for two planar robots where
the concept of virtual obstacle is
incorporated. But their scheme requires

an excessive amount of computation for
mapping the virtual obstacle into the
coordination chart and thus suffers from
the "curse of dimensionality.”

In this paper, we will investigate an
alternative scheme for effective motion
coordination of multi-robot arms in the
loosely coupled case. It is remarked



that the loosely coupled case covers a
number of industrial applications such as
arc welding, deburring of
metal operations, and
usually

control

spray coating,
parts, assembly
Such

continuous-path

inspection. applications
(CP)
since the robot
well
moving objects around
In almost all applications of CP
end-effector
of each robot should be constant. Thus a
algorithm
for dual robot arms is required to ensure
the
velocities along their

require
while avoiding obstacles,
arms interfere with one another
as stationary or
them.
control the velocity of the

as

collision-free motion control

constant
paths.

permissible
specified

maximum

We propose a “rajectory planning
algorithm for dual robot arms in a common
workspace using the iterative learning
to accurately follow their
specified paths with constant velocities.

a collision-free trajectory

concept

Specifically,

is obtained first by minimizing the
trajectory error with the linear
programming technique [9]. One of the

two robots is designated to be the master
motion
to
and
of the
step of
equal interval so as to track the desired
nominal

and the other the slave by giving
priority. The commanded
move along the specified trajectory

master is

the increments of joint angles
slave are computed at each time
trajectory as closely as
while satisfying the joint
angle/velocity constraints as well as the

possible,

collision avoidance condition, i.e.,
given that the minimum distance between
two robots is greater than the
pre-specified allowable distance. Thus,

the slave's optimum trajectory is
determined by minimizing the weighted sum
of joint motions and trajectory error
subject to givem constraints. Then the

total operating time will be iteratively

adjusted wusing the maximum trajectory
error of the slave at the previous
iteration. By such adjustments, the
collision-free trajectory will not

deviate from the specified path and also

the operating time is near-minimal.

In the following
collision-free

section, a

trajectory planning
problem is formulated. 1In Section 3, a
solution approac. to this trajectory

planning problem is proposed by employing

the iterative learning concept. In
Section 4, a condition for <collision
avoidance is derived. 1In Section 5, the
problem is reformulated in a form
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suitable to utilize the linear
programming technique. Simulation
results are summarized in Section 6 and
conclusions are drawn in the final
section.

2. Problem Statement

We want to determine a sequence of
optimal joint coordinate vectors of dual

robot arms which move their end-effectors

from an initial state to a final state
along their pre-specified paths. The
admissible <configuration ¢q should lie
within the joint angle and velocity

constraints and satisfy the condition for
collision avoidance expressed in terms of
the distance between the two robots.

Let n denote the number of joints of each
robot, m be the dimension to
describe robots' hand position and
orientation, and let the subscripts m and
s denote the master and the slave,
respectively. The hand positions
orientations of dual robot arms,
and Xs(t), with reference to world
coordinate are determined by
their respective configurations gm(t) and
qs(t) as follows :

necessary

and
Xm(t)

uniquely

X (t) = f (q (t)) (1-1)
m m m
X (t) = f_(q_(t)) (1-2)
s s s
n m .
where fm and fs : R =2 R are nonlinear,
continuous, and differentiable vector
functions. In order to solve the

equality constraints (1-1) and (1-2),
will use the
kinematic model

we

following linearized

Jm(qm)qm

(2-1)

J (qa )gq
S s S

(2-2)

where J af /dq R®*M s

matrix relating the joint
Cartesian veolcities. The
then be stated as follows :

=

the Jacobian
velocities to

problem can

( Problem I ) Let T be the wunknown
rgquired toDcomplete the given task.
Xm(t) and Xs(t), 0 £ t £ T be the given
nominal trajectories for the master and
the slave, respectively. Let "."n be the
n-dimensional maximum norm (i.e.,

time
Let

max



|.|) and d(.) be the minimum disfance
between dual robot arms. Also let £m > 0
and £€s > 0 be given tolerance bounds for
the master and the slave, respectively.
Find a time sequence of joint angles
gm(t) for the master such that the
corresponding trajectory Xm(t) satisfies

D %*
Po(X () = X (t)-X (t)] <& ,05t<T (3-1)
1" m ] m n m
and concurrently find another time
sequence of joint angles gqs(t) for the

slave such that the

trajectory X=(t) satisfies

corresponding

P(X_())

M

Ix_(0)-x2(e) || <27 05tsT (3-2)

subject to

d(X ,Xx ) > 0. (4)

m s
This problem is new and useful in the
sense that it includes a trajectory
planning scheme for path-dependent tasks

collision
However, since
trajectory
employ path
cannot give
(3.1) and/or (3-2)
velocity modification
they cannot guarantee
constant velocity

of dual robot arms as well
avoidance between them.

existing collision-free
planning methods wusually
modification schemes, they

as

any solution to Eq.
{11, [3]. When
schemes are used,
to satisfy the
requirement [2], [&4].

Since it is difficult
consider the

to simultaneously
inequality constraints
(3-1), (3-2), and (4), we assume that the
master should completely follow the
assigned nominal trajectory and the slave
is then commanded to along its
trajectory avoiding collision with the
master. This motion priority may make
the slave from its desired
trajectory. To overcome such deviation,
the time-scaling concept is employed.
Let tm and t= be the new time scales for
the master and the slave, and om and o=
be scaling factors for the master and the

move

deviate

slave, respectively. Now Problem I can
be modified as follows

( Problem II ) Find a minimal om and
gm{tm) for the master such that the

corresponding trajectory Xn(tm) satisfies

- D <*
PZ(Xn(tn)) = "xm(tm)_xn(tm)"n—sm'
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02t =aT (5-1)

n =
and concurrently find another minimal os
and gs(ts) for the slave such that the

corresponding trajectory Xs(ts) satisfies

_ D . *
PZ(Xs(ts)) = "Xs(ts)-xs(ts)"niss,
0t =aT (5-2)
S s
subject to
d(x ,X ) > 0. (4)
m s

In Problem II, s and the resultant joint

trajectory qs(ts) should be found such
that Xs(ts) satisfies the inequality
constraints (3-2) and (4). However,
unfortunately, any of the conventional

schemes in [1}~[9] cannot be applied to
such a problem. Thus, we will employ the
iterative learning concept to solve this
problem.

3. Solution Approaches based on Iterative

Learning

let T be the number
of iterations, and let w and P be
weighting factors, respectively. To
transform the problem of continuous time
domain to that of discrete time domain
with sampling interval Ats, let AXs and
Agqs be the desired increments of the
slave's end-effector in Cartesian
coordinate and the corresponding
increments of angles satisfying
equation (2-2), respectively. Under the
assumption that these increments are very
small, the relationship AXs = JsAqs can
be established. Then, the optimal joint
configpration for the slave is derived by

To solve Problem II,

joint

finding Aqs _such that the performance
index I(Aqs)
n
T i
= -J A A
I(Aq ) -ax{wjl(AXs Fha ) | gy [aa | C6)
izt,...,n i=1

is minimized at each time step subject to
the joint angle and velocity constraints
as well as the collision avoidance
condition. But the optimal solution
minimizing (6) may not satisfy the
condition (5-2). Thus the total

operating time is modified in terms of



the maximum trajectory error of the slave
at the previous iteration. Minimization
of (6) iterates until (5-2) is satisfied.

To be more specific, let

E = sup P_(X ), (7)
ma 2 s
*
Q. ={ t_| P(X (t)) >e&_ 1}, (8)
J s 2 s s s
= X * 9
of = maXx { ts' PZ( s(ts)) > Es }, (9)
*
T ., =min { t | P.(X (t)) >e },(10)
ei s 2" s s s
= - T . 11
and T =T o i (11)
If Qf is the union of disjoint sets, Tef
and Tei are determined independently and
thus Tet can be obtained by summing up

Also let the critical
the distance
robot at

their differences.

decr  be

dual arms
Then as is given by

distance minimum

between each

iteration.

max min
+ .

(12)

reduce
the
each

The above solution is expected to
since
at
trajectory

learning
the scale

trajectory error iteratively
maximum error is

iteration. Thus the
error Emax can be chosen
parameter with Tev and Tet as
factors. Here Tei and Tet are considered
with the maximum error, since they have a
great influence on the error shape on the
whole even in the case the maximum

is identical.

minimized
maximum

as a

error

Let the distance margin be defined as the
difference between the critical distance
and a pre-specified allowable minimum
It is remarked that the
distance margin can prevent the robot arm
from falling behind too much to ensure
the increase of productivity by
minimizing the operating time [10]-[13].
Thus, in case the moves at a
distance the master with
trajectory error, the critical distance
may be used as an accelerating factor of
the slave. Thus the
velocity of the slave's in
terms of a
factors.

distance dmin.

slave

from no

we can adjust
end-effector
of the

can now

above
be

combination

The alsorithm
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summarized as follows :

Algorithm

of the
tolerance

Let L be the totgl length
slave's path, and £¢ be the
bound for the termination test.

{initialize}

*
GET T,d . , L, ¢
min s
{iterate}
*
DO WHILE E > £
max s
BEGIN
Minimize (6) subject to the joint
angle/velocity constraints and

collision avoidance condition

E T T d
{get max’ ei’ “et’ cr}
T T-1

{scale} T = as T

{update} T

END

. * . -

Note that if £s is set to a relatively
large value this algorithm 1is confined
only to po}nt—to—point control systems,

small
applied
requiring
specified
therefore
tasks

As
slave's
maximum
critical
the
and

while if £s is set to an extremely
value this algorithm can even be

effectively to the

complete adherence to
paths. This algorithm is
applicable to indust£ial
depending on the choice of
modify the velocity of
end-effector based on
trajectory error and

distance at the previous iteration,
error diminishes as iteration goes
the slave's velocity approaches
optimal value as this procedure repeats
itself. Finally, we find
near-optimum trajectory constant
which

completely disappears and
of is
maximum possible extent.

case
the

most
£8.
the
the

the

we

an

can
of
the deviation
the operating
reduced to a
Note that in
[14] an iterative learning control metiuod
is for of
control

a

velocity under

time two robots

linear
systems, where a

of the system
together with an inverse system model
utilized to generate the control signal

proposed a class
periodic
parameter estimator

is



iteration.
for collision
given in the next section.

at each
condition

A mathematical

avoidance is

4. Collision Avoidance of Two Robots

Let Sk and Ck denote the subspaces
time instant k in a
occupied by the slave
respectively, and let

at a
common workspace

and the master,

k . k k k
d(x,C )Emlnk"x—y" and d(8 ,C )Eminkd(x.c
y<=C pE=H

Here d(x,Ck) implies the minimum distance
between a point x on the 1link of the
slave and all the poﬁnt on the links of
the master [8]. d{(8 ,C ) represents the
minimum distance between the two robots.
Then two robots avoid collision if the
following condition is satisfied

k

) 2 d

k
5 .
min

d( for all k.

(13)

Let us assume that at the k-th step in
trajectory planning, the distance between
link \ of the slave and the subspace C
occupied by the one-step-ahead
configuration of the master is given by
d(xl{k],C{k+1]), where x1{k] denotes the
point on the slave's 1link | which is
closest to the subspace C[k+1]. Note
that the next location, instead the
current location, of the master used
since we must consider the master's
movement during the k-th step.
Evaluation of the increment Ags{k] of the
slave's joint angles at the k-th step
should be done in such a way that the
displacement Axl[k] of the critical point
satisfies the inequality

of
is

d(xL[k],C[k+1])+<le[k],Axt(k]>2dmin (14)

where <x,y> is defined to be Zigtxiyt and
Vdi(k] is the subgradient of the distance
function d(x,C[k+1}) at the point =xl[k].
Assuming that the increments are very
small, Axl[k] can be approximated by
Ji[k]Aqsfk], where JL[k] is the Jacobian
matrix for the «critical point xl[k].
Thus the inequality equation (14) can now
be rewritten as

-V [RIVALIK], AqsTK]> € d(xlLlk],CIk+11)

, L=1,...,n. (15)

min
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collision
have

The conditions for avoidance
between two robots thus been
expressed as linear functions of Ags[k].
At each optimization step k, one must
calculate the distances d(x.,C[k+1]) and

subgradients, and the Jacobian matrices
Ji[k] for the <c¢ritical points on the
slave's links.

Assume that all the links of two robots
are represented by line segments. Such
an assumption may hold for almost all
industrial robots if the midline of each

link is taken and its width is included

in the pre-specified allowable distance.
Denoting the minimum distance between a
link L of the slave at the time step k
and a link | of the master ., at the time
step k+1 as d(x.{k],x.{k+1]}), the
condition for collision avoidance between
two robots can be obtained by expanding
(15) as follows

<

-<J?[k]VdLL[k].Aqs[k]> d(xl[k],xL[k+11)

-d ., , t=1,...,n for 1=1,...,n (16)
. min
where n is the. number of 1links of the
master and Vdil is the subgradient of the

distance function which relates the I-th
link of the slave to the l-th link of the
master at the ©point xlk]. Here we
employed well-known quadratic programming
software package ZXMWD in IMSL to obtain
critical points and distances
between two links.

minimum

Stationary and obstacles of
arbitrary shapes <can also be easily
included by modeling them as the <closed

segments. The

moving

chain of piecewise line
number of conditions for collision
avoidance will increase greatly when
arbitrary-shaped obstacles are accurately

modeled with 1line segments, but the
computational complexity will not be a
serious problem since the linear

programming technique is to be employed.

5 Trajectory Planning by Linear

Programming Approach

Now the optimizationm problem at step k

can be stated formally as follows

Minimize max {w_ |(Ax_[k1-J{klAq [k1). |}
Aq [kl 3=1,7..,m° ’



n .
+ ¥ yiiAq:[k][
i=1

i=

(17)

subject to

—(JT[k]VdL:[k],Aqs[k]> < d(xL[k],x;[k+1])

~ PN

-d ., , t= 1,...,n for t=1,...,n (18)
min
i o i Mke1] < oM i=1,...,n (19)
s S s
aq M e Aq;[k] < Aq;""’”‘ i=1,...,n (20)

The optimality criterion (17) represents

a weighted sum of joint increments and
the error in the Chebishev sense of the
solution to the system
Axs[k]1=Js[klAqs[k]. (18) is the linear
constraints for collision avoidance, and
(19) and (20) are joint angle and
velocity constraints, respectively. To
convert the above formulation to a
standard linear programming problem [9],
the following nonnegative variables are
introduced

Xpomox S Aqi i=1,...,n (21)
X2n+1 max ij(Ax—JAq)jl i=t,...,m (22)
where xk 2 0, k=1,...,2n+1, and the
symbols for time steps and the slave are
omitted for notational simplicity. The

optimization
(18), (19},

as

task (17) constrained by
and (20) can now be rewritten

Minimize X +
2n+1

.
npM e
o

subject to

n -~ PN
- T (lvay, (x.-x d(xt,xl)- d .,
.- i i “n

.) = .

+i min
i=1

l=1,...,n for 1=1,...,n (24)

- < - =1 . -
X5 n+i imax %3 T o (25-1)
- < = =1,..., -2
xn+i x1 qi imin 1 n (25 )

- < ’ =1,.0.., -
X5 *a+i 9imax * n (26-1)

- <_A = -
Xn+i ¥ =759 min » i=1, »n (26-2)

n
- - - < -
mji§:1in(xi xn+i) X2n+1 < ijxj

- . §=1,...,m (27-1)

n

- < A

W .§1J31(xi Xn+i) Xonet1 = wj xj i

P . i=1,...,m (27-2)

X, 2 0, k=1,...,2n+1. (28)

The following equivalence is established

for a
for a

becomes positive
Aqi and xi becomes

Aqu.

since xn+i zero

zero negative

Minimize x

2n+1 i n+iI

n
+ T y.lx,-x
. i
i=1
n

+.E yi(xi+xn+i)
i=1

Minimi
= inimize x2n+1

(24) is the condition for collision
avoidance and (25) and (26) are the joint
angle and velocity constraints,
respectively. (27) is additional
constraints due to the introduction of a

new variable x2n+1. For each time step,
the above problem is solved for
Xy o 9 X21+L by using the linear
programming technique and the global
optimum values Aq1,...,Aqn are then
obtained by using (21).

6 Simulation Results

Two 2-1link planar robots whose initial
configurations are shown in Fig. 1 are
considered as an example to show the
validity of the proposed algorithm,

Motion priority is given to the robot on
the left-hand side. The nominal path of
the slave is set to be the arc of which
the center point is ( 0.6, 0.2, 0.0 ) [m]
and the starting and target points are (
0.45, 0.35, 0.0 ) [m] and ( 0.45, 0.05,
0.0 ) [m], respectively, while the master
is commanded to move along the

which the center point is ( 0.25,
0.0 ) [m] and the starting and target
points are ( 0.4, 0.35, 0.0 ) [m] and (
0.4, 0.05, 0.0 ) [m], respectively with T
= 0.417 seconds. The 1link lengths and
the initial configurations of two robonts
are listed in Table 1. The joint angile
constraints and the joint velocity
constraints of the slave are given in
Table 2. The trajectory of the slave's
end-effector is shown in Fig. 2 with
y1=2.0, ¥y2=1.0, and w=10.0, w2=10.0.

arc of
6.20,
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The computation time required was about
200 CPU seconds on a VAX-11/8700 with 600

time steps employed at the first
iteration. ZX3LP in IMSL is wused to
solve this linear ©programming problem.

Figs. 3 and 4 show that the trajectory of
the slave's end-effector is gradually
improved through the proposed learning
process, indicating that the error
diminishes as the time step increases.

7 _Conclusion

A collision~-free trajectory planning
algorithm using the iterative learning
concept has been proposed for dual robot
arms working in a common
three-dimensional workspace to

maximum constant

The
algorithm turns out to be very

in the sense that (i) collisions between
all the links of two robots as well as
their end-effectors are simultaneously
considered and (ii) the algorithm does
not require any mapping from one space to

ensure a

permissible velocity
proposed

effective

along the specified paths.

another. The proposed formulation allows
for the wuse of the efficient 1linear
programming technique which always

guarantees a unique solution.

Extension to a three-dimensional
multi-robot system will be
straightforward, since the trajectory of

each robot can be planned
according to its motion priority. The
sophisticated problem to prove the
mathematical convergence of the proposed
algorithm is now under way and the
trajectory planning of the multi-robot
system, taking its dymamics into account,
is the subject of our future research.

sequentially
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(b)

o A \ Y T T ¥ T T —r—
0.00 10.00 20.00 30.00 40.C0 50.00 §0.00 70.00 B0Q.00

Fig. 1 Dual Robot Arms in a Common
Workspace

(a)
(b)

the master
the slave

TABLE 1 Link Leugths & Initial

Configurations

Master Slave
link 1 = 0.37 1 .= 0.37
m1 s1
1 th 1 = 0.2 1 = 0.23
engths m2 3 52
[m]
AP 1 1
initial q = 62 g = 118
m s
config-
2 2
= - = 5
uration qm 37 qs 7
[degree]
TABLE 2 Joint Angle & Velocijty
Constraints of The Slave
Lower Bounds Upper Bounds
joint q . = =180 q = 180
1min Tmax
angle
[degree] quin =0 anax = 180
joint
q, . = ~-2.,0 q = 2.0
imin Tmax
velocity] .
= -2.5 = 2.
quin 2 quax 2.5
[rad/s]
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Fig. 2 The end-effector trajectory
of the slave
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Fig. 3 The trajectory error of the slave
(a) after 1st iteration, T=0.417sec.
(b) after 2nd iteration, T=0.561sec.
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Fig. 4 The improvement of the trajectory
through learning process

(a) after 1st iteration, T=0.417sec.

(b) after 2nd iteration, T=0.561sec.



