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Analysis of Singularity and Redundancy Control for Robot-Positioner System
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Recently industrial robots are often used together with positioners to enhance the systen
performance for arc welding, 1In this paper, the redundaney control method js proposed for the
robot-positioner system which is modeled as one kinematic model of 7 degrees of freedom, Also,
the manipulability measure based on the Jocobian matrix is utilized to visualize the distribu-
tion of manipulability in a given seclion of the working space, An algorithm for the manipul-
ability maximazation in a given task is deweloped and applied to the rubot and positioner sys-
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tem, The simulation results are given in the case of straight line following.

1. INTRODUCTION

Recent.ly, as the pruductivity and the better quality
are highly demanded in the industry, the automated ma-
chinery including the industrial robots is used in
factorics,  To increse the performance and the flexi-
bility of the industrial robot, more degrees of free
dom are added to the robot or it is used in combina-
tion with a positioner in the industry. FEspecially in
the poor working enviromment. such as welding operation,
the use of a positioner is very helpful, For this pur-
pose, Khosla, et al (1986) vombined the cartesian coor
rdinate robot. with a positioner system (called R-P sy-
stem in this paper) for the seam tracking and modeled
the whole system as the robol with six degrees of {re-
edom, Also, by Jeon, et al(1986) the robot system con-
trol with one kinematic model was suggested,

In the trajectory contrul of a robot, however, the
nonlinear relation between cartesian space and joint
space gives rise to problems of singularity. The per—
formance index evaluation related with a robot’s
structure was suggested to be the multiplication of
singular values by Yoshikawa (1984) and lchiyama,
et al (1884). Also, the performance index and its
gaphic representation of 2-joint robotic manipulator
were reasearched by Homsup and Anderson (1986),

The: industrial robots, however, need more degree of
freedon for obstacle avoidance and efficient operation,

In this paper, a 5—degree articulated robot. and a
2~ degree positioner are modelled and analyzed as one
kinematic system. Its redundancy control and validi-
ty are to be investigated. For this purpose, the in-
verse kinematic solution of the R~P system with the
positioner tilting angle fixed is found and the sing-
ularity of Jacobian is analyzed. To investigate the
offect of redurdancy upon the R-P system manipulabil-
ity, the manipulability measure is calculated with
the inverse kinematic solution. The joint argle
with high manipulability is decided based on mani-
pulability measure distribution graph. The redundant
angles decided above are compared with the angles based
on the inverse kinematic solution only to investigate
whather the later satisfies high manipulability,

2. THE KINKMATIC ANALYSIS OF A R~P SYSTRM
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The R-P systen is composed of a 5-degree articulate robol
and a 2-degree positioner and its coordinate is decided as
follows, As the work is carvied out on the positioner in
this R-P system, the refernce coordinate is  on the posi-
tioner, For the robot and the positioner to be one kine—
matic model, the Jjoint angles are denoted by Denavit-
Hartenberg method, As explained in Table 1 and Fig.t, the
coordinate transformation matrices are found as follows.

Table 1 Link parameters of R-P system

Link 8. ai a; di
1 ) 90 0 —3.03
2 & —-90" | —11.80 0
3 & —90 0 5.04
4 R o 9.00 0
5 & —90 0 9.00 0
6 [/3 —90° 0.35 0
7 & 0 0 6.30

(unit © inch)
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= (5)
A ] 6 0o 1 0
0 0 0 1
Cs 0 —se @
5 0 o aSe
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A [ 0 [ d,}
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Therfore, the transformation matrix of the R-FP system is
given as follows and each components are shown in Table 2.
T = A1 A As AcAs A A, (8)

Table 2 Direct kinematic solution for R-P system

alafu—snd=—sm  alar—Sm)-sm
slarn=—sm)=an  s{Gan—sn)+am
STt Gra SN+ Gh:
0 [}
alarn—sm)=sm

s{ara—sml+am

(G~ SNt Gdm) ~ ST
s{an.—sn taml+an

SNt GT S(nita)tanitd

0 1
To find the inverse kinematic solufion, from equation (}S),
(A:)7 (A7 Th=A4,A,A,AA; (9)
left side of equation (3} is
Glanm+sin)+sn
—~ S nxt Oy
—s(angtsn) oo
0
a(ac +50y) + 50
— 5,05+ GOy (109
=5 (C10<+50y) + C20g
0
alaax+say) + s
—Sidz+ G ay
- (aatna)+aa
0
glaptsp)+s(p—d)—a
- —Spxt by
—s(apxt+sby) +a(p—d)
1

and right. side is

an
0 0 0 1

Noiw we assume the arbitrary tilting angle of
the positioner,

&=C (12)
LTI TS
713 Y (13)

Rewri te the eqution (13), we can find as fol lows:
s (apy—ay (p—dy))
Fapay ) ks {8 (ax (P —dy)
~&px) — hax) = G (Paay — Pyax) (14}
Substifuting eqution (14) by the trigonoietry,
qA+sB=K (15)

Where .
A=s{ap,—o{p—~d)) + ma,

B=s(a(p—d) —a:px) — %0
K= (peay—prax)
When we put A=Roos ¢, BeRsing, R, (15) becomess

K
sGtas=p

s+ ="% ()
uher | R=J/ATE, ¢=tan"(£)
then  cla+e=/1-4; o

Therefore,

-t K
6= —[an“(%) +tan (7??8’ ;‘E‘T) {18)
For calculating angle @3, we sot
F2 _Ss
T

(19
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—SptHapy

Glap 5y T o p—d) =)

6:=ran"‘[
Calealating @1 as the same way, we can be shown
5 Table 3,
Table 3 Inverse kinematic solution for R-P
system

Joint Analytical expression

coordinate
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3. THE PERFURMANCE EVALUATION OF A R-P SYSTIM

3-1. The Performance Measure for Manipulability
Evaluation

et (i=1,%2, ... ,n) be the joint variables of a robot a
manipuwlator with n degree of freedom and  suppose that we
can describe the desired task, and X with the oumber of m
variables, Then, the relation between & and X js given as;

X = £(9) (21)

where ¢ joint. space vector
Pocartesian space vector

The X is called as manuplability variable to explape the
work of robol.,

Brcause eq. (21) is nmonlinear equation, if is rewritten n

by linearization as follows:
dX = J(a)dé (22)
where dX ¢ differential change of X
d@ ¢+ differential change of &

J(A) = 8f(0) /8@ ¢ Jacobian matrix

Yoshikawa and Uchiyuma explained the manipulability
measure in such a way thal X or dX can be decised by &
or d¢ and suggested the use of Jacobian matrix toevaluate
it ( Yoshikawa, 1984 ; Uchiyama of al, 1984).

This manipulability of a robol. is quant.ified as the mani-
pulability measure. The manipulability measure is defined
as follows ¢

(i) m=n

w(d) =ldet J ()] (23)
(ii) m<n

w(8)=y/det(J (6)]7(8)) (24)

When rank J(@) = m, the redundant. degree of freedom for
a robot iz (n - m). When rank J(&) < m, lhe manipulability
measure w (@) becomes O and df? can not. be caloulated
from  dX because of singularity. In this case, the robot.
loses some  degrees of Freedom,  bul. the  redurdant robot.
uses the redundart  degree of freedom (o escape from this
singularity status,

32, Sirgularity Status of the R-P System

The differential change of the end effector position is
related with that of joint position by the Jacobian
matrix. The Jacobian of the R-P system is as follows @



“nut e —rmtmingta) s ~Juer Joe  =G& 0
“ngat g ~ranctralnata)  Jue Jas Jos ds 0
“n&ot g Tranctmingtae) 9 —ASetdbet o GGtd 4 o
STt ar, - e ~% -5 % 0 i
STt G - i ~c -G -a 0 _]
KTt i) " 0 9 0 1
he==nde Ju=la-aee Jasdi-as (25)

U= Gra—sn, FiTGNi=STa MTGTu" %M fuSaGN Sht Gh

As the manipulability measure of the R—P system is not
casy to ovaluate becanse of 7 joints, the singularity posi-
tion of the system can be investigated in view of the rank
of the Jacobian matrix,

The Jacoblan malrix of  S—degree rubol  is composed of 5
columns from the 3rd colum to the 7th column in By, (25).
state 1)

Ses6=0, Ju=0
G+ G+ =0", detdsCe—aiSss=0

In this case, the 3rd colusn and 7th column become equal

hich makes robot be in singularity status, When the robot

(26)

econes  one  kinematic model  with the positioner, the
Jacobian matrix is composed of 7 columns.
Aate 23

Sise=0, 5270, $3=0 2

In this case, the 4th and 5th
becone dependent., which makes
gtatus,
state 3)

row of the Jacobian matrix
{he robob. be in singularity

Sese= Sz $3=0,
[calrict az) —sarsa] =0 (28)
In this case, the 1st and 7th column of the Jacobian
matrix become equal, which makes the robot be in singula-
rity status.

=13,

The Digtribution of Manupulability Measure in the
Working Space

The manipulability of a robot is evalualed by manipul-
abilily measure and its distribution shows the overall
structural properties of the robot. Therefore the manipul~
ability measure can be used in the design and control of a
robot, which makes the calaulation and graphic method of
the manipulability measure essential, But it is difficult
to show  the distribution of the manipulabilily measure in
the whole wrking space since the Jacobian matrix in gene-
ral is ramk of 6. DBecause of this, let some degrees of
freedom in working space  or joint space be fixed., hy the
caloulation of manipulability messure and its contour
graph in a given section of the working space , we develop
a method Lo visualize i,

The section of the working space is defined as the plane
where  one degree of  freedon in X, Y and 7. coordinates is
fixed in working space. On this working plane the manipul-
ability of a robot is calculated by fixing the orientation
of the robol. end effector,

The joinl angle vector of ndegree of  freedom robot is
as follows !

0=[61, &. (29)

The working space coordinate is represented as the posi-
tion and the orientation and coordinates are shown in
Fig. 2. In working space ooordinates the position and
orientation vector is defined as follows ¢

X={x3zabr] (30)
where X, Y and 7 are the position vector with with respect.
to the reference coordinate and «, 8 and 7 are the Riler
anglos,  Basod on the above definitions, the visualization
method of  the contour for the distribution of manipul-
ability in the working space is expla~ined as a flow chart

in Fig, 3.

After the section of the working space is decided, the
positions are partitioned properly for investigation. At
each partitioned positions, the Jacobian matrix is cal-
culated by the ipverse kinematic solution. Then the mani-
pulability measure is found as in Fq. (23) and (24),

A contour is drawn by connecting the equal values,
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4, THE CONTROL, OF MANIPUTABILITY MEASURE IN A R-P SYSTRM
BY REDXNDANT DEGIRRS OF FREFIOM

In this section Lhe possibility of the control method of
the redundsnt. degrees of freedom in R-P system is analyzed.
and the control method of the manipulability me-asure with
redundant. degrees of freedom is discussed,

The general solution of the Tinear algebraic equation in
Fi.(21) is found as follows :

dg=]*(8YdX +(I=]*(8)](8))dP (31
where
J () b opseudo-inverse transfomation of J
1=nxn ©unit matrix

(1 -J (8)J(A) : projection operator
dp ¢ differentia) change of arbitrary weclor

In this view point of maximizing the performance index,
the redundant. degroes  are used  to maxmize  the manipul-
ability measure, In By (31)  (1-3(0) J0))dP which is used
to maxmize  the performance index P represents the redun-
dancy afier the end effector accomplishes the main work,
The performance index P is defined as follows ¢
’ = H(E) 32)
The performance index of the secondary work is defined as
follows :

H(E) = K(A) (33)
The different.ial change of P is given as follows
dpP =¢K, e = H(EA)/6hH (34)

Here, K is chosen as Follows not to exceed the maximun
angular velocity of the each joint actuators,
K =(d@max-J(7)dx) 7/ (3-J(EI(H)) e (35)

The flow chart of the algorithn maximizing the performan s
index explained abow is given in Fig, 4.

5. THE SIMULATION RESULIS AND DISCIBSIONS

5.1 The Distribution of the Manipulability Measure in
Working Space

As the work is carried out. on the positioner in the R-P
system, the working space is confined on the positioner,
The fixed degree of freedom in each cases are shown in
Table 4, F¥ig.5 to Fig.8 show the distribution pattern of
the manipulability measure in the cases of Table 4. In
Fig.5(a) corresponding to case 1, the system is in singu-
larity whon the position of Y coordinate becomes O inch,
This is the singular state 2) in Eq, (27), Tn Fig,5(b) cor-
responding to case 2, the ¥-7Z work section is the contour
map at. the position of Y=0.

As shoun in Fig.5(b), if is realized that. every point in
X - 7 work section becomes sirgular as the manipulability

measure is near zero in most. cases,

The Fig. 6(a) corresponding to case 3 shows singularity
point. at. X=y=0, This is the singular state 3) in By, (28).
Fig., 6(b) corresponding to case 4 which is the contour map
the manipulability measure distribution on X -7 work
section where the Y coordinate is zoro in case 3. From
Fig. 6(a) and Fig. 6(b) the robot and end effector are in
vertical and on the Z axis of the reference coordinate,

Fig. 7(a) corresponding to case 5 shows that relatively
larger manipulability measure is distributed on the whole
positioner table.

Fig. 7(b) corresponding to case 6 shows the relatively
small manipulability measure around X= -5 inch and 7= 3.5



inch without singularity points, Fig.8(a) corresponding to
case 7 shows the similar pattern as the case 5,

But. in Fig. 8(b), the contour of small manipulability
measure has moved upward compared to case 6,

This happens as the tilting Jjoint moves by —15e,

To represent the change of the manipulabilily measure due
try the change of tilting Jjoint and end effector motion,
Fig. 9 shows the menipulabi)ity measurc on the 4 - 62
plane. Here the position is solected all a arbitrary point,

In Fig.9,as the tilting angle mtates positive from =90«
and the end effector moves to the horizental position from
vertical one, the manipulabiiity measurm: increases,

5.2

Maximization of the Manipulability Measurv in the
Cont.inucus Path Work

The algorithm for the manipulability measure maximization
discussed  in seclion 4 {s applied (o the R-P system and
it spplicability is discussed via 3 dimensional graphic
simuation. The structure and joint vari-ables of the R-P
system are shown in seclion 2 and its Jacobian is shown in
section 3.2, The task is straight line trajectory follow-
ing.
Fxanple 1) Singularity awoidance in straight. lipe

following,

Tha R-P system  operation is simdated (o follow the
straight. line from the initial position Xi={4 inch,4 inch,
2 inch, Oeo, 0¢,00 1 to final position Xf={4 inch, -4 inch,
2 inch, Oo ,00 ,0e), Tha initial tilting angic is Oe,

Fig. 10 shows  the manipulability measurm along the str—
aight. line following, Here, the solid Tine is by the algr
rithm  for the manipulability measure maximizafion and
dashed line i by the case of dP = 0 in By (31),

When the algorithn for
mization is used, not only the desimd position and orien—
{ation are possible In the case of sinpularity, but also
singularity awidance s considered, Therefore the whole
operation is done betler, Fig. 11 shows the shmlation
rosults by graphic simulator, Fig, 11(a) shows singularity
when controlled  dP = 0, the third joint passes slow Os,
but, Fig, 11(b} shows which results are singularity avol-
dance by maniputability measure maximizalion,

Example 2) The manipulabilily measure mximization by

the tilting Joint motion of the positioner,

The R-P systes follows the straight. line from Xi=l4 inch,
4 inch, 2 inch, Ge, ~45¢, Qo] to Xf = {4 inch, -4 inch, 2
inch, Oo, ~4bo, Oc], The initial tilting angle is -45e,
kg, 12 shows the {rajectory of the manipulability measure
in simulation,
luring the operation the wanipulability moasure increases,
The graphic simulation results in Fig., 13 show that the
tilting angle of the positioner moves toward positive
direction,

6. CONCLIBIONS

The kinematic analysis of a robot positioner system,
existing 5 - degree robot and 2 ~ degree positioner,as a
way 1o Increase the robot performance results the fol-
Jowings
1) The inverse kinemalic solution of the robot. positioner

system was fournd.

2) By the contour of the performance index, the orien
tation of the robot end effector and  the positioner
tilting joint was investigated to increase the manipu—
lability measure of the robot-positioner syslen.

3) By the redundancy contrul of the robol - positioner
system, the whole operation in the presence of sj ngul-
arity was sucesful ang a numerical example was given,

In the future, the visualization method such as a contour

graph can be applied to (he computer aided design of a

robot. system. For the analysis of the manipuiability in %~

dimensional working space, the d—dimen—sional graph of the
manipulability measure is necessary. Also, {he manipul-
ability should be considered in the deslgn of a positioner,

the manipulability measure maxi-.
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Fig. 1 A schemetic drawing of Rhino-XR3 and
rotary-tilting carouse!
(a) Configuration of R-P system,
(b} Coordinate system of R-P system)

(b)
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Fig. 2 Definition of the hand orientation angles and
their differential change



Fig. 5 Distribution of manipulability in the work space for Case 1,2
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Fig. 3 Flow chart of the contour map for the distri-
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Fig. 6 Distribution of manipulability in the work space for Case 3.4
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Manipulability due to the change of tilting
joint and end-effector motion
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Fig. 11 3-D graphic simulation for straight line task

(a) Control algorithm : dP =0 in eq. (31)
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Fig. 11 ) Control algorithm : eq. (31) ~ (35)
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Fig. 12 Comparision of mampulabxluy for straight line task with tilting motion
(-~ 2 Control algorithm ¢P=0 in eq. (31)
— : Controt algorithm eq. (31) ~ (35))
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Fig. 13 3.D graphic simulation for straight line task with tilting motion
(a) Control algorithm : ¢P=0 in eq. (31)
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Fig. 13 (b) Control algorithm : eq. (31) ~ (35)



