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ABSTRACT In this paper, the delay mar-
gins of the LQ and the LQG regulators
are obtained in the time domain.
margins are represented in
singular values of system
the solutions of a Riccati

These
terms of the
matrices and
equation and

a Lyapunov one. And their asymptbtical
properties when gains tend teo infinity
are investigated,.

1. INTRODUCTION

In recent year, great attention has
been paid to the research into stability
of the time delay system and a series of
effective stability criteria and stabil-
ity test methods have been presented [1

7]. This is natural because
ments always exist

delay ele—

in practical control

systems, the stability problem of the
delay systems is very important in prac-
tice. The cases that control systems

have time delay are roughly divided into

four. The first case is that the origi-—
nal system has delay elements, so its
model is expressed by a delay dif-

ferential equation and the designed com-—
pensator has
less ones. The

high order plant
order model

delay elements or memory-
that the
is modeled as a
and a delay term
manipulation and the delay term is ne-—
glected in many cases. The major part of
the research about delay systems
cerned with the systems of above

type. The third one is that the plant
presented by an ordinary differential
in the compensator the de-

second one is
lower

for easy

is con-
two
is

equation but
layed information is used to improve the
performance of the closed loop system.
Research about this system started
in recent by a few researcher[8]. The
last one is that both the plant and the
compensator described by ordinary
differential equations but the computa-
tion time is considered. Research about
this case is rarely found in literatures
but it must be performed because the
computation time is unavoidable whenever
compensators are practically implemented

is

are
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and the stability of the real control
systems may be affected by it. In this

paper, we are concerned with the effects
of the neglected delay term and the com-
putation time delay in the stability of
the LQ and the LQG regulators.

In all cases, the closed loop sys-—
tems can be described by a linear dif-
ferential equation
x(t) = Aix(t) + Bix{t-h) (1.1)
with h > 0 and x(t)c/m. To analyze
the stability properties of this equa-
tion, there are three methods graphi-
cal techniques([5,9], the second method

of Lyapunov{[10,11]
scendental equation

and solving a tran-—

or its transformed

one using the approximation of exp(-
sh){1,2,3,4,6, 7,107. Each of these
methods have serious limitation : the

graphical methods are rather timeconsum-
ing and typically require access toc dig-

ital computers with program for plot-
ting; the Lyapunov approach gives only
sufficient conditions for stability, and
for systems with large dimension the
transcendental characteristic equation
and its transformation are difficult to
be solved except in a few special
case{3]. The obtained results  using
above methods are roughly classified

into three groups stability conditions
of delay h [1,2,5,6,7,9],
stability test methods for given h
[4,11], and the estimation of maximum h
not to destabilize a closed loop system
f1,3,9,10}. In this paper, we are con-
cerned with the results of third group,
to say in detail, the computation of the
maximum bound (delay margin) of computa-
tion time delay or neglected delay for
model reduction to guarantee the stabil-
ity of the closed loop LQ and LQG regu-

independent

lators. Using the Nyquist plot or the
characteristic root loci or Thowsen’s
method, we can obtain this bound exactly

if design parameters (weighting and/or
covariance matrices) are given. But the



calculation is difficult and the ob-
tained bound is not explicitly related
to design parameters. Thus we use a Lya-
punov approach to obtain a delay margin
and to investigate properties when
gains tend to infinity. Halanay had ob-
tained a delay margin using a Lyapunov
approach but the delay margin is conser-
vative to some extent[ll]. In this pa-
per, using the Razumikhin-type theorems
[10] we obtain a less conservative delay
margin than Halanay’'s one.

This paper is organized as follows.
In section 2, the delay margins of the
LQ and the LQG regulators are obtained
in terms of the singular values of sys-—
tem matrices and the solutions of a Ric-
cati equation and a Lyapunov one. Their
asymptotical properties are investigated
when the regulator gain the Kalman
filter gain approach infinity.

its

or

2. Main Results

We consider a linear time invariant

system described by

x(t) = Ax(t) + Bu(t) (2.1)
y(t) = Cx(t) (2.2)
where x{t)cmm is the state vector,
u(t)e/m the control input vector, and
y(t)c# the output vector, and A, B, and

C are constant matrices with appropriate
dimensions. We assume that (A,B)
controllable pair, (C,A) an observable
pair, and, without loss of generality,
the number of control inputs is equal to
that of outputs.

The control of the LQ regulator for
system (2.1) is given by

is a

u(t) = -R-1IB’Px(t) = —-Kx(t) (2.3)
where P satisfies the algebraic Riccati

equation

A’P + PA + Q ~ PBR™1B’P = 0 (2.4)
and Q is a positive semi-definite matrix
and R a positive definite diagonal ma-—
trix. We assume that it takes h
ond(s) to compute the control law (2.3).
Then the real control law is represented

by

sec—

u(t) = —-Kx(t-h) (2.5)
and this control is applied to the plant
in practice. The following theorem
states the stability of the new LQ regu-
lator to take account into the computa-

tion time h.
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Theorem 1 The control (2.5) is applied
to the system (2.1). The closed loop
system is asymptotically stable if the
following inequality holds. :

R —— =

(2.6)
o1 {PcBKA) + g1 (PcBKBK)

where ¢1(.) denotes the maximum singular

value and Pc satisfies the following
Lyapunov equation.

(A-BK)’Pc + Pc(A-BK) = -2I, (2.7)
Proof When the control (2.5) is ap-—
plied to the system (2.1), the closed

loop system is given by

x(t) = (A-BK)x(t) + BEx(t-h) (2.8)
By Razumikhin-type theorems, we o¢nly
consider initial data satisfying the

following equation to confirm the sta-
bility of the system (2.8).

I{(t+o) f<fix(t)] for all ge[~2h,0] (2.9)
where |.| denotes the Euclidean norm. We
consider a candidate for the Lyapunov
function as

Vix(t)) = »’ (t)Pex(t) (2.10)
Then

Vo= -2x%’ (£)x{t)+2x’ (t)PcBK(x(t)~x(t-h))

t .
% (o) do
ton

‘2x’(t)x(t)+2x’(t)PcBK{

L
= *2x’(t)x(t)+2x’(t)PcBKA[x(a)dg
t-n

t
+ 2x’ (t)FcBKBKJX(o"h)da‘
t-h

"

t
*Z(HX(t)R2+51(PcBKA)HX(t)HJHX(d)Hdo

t
+dl(PcBKBK)HX(t)H["X(a—h)Hda
t-h

< -2 RX(t) u2 (lval (Pc BKA)h—o'l (Pc BKBK)h)

Therefore V is negative if the inequal-
ity (2.6) holds.

Q.E.D.
From above results, we know that
the larger is the gain, the smaller is

hi. In equation {(2.7), PcBK converges to
a finite constant matrix as K approaches
infinity if the condition number of A-BK
is finite[12]. o1 (PcBKA) finite but
o1 (PcBKBK) tends to infinity. hi ap-
proaches zero., So it may be necessary to
take account into the computation time

is



of the control algorithm when the feed-
back gain is large.

We consider the LQG regulators
where the controller consists of the
Kalman filter and the LQ regulator with
gain matrix K. The filter
found from the linear minimum variance
state estimation problem for the system
(2.1) and (2.2) with state and measure-—
ment noise signal vector w(t) and v(t)

Kalman is

whose covariance matrices are Qo and Ro
respectively. It 1is expressed as fol~
lows.

R(t)=AR(t)+Bu(t)+F(y(t)-CR(t)) (2.11)
F = y>C’Ro~1? (2.12)
Ay + xA’ + Qo - 3xC’Ro~!Cx = 0 (2.13)
where (A,Qgi ) is controllable. The LQ

regulator with gain matrix K is given by
equation (2.3). If we consider the com-
putation time of the control algorithm,
the control is expressed by.

u(t) = -Kx{(t-h) (2.14)

We obtain a new equation by rearranging

(2.1), (2.2), (2.11), and (2.14) and by
defining error signal vector e(t) = x(t)
-R(t).
x(t)) A-BK BK | |x(t)
e(t))! ] o a-Fc|le(t)
. BK -BK|{x{(t)-x(t—-h) (2.15)
BK -bK||e(t)-e(t—h)

We define a candidate for
function as

the Lyapunov

x{(t) aPec O
e(t) 0 Po

x(t)

V(x(t),e(t))= e(t)

(2.18)

where Pc satisfies the Lyapunov equation

(2.7) and Po does following one

(A-FC)’Po + Po(A-FC) = -2In (2.17)

and ¢ is a positive real constant.

Now we can state the following theorem
with respect to the stability of the
system (2.15).

Theorem 2 The closed loop LQG system
(2.15) is asymptotically stable if the
following inequality holds.
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(2.18)

where on( ) denotes the minimum singular
value and

@PcBk (A—BK) -qPcBK(A-BK-FC)

M=
PoBK(A-BK) -PoBK(A-BK-FC)
Mi1 Miz aln -aPcBK/2
i Mz1 Mzz -0.(PcBK)’' /2 In
and ¢ ¢ (0, 4/01(PcBKK'B’Pc)) to be cho-

sen to maximize hsz.

Proof
- x(t) | |-2ala apcax) x(t)
e(t) a(PcBK)® -21In l e(t)
) rt .
x(t) aPc O BK —-BK x (o)
. . do
e(t) 0 Po BK _BKI e(s)
) t-h
3 _ - ft
x(t) x(t) x(t) x (o)
=— 3 +2 do
e(t) e(t) e(t) e(o)
- - t-n

We only consider initial data satisfying
the following equation like theorem 1.

x(t-9)
e(t-g)

x(t)

for all ¢ ¢
e(t)

[h,0]
(2.19)

Then

2 2
x(t)
2

e(t)

Vg - on (S)+2 o1 (M)h

and ¥V < 0 if h < gn(S)/o1 (M)

Q.E.D.

Remark 1. We consider the
tends to infinity and assume that PcBK
converges to a constant matrix. Then Mia
and Mz2 converge, but Mziand M2z tends
to The delay margin becomes
very small since ¢1{(M) approaches
nite and on(s) is the order of ¢.
in this the computation time of
the algorithm may be a critical factor
on the stability of the LQG regulator.

case that K

infinite.
infi-
Thus,

case,

Remark 2. We consider the case that
(A,B,C) is a minimum phase system and
Qo = BB’', Ro = I/y and u -> o (Loop

Transfer recovery method adjusting fil-
ter gain). Then F -> /uBW where W is an



unitary matrix. If the condition number
of the eigen vector matrix of (A-FC) is
finite for all >0, PoB ~> 0. So M be-
comes a finite matrix since Mzi-> 0, Mzz
—=> a finite matrix and M.z
nite by adjusting ¢. From this fact, it
that the delay margin of the
LQG regulator converges to nonzero con-
stant when the loop transfer recovery
method adjusting filter gain is applied.

is made fi-

is known

The obtained bounds ha

and hz are
conservative but they are used in se—
lecting the design parameters. We can

obtain the exact bounds using graphical
methods (Nyquist plot and Characteristic
root loci) and Thowsen’s method but
these methods are very complex and dif-

ficult and the obtained bounds do not
show the effects of the design parame-—
ters.

3. Conclusion

In this paper, the delay margins of
the 1LQ and the LQG regulator are ob-
tained using the second method of Lya-
punov and the Razumikhin-type theorems.
It is shown that the LQ and the LQG reg-

ulator may become unstable due to the
computation time of the control algo—
rithm when the regulator gain is very

large. It is also shown that the delay
margin of the LQG regulator is not nec—
essarily small when the filter gain be-
come large under some assumptions.

Obtained bounds in this paper are
conservative to some extent but they can
be used in selecting design parameters
since they are related to the regulator
and the filter gains. The method to ob-
tain less conservative bounds needs to
be investigated.
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