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1, Introduction

Mohler developed stochastic bilinear
systems that are the diffusion models for
nigration of people, biological cells, etca.,
(1,2,3,445]+ In the study and analysis of the
behavor of economic systems economic theeweti-
cal considerations indicate nonlinear on:agome
degree of nonlinearity in the system. while
the variables are defined every where(in time)
observation data is available only at dicrete
time points. Moreover disturbances(noises)
is almost always present in the data and in
the system itself 6,7).
matical difficulties involved in treating non-

linear on linearized system model. The discre—

Because of the mathe-

te observations provide the basis for then
adopting a discrete time linear system. The
noise is in the process and observations is
then in corporated usually in an additive
fashion, (8,9].

In this paper ve consider a class of
nonlinear sealsr valued stochastic systems
of the bilinear type and show that the compro-
mi.se modelling approach outline above can
destroy most of the original system's behavi-
our.

2. Bilinear Stochastic Differential

Equations

Consider the general scalar stochastic
differential equation
dx, = f(xt,t)dt + g(xt’t)d"t’
' tE[t,tN], tN<cn

(2-1)

Xy = X
to 0
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where vy is a Wiener process. Always assuming

that X, evolves on a regular probability space
solutions to (2-1) are defined.
The specifie form of (2-1) of interest
to us is the bilinear stochagtic equation
dx, = (A(:)xt+a.(t))dt + P9 (B, (£)x,+b, (1))
-dwt R (2-2)
with Xy scalar valued. This formulation now
supplies the flexibility of incorporating more
than one exogeneous and/or instrument variable
in the model through the variables a, Bi’ and
bi, 1=142,¢eeym. The inhomogeneous process
(2-2) has a drift vector A(t)x +a(t) and diffu-

sion coefficient ééaBi(t)xt i(t)) * A solution

to the nonhomogeneous process can be espressed
as
= k(b >+L,§<(t c)(a(c)-Z 1B, (T)b, ())ac
+$ K(t t)zbi(t.)du , (2-3)

K{t,T) = Exp( (A('c 2‘: B, (T))de +

Lii; i(l: dwl), (2-4)

The first term in (2-3) ig simply the solution
to the homogeneous equation with both the second
and third terms stochastic in nature since X
is a stochastic process. The second term will
have a lognormal, but the last term is further
cortupted by the Gaussian element;E;bi(t)dwi.

i=

Since the sum of lognormally distributed random
variables is not lognormally distributed the
solution of (2-3) will not have a lognormal
distribution even if bi(t)=0, i=1,250009Me

‘with very little hope of finding a simple
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probability lay for x, we have to be satisfied
with calculating the moments. Taking expectat-
ion in (2-2) ve obtain the moment equation;
Elxy) = w4}

n{t) = A(t)m(t) + a(t),

m(to) = Elx)
and simllarly the second moment P(t) E{(x
m(t)) }
B(t) = 2 A(t)+§iz15 () B(t) + ff,( B3(t)
n2(t) +2n (+)B, (t)b (4) + b2 1 (8D,
P(t,)= E{(x - n(t,))?) “(2-6)
We conclude this section by obtaining a

(2-5)

solution to a stochastic bilinear economic
model due to D' Alessadro(10]. Consider the
following simple capitsl formation model

vhere
8(t) = s(t)F(t) - po(t),  te(0,ty]
c{o) = ¢

0*
where p is the constant rate of papital

depreciation, s{t} the total(publiec and priva-
te) saving ratic and F(t) is a linear product~-
ion function of the form

F(t) =&C(t) +BL(t),
Asgsuming that the labor force L grows exogen—

o, >0, congtants.

eously at rate ; i.e.,
L(t) =AL(t), A>O
L{0) = Ly

We obtain a solution for the case whers the
savings ratio is distributed by white noise,
a{t) = 8(t) + ny
n, is Gaussian with zero mean and unit verian=
ce and has the Wiener process Wy assoclated
with 1t; 5(%) being the memn saving ratio.
Solving for L we obtain L(%)= OExp(kt) and
bilinesr in the form,
acy = ({a8(t)-p)Cy+ L, S(t)e *)at

+ (A0, 4BL e t)du (2-7)

Gt0= CO.
Notice that even in this simple case, a linear
model will result only if ®=0, i.e., no capital
goods being consumed in production. The kernel
£ (2-4) is now given by b
(ty9) = Doy (e { se)ae-
<u+§> 2 (-a0), (2-8)

and the solution of {2-3) for this case becomes

A
— X
Oy (,tg)cy* jox(t,w(s(c)-u)noe‘ac

¥
+ 6L, J' K(t,T)e ® due ,  (2-9)
The first term in (2—9) is the solution to
the homogeneous equation,

40, ={aE(t)-p)Codt + *Cyduy

or the case vhenf=0, i,e.,when no labor is
used in production on when labor participates
with zero efficiency, while the second and
third terms add components due to labor
involvement. Note further that the term
Exp(d(ut~ws)) in (2-8), reflecting essentially
the accumulative effect of the disturbances,
depends only on the ratio of capital goods
consumed in production. Moreover, the leoeal
disturbances in the process is contained in
the last term of (2-9), i.e., pLOe >‘tdwi: and
depends only on the labor efficiency coefficim
ent @ . '

Dynamic squations for the first two
moments of C, can be obtained from (2-5) and
(2-6} and are given by

ho(6)=(a(t)=pu (+) + B(6)pL,e™®
and L
B (£)=2(oB(6)-uhS)P_(6)+am (£)4L,e"Y)?

=2(«B() o) P_(£)4F(1)?
where F(t) = E[F(t)) is the expected production,
Since both moment equations are linear with
strictly positive solutions. To ensure a bound-
ed variance ag tN~9oo(necessary to avold the
capital formation from becoming completely
random) it is therefore necessary to have

t
of 3w + (S - )ty 2 0,
for large t,
or

t. 2
1 - L1 e d
T swde 0= 5.

3. Equivalent Discrete Time Systems

In this section the closed form solutions
of section 2 are employed to obtein the equi-~
valent discrete time bilinesr stochastie systems
s 1.+, relate the solutions at discrete time
points with one another. It ig necessary to
keep all discretizing arguments consistent
vith definitions in Ito(11,12,13) and very

— 59 —
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effort is made to present equations already
adapted for computations.

Congider any n~partition of intsrval
(to,tN) vith time points ti, 120,142,000 ,48
where t0<t1<t2< ...(tN. By defining

aA(ty) = (a(ty) = B(t)b(t,)) (6 1=t))
and

Py ™ 2% Uy = %)

where the random variables ( Ptk ) form a
+1

sequence of independent Gaussian randem
variables with zero mean and variance
2 o R -
HCEL LIRS
For consecutive time steps we obtain the
discrete equation,
x, =%, &t ,t Jr, +&(t ,t )
t + Ya=1'"t P g1
a =1 q" @ q 1" q
(2-10)

(s ) +P. Ir
q-1 ) ‘bq ‘bq,

vhere the funetion
Bt )Bm(o (A6 )= ) (6t
q’p =Exp &= byl -z tk+1 Y )
act as the usual state transition funetion.
But before the moment processes can be
obtained it is necessary to take into account
that j’t and r, are indeed define over the

q q
same forward difference vy ~w

By definition,

r, = Exp(B(t__.)(w, =v, )),
tq q~1 tq tq-1

t1)

=b{t_ ) (v, -v
ftq q-1 tq

and by keeping B( tq_1) and b(tq__1) constant,
a strictly ordered M partition of (tq_1,tq)

revesls by standard arguments that
E[rtqytq] =B( tq_1)b(tq_1 ) (tq—i:q__1 )=A(tq_1 )

)(tq-t )

25 1=
E [r{,‘qf:t q] -IzB(tq__1 ot 4 -1

while

2 . 2,..2 - =

Using these expressions the mean process
is given by
m(tq)ﬂi(tq,’cqq)(m(tq_,

1
JraCty_y))Exp(~

67 (6 V¥t tat) )

m(t,)=E [x{% (2=11)
while the covariance process is given by
Plty)= 85t b _P(t, 1 Exp(265 (%))
i, _,)(m(t Pralty H2

-Exp(GS(t ) (Exp( 65t )~1)

LHON _1)<m<t >+<x(t At )

(4rmxp(63(8.)/2) )48t 8

(8(t,_)- SR )
where P(t )=z ((xt ~n(ty) )23.

Note that as in the continuous cage the

(2—1 2)

elements of the homogeneous can be easily
extracted from the inhomogensous model and its
moment procegses.

4+ Application

Let us consider a simple growth(decay)
nodel of Harrod-Domar type, where the state
vas disturbed by some policy or natural disaste
er at the time instances tp and agsin at tm.
Take

dx, = -hxydt + B(t)x,dv,

vhere is the normal growth constant A>0 say
and the policy variable
B(t) = [1, t-tp and t=t , 0Ct <t4fr
0, elsovhere
By selecting an Nepartition of (0,T) s With t
and tp included as sample points and say of

equal length tk+1~tk =4 all k., Using the discr-
ete time models

tefo,T)

xtk ={Exp(~ Ak )x, , Otke<p
+1 0
Exp(~ Ak )xt T, » pskam
0
P
Exp(~Nk )xto'rt' Ty v mekeN
P °m
vhere
= Exp(B(t v, =~ w, ))
t .
S T

With the numbers v, and rtm strictly positive

a possible solution is illustrated in figure 1,

Selsct now a piecewise congtant policy
variable a(t) and to depict local disturbances
8 small constant O and incorporate them into
the model giving

axy = (=hxg + a(t))dt + (B(t)xy ¥p)duy
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Solutions for the discrete time system is nonlinear stochastic system in a discrete time

given by forms It is essential that any discretization
02q<p ) argument should be based on the closed solution
_ - form of the system rather than the model itself
= Exp(-nga)x, + Exp(-rka)(a(t, ) .
q Y% &0 k
+€ tk) Xt
X
psqem ke N1
E‘Jcp<->\qa)rt t +Z Exp(-/\kA) "Lh‘<1
q
(alt) +g, ) g ] ;
«{a(t, ) + r, + Exo(—xka) I’ ‘
k gtk Y & | S PR
0 tp tm T te
{a(t, ) +&, )
gtk Figure 1.
mag< N
x, = Exp(~rgalr + % Exp(~ika) Y
% t t >1
tq P K i
X’fc \
(a(t,) +§t )r Lt Z Exp(-Aka) N, S '
m k-.p \\ - — N /
N . 37 S
'(a(t +§tk}rt + E Exp(~Aka) e N N
(a(ty) +& ) { I ' \‘ T
§tk 0 t, tm T4
A typical solution is sketched in figure 2.
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