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Abstract

There has been a great amount of intercst in
the design of digital filters with low sensitivity
to cocfficient variations. Especially the wave
digital filter modeled after analog LC ladder fil-
ter has been studied to have low-coefficient-sen-
sitivity properties.

This paper cxamined the design of the wave digi-
tal filter and how the sensitivity and roundoff
noise property arises. As a result of computer
simulation the implementation of the digital fil-
ter was possible with a lower coefficient word
length comparing with the conventional cascade
structure.

1. Introduction

Digital filters are realized either with spe-
cial-purpose digital hardware or as a computer
algorithm. In both cases filter coefficients can
only be expressed using a finite number of bits.

Furthermore, in many instances it may be ad-
vantageous to use as few bits as possible to ex-
press filter coefficients. But the small number
of bits may lead to a system which does not satis-

fy any more the original filter characteristic and

even result in an unstable system if the pole lo-
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cations are near the unit circle in the Z-plare.

Therefore there has been a great amount of in-
terest in the design of digital filters with low
sensitivity with respect to coefficient variations.

Wave digital filter proposed by Fettweis which
is modeled via transmission-line transformaticns
from analog LC ladder networks has been showned to
have the characteristic of low-coefficient-sersi-
tivity.

This paper examines the design and properties of
the wave digital filter. And then coefficient sen-
sitivity properties are compared with the cascade
form digital filter.

2, The Design of Wave Digital Filter

T _ T

LC Ladder network

Fig.1
We examine the design of the wave digital filter
where the frequency response of the digital filter
will be a bilinear transformation of the frequency

response of the analog filter such as a LC ladder

network of Fig., 1.

(1) Richards' Transformation

The first step in the procedure is to perforn a
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Unit Element and Richards elements

delays, the entire operation of the filter could
be performed digitally.

In fact it is convenient to choose as the sig-
nal variables in the filter the forward-and rever-
se--raveling voltage waves. The digital filter in
this case is then a digital implementation of the

wave flow diagram of the analog filter.

(2) Series Line Interconnection

Richards transformation on the LC ladder network.
This consists of replacing inductors with short-
circuited delay lines and capacitors with open-
circuilted delay lines. All of the delay lines
are chosen to have cqual delay T/2 and are re-
ferred to as unit elements.

The characteristic impedance Zo of Richards
inductor are chosen to be equal to the inductance
value and the characteristic admittance Yo of
Richards capacitor are chosen to be equal to the

capacitance value.

These tabled as follows.
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By the Richards transformation the frequency
response of the filter become a hilinear trans-
formation of the original response and all of the
elements of the original filter is transformed
into delay lines.

Since the delay lines are used as one-port
elements the basic unit of delay in the operation
of filter is the round-trip delay T. This delay
is therefore consistent with the sampling period
and it is conceivable that since the signals in

the filter can be represented as sequences and

the operation of the filter is based on unit T

Fig.3 Three port series adaptors

The function of the three port series adaptor
is to connect three ports in series whose charac-
teristic impedances are R1, RZ, and R3, respectiv-
ely, as in Fig.3. The three port voltages and
currents are related as follows:

I} = Iy = Iz, VI +V2+V3=0 (2)

The wave variables, Xk and Yy, can be expressed
in terms of the currents and voltages as follows:

Xk = Vg + IgRg, Yg = Vg - IxRg (3)
k=1, 2,3

Using (2) and (3),

A ] 1=3y -8 ~( X
Yai 2 | -fai-Ba ~fy] |Xa (4a)
Y3 “By -f -Gy [X3]

From (4b) By + B + B3 = 2, therefore only two
coefficients are necessary for implementing this
set of equations and a structure for doing this is

the series 2-multiplier adaptor (Type S2) of Fig.

3(a).




With Ry unspecified, one can choose R = Ry o+

Rz so that By = Ry/Rz, Bz = 1 according to [q.

(4b). As a consequence, the above adaptor cun
be simplified to the series l-multiplier adaptor
(Type S1) of Fig.3(b).
(3) Parallel Line Interconnection

A similar implementation can be established

tfor the parallel connection.
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Three port parallel adaptor:
(4) Digital Filter Realization

If a digital structurc is constructed from an
analog LC ladder design such as that of Fig., 1
it is necessary to directly interconnect three
port serics and three port parallel adaptors.

In this case digital networks containing de-
lay-free loops are said to be unrealizable be-
cause certain node signals in such networks can-
not be computed. Thercfore, an important de-
sign rule is that every feedback loop must con-
tain at least one delay.

A. Indirect Realization

If adaptor ports with direct paths arc inter-
connected digital networks with inner loops with-
out delay can arise., This problem can be solved
by changing the topology of the unit element
analog network to a form which has delays sepa-
rating each junction. This is accomplished with

the aid of Kuroda's identities.
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B. birect Realization

It adaptor ports with direct path are not inter-
connected digital networks can contain at least onc
delay.

The only adaptor port without direct paths is

3

port 2 in adaptors S; and Pl, as in Figs 3 and 3.
Therefore, for the sake of digital filter realization
every direct connection between adaptor ports must
necessarily involve port 2 of cither an S and u P}
adaptor,

. fixed Realization

Digital filters can be realized in a way that cer-

tain substructures inside them are realized as direct

realization, while others include indirect rcalization.

Hence a large variety of mixed structure are availa-
blic.
3. The Properties of Wave Digital Filter
{1} Attenuation Sensitivity

In the design of the wave digital filter an equal-
Iy terminated 1.C ladder filter satistying prescribed

specifications is first designed. Then by replacing
analog clements by appropriate digital realizations,
the 1O tadder filter is transformed into o wave digi-
tal filter.

In this way the wave digital filter imitates the
behavior of an cqually terminated LC ladder filter
which is inherently low sensitivity structure.  So
the wave digital filter can achicve the cvtremely low
sensitivity of attenuation characteristic with respect
to coefficient variations.

(2} Roundoff Noise
consider the roundoff noise gencrated by a multi-

licer We cxamine the wave
p
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in a wave digital filter.



digital filter in Fig. 6 under steady state condi-
tions, assuming that it is fed at node ! by a sinu-
soidal signal of frequency Wo and complex amplitude
X1. The corresponding output signal at node 2 is
Y2 and the transfer function from node 1 to node 2
is

To1 = Y2/X1 = ¢, [=A+ 3B ()
and

X4 = AY3 (6)
All complex amplitudes are assumed to correspond
to rms values.

The transfer function T3y, T4 are

T3+ Y3/%» Taq = Yo/¥a (7)

The sensitivity of Tpy; with respect to &, has
been shown to be given by

9T

B4 = -Té|11u% (&)
and

al - __1_ 3Ta (@)

94 T2 3a

If we assume the multiplier to be realized
with fixed-point arithmetic the rounding operation
can be taken into account by injecting into node
4 a roundoff noise signal n of power density spec-
trum N{w), as shown in Fig. 6(b). The resulting
output noise power density is
2
Na(w) = l T:.q.(jW)l Ncw) (1)
and the corresponding nolse-to-signal power ratio
is
Powr = Naow/|Yal? ()

If we now eliminate X3, Yz, Xq, T21, T3p and

N2 (w) among the above expressions (5) -~ (11} we
obtain N N
Biwy = a*| 3Tgwy| | TMGW)‘

W = ErlSa Taatwe) (2

where A is the cuantization step of the signal
parameter and r is a positive quantity such that

rg.

For w = wo, {12) reduces to
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This result shows that the output noise-to-sig-
nal ratio depends essentially on the attenuation
sensitivity Therefore the wave digital fil;
ter with low sensitivity of the attenuation produce
less roundoff noisec.

4. bxperiment and Discussion

A third-order Butterworth digital filter is to
be designed as a wave digital filter. Its cutoff
frequency is specified as 100iz with the sampling

frequency set at lOKHz.
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Fig.7 Signal flow graph of the wave digital

filter which is designed by the mixed
realization
In order to examine the effect of quantization
of the nultimplier coefficients in the wave digital
filter, the plot of the magnitude characteristic
is shown in Fig.8 and to make a comparison the mag-
nitude characteristic of the digital filter imple-
mented in cascade form is also shown in Fig.8.
In Fig.8 we know that the realization is possi-

ble down to 10 11 bits for the wave digital filter

compared to 16 bits for the cascade.
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Fig.8 Frequency response of the filter
5. Conclusions

In this paper the design and properties of the
wave digital filter which is modeled via transmis-
sion-line transformation from analog LC ladder
filter was examined.

The outcome of the simulation showed us that
the wave digital filter with fixed-point coeffi-
cients can be implemented with 5-6 bits shorter
cocfficient word lengths than the cascade form
digital filter with fixed-point coefficients.

Particularly when it is implemented with spe-
cial-purpose digital hardware the number of re-
gisters to store the filter coefficient valves
is to be reduced. Therefore the manufacturing
costs will be downed.

In a while, because of topological constraints
of the wave digital filter the minimum time to

process one filter cycle can be longer than the

cascade form digital filter.
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