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A CLASS OF INVERSE CURVATURE FLOWS IN Rn+1, II

Jin-Hua Hu, Jing Mao, Qiang Tu, and Di Wu

Abstract. We consider closed, star-shaped, admissible hypersurfaces in

Rn+1 expanding along the flow Ẋ = |X|α−1F−β , α ≤ 1, β > 0, and

prove that for the case α ≤ 1, β > 0, α + β ≤ 2, this evolution exists
for all the time and the evolving hypersurfaces converge smoothly to a

round sphere after rescaling. Besides, for the case α ≤ 1, α + β > 2,
if furthermore the initial closed hypersurface is strictly convex, then the

strict convexity is preserved during the evolution process and the flow

blows up at finite time.

1. Introduction

Recently, Chen, Mao, Tu and Wu [5] investigated the following inverse cur-
vature flow (ICF for short)

(1.1)


∂

∂t
X =

1

|X|αH(X)
ν,

X(·, 0) = M0,

where 0 ≤ α, M0 is a closed, star-shaped and strictly mean convex C2,β-
hypersurface (0 < β < 1) in the Euclidean (n + 1)-space Rn+1, X(·, t) : Sn →
Rn+1 is a one-parameter family of hypersurfaces immersed into Rn+1 with
Mt = X(M0, t), ν is the unit outward normal vector of Mt, and |X| is the
distance from the point X(x, t) to the origin of Rn+1. Clearly, (1.1) describes
the deformation of M0 along its unit outward normal vector with a speed
(|X|αH)−1 and generally it is an expanding flow. Besides, (1.1) is a non-scale-
invariant flow except the case α = 0, in which the ICF (1.1) degenerates into
the classical inverse mean curvature flow (IMCF for short). For this non-scale-
invariant flow (1.1), they have proven that the evolution exists for all the time,
the evolving hypersurfaces remain star-shaped during the evolution, and con-
verge smoothly to a round sphere after rescaling. This conclusion improves the
long-time existence and the asymptotical behavior description of the IMCF
firstly shown by Gerhardt [9] or Urbas [20] (IMCF is just a special case of the
flow considered by them). In fact, Gerhardt [9] (or Urbas [20]) proved that if in
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the flow (1.1), α = 0 and H was replaced by F , which is a positive, symmetric,
monotone, homogeneous of degree one, concave function with respect to prin-
cipal curvatures of the evolving hypersurfaces, that is, the evolution equation
becomes

∂

∂t
X =

1

F
ν,(1.2)

then in this case, similar conclusions can also be obtained. Because of the
homogeneity of F , the flow (1.2) is scale-invariant. What about the non-scale-
invariant version of (1.2)? Can similar conclusions be obtained? Gerhardt [11]
(or Urbas [21]) has given a positive answer to these questions. In fact, if in
(1.2) F was replaced by F p with p > 0, then the new flow becomes non-scale-
invariant, and the long-time existence, the asymptotical behavior (0 < p ≤ 1)
or the convergence (p > 1) of the new flow can be obtained (see, e.g., [11,
Theorems 1.1, 1.2 and 4.1] for details).

The reason why geometers are interested in the study of the theory of ICFs is
that it has important applications in Physics and Mathematics. For instance,
by defining a notion of weak solutions to IMCF, Huisken and Ilmanen [12,
13] proved the Riemannian Penrose inequality by using the IMCF approach,
which makes an important step to possibly and completely solve the famous
Penrose Conjecture in the General Relativity. Also using the method of IMCF,
Brendle, Hung and Wang [1] proved a sharp Minkowski inequality for mean
convex and star-shaped hypersurfaces in the n-dimensional (n ≥ 3) anti-de
Sitter-Schwarzschild manifold, which generalized the related conclusions in the
Euclidean n-space. Besides, applying ICFs, Alexandrov-Fenchel type and other
types inequalities in space forms and even in some warped products can be
obtained - see, e.g., [7, 8, 15,16,18].

What happens if H was replaced by F β, β > 0, in (1.1)? The purpose of
this paper is to solve this problem.

Let Γ ⊂ Rn be an open, convex, symmetric cone with vertex at the origin,
which contains the positive diagonal, i.e., all n-tuples of the form (λ1, . . . , λn),
λi > 0, i = 1, 2, . . . , n. This is to say that Γ contains the positive cone Γ+. Let
F be a symmetric, positive function, homogeneous of degree one, defined on Γ,
which also satisfies the following assumptions:
Regularity

F ∈ Cm,γ(Γ) ∩ C0(Γ), with 4 ≤ m ≤ ∞ and 0 < γ < 1;(1.3)

Monotonicity

∂F

∂λi
> 0, i = 1, 2, . . . , n, in Γ;(1.4)

Concavity

∂2F

∂λi∂λj
≤ 0;(1.5)
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Nonnegativity

F |Γ > 0 and F |∂Γ = 0.(1.6)

For convenience, we use the normalization convention

F (1, 1, . . . , 1) = n(1.7)

in the sequel. A hypersurface M0 in Rn+1 is said to be admissible if its principal
curvatures lie in the interior of the cone Γ. That is, for any point p ∈M0, the
principal curvatures κi, i = 1, 2, . . . , n, of M0 at the point p satisfies

(κ1, κ2, . . . , κn) ∈ int(Γ),

where int(Γ) represents the interior of Γ. In this paper, we consider the ICFs

∂

∂t
X =

1

|X|1−αF β
ν, α ≤ 1, β > 0,(1.8)

and can prove the followings:

Theorem 1.1. Let α ≤ 1, β > 0, α + β ≤ 2. Let M0 be a closed, star-
shaped and admissible Cm+2,γ-hypersurface in Rn+1, and let F be a principal
curvature function satisfying assumptions (1.3)-(1.7). Assume that

M0 = graphSnu0

for a positive map u0 : Sn → R. Then
(i) there exists a family of star-shaped and admissible hypersurfaces Mt given

by the unique Cm+2+γ,m+2+γ
2 -embedding

X(·, t) : Sn → Rn+1

for t ≥ 0, satisfying the following system:

(1.9)


∂

∂t
X =

1

|X|1−αF β
ν on Sn × (0,∞),

X(·, 0) = M0 in Sn,

where ν is the unit outward normal vector of Mt := X(Sn, t), and |X| is the
distance from the point X(x, t) to the origin.

(ii) the leaves Mt are graphs over Sn, i.e.,

Mt = graphSnu(·, t).

(iii) Moreover, the evolving hypersurfaces converge smoothly, after rescaling,
to a round sphere.

Remark 1.1. (1) In order to avoid any potential confusion with the mean cur-

vature H, we use Cm+2+γ,m+2+γ
2 not Hm+2+γ,m+2+γ

2 used in [11] to represent
the parabolic Hölder norm.

(2) If α = β = 1, then the flow (1.9) degenerates into the classical scale-
invariant ICF considered in [9, 20]. If α = 1, 0 < β ≤ 1, then (1.9) becomes
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the non-scale-invariant ICF considered in [11] or [21], where, in this case, the
one-parameter family X(·, t) satisfies

∂

∂t
X =

1

F β
ν.(1.10)

Hence, the long-time existence and the asymptotic behavior description of the
flow (1.9) in Theorem 1.1 improve the corresponding conclusions shown in
[9, 11,20,21].

(3) It is interesting and important to see how the techniques used for the
ICF (1.10) also apply for the anisotropic ICF (1.9), and what cannot be used.

Theorem 1.2. Let α ≤ 1, α + β > 2. Assume that the initial Cm+2,γ-
hypersurface (4 ≤ m ≤ ∞, 0 < γ < 1) is closed, strictly convex and Γ = Γ+.
Then the solution of the flow (1.8) exists on a maximal finite time interval

[0, T ∗) and belongs to Cm+2+γ,m+2+γ
2 (Sn × [0, T ∗)). The leaves Mt are graphs

over Sn and
lim
t→T∗

inf
Sn
u(t, ·) =∞.

Remark 1.2. Unlike what has shown in [11, Theorem 1.2], one cannot get the
convergence for the rescaled flow of (1.8) in the case α < 1, α + β > 2 – for
the reason, see Remark 4.1. This fact gives an example that some conclusion
of the ICF (1.10) cannot be transferred to its anisotropic version (1.9).

The paper is organized as follows. In Section 2, we will firstly give some
formulae for star-shaped hypersurfaces in Rn+1, and then use these formulae
to get the scalar version of the ICF (1.8), which leads to the short-time ex-
istence of the flow. In Sections 3 and 4, C0-estimate, the gradient estimate,
C2-estimate will be given for the solution of the scalar flow equation. These
estimates, together with the Krylov-Safonov estimate method for the second-
order parabolic partial differential equations (PDEs for short), will give the
long-time existence of the flow (1.8) if α ≤ 1, β > 0, α + β ≤ 2, or will show
that the flow (1.8) blows up at the finite time T ∗ < ∞ if furthermore the ini-
tial hypersurface is strictly convex and α ≤ 1, α + β > 2. In Section 5, the
asymptotical behavior, after rescaling, of the ICF (1.8) will be revealed for the
case α ≤ 1, β > 0, α+ β ≤ 2.

2. The corresponding scalar equation

For a Riemannian manifold (M, g), the Riemann curvature (3,1)-tensor Rm
is defined by

Rm(X,Y )Z = −∇X∇Y Z +∇Y∇XZ +∇[X,Y ]Z

for X,Y, Z ∈ X (M), with X (M) the set of vector fields on M of class at least
C2. Pick a local coordinate chart {xi}ni=1 of M , and then component of the
(3,1)-tensor Rm is given by

Rm

(
∂

∂xi
,
∂

∂xj

)
∂

∂xk
.
= Rlijk

∂

∂xl
,
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where Rijkl
.
= glmR

m
ijk and Rijkl is the Riemannian curvature of M . It is well-

known that we have the standard commutation formulas (i.e., Ricci identities)

(∇i∇j −∇j∇i)αk1···kr =

r∑
l=1

Rmijklαk1···kl−1mkl+1···kr .

If furthermore (M, g) is an immersed hypersurface in Rn+1. Let ν be a given
unit outward normal and hij be the second fundamental form of the hypersur-
face M with respect to ν, that is,

hij = −
〈

∂2X

∂xi∂xj
, ν

〉
Rn+1

.

Denote by Xij = ∂i∂jX − ΓkijXk, where Γkij is the Christoffel symbol of the
metric on M . Recalling the following identities:

(2.1) Xij = −hijν, Gauss formula;

(2.2) νi = hijX
j , Weingarten formula;

(2.3) Rijkl = hikhjl − hilhjk, Gauss equation;

(2.4) ∇khij = ∇jhik, Codazzi equation.

Then, by the Codazzi equation we get

∇i∇jhkl = ∇i(∇jhlk) = ∇i(∇khlj) = ∇i∇khlj .
By the Ricci identities, we have

∇i∇jhkl = ∇k∇ihlj +Riklmh
m
j +Rikjmh

m
l .

Using the Codazzi equation again, it follows that

∇i∇jhkl = ∇k(∇lhji) +Riklmh
m
j +Rikjmh

m
l

= ∇k∇lhji +Riklmh
m
j +Rikjmh

m
l .

By the Gauss equation, we have

∇i∇jhkl = ∇k∇lhij + hmj (hilhkm − himhkl) + hml (hijhkm − himhkj).(2.5)

Using coordinates on the unit sphere Sn, we can equivalently formulate
the problem by the corresponding scalar equation. Since the initial Cm+2,γ-
hypersurface is star-sharped, there exists a scalar function u0 ∈ Cm+2,γ(Sn)
such that X0 : Sn → Rn+1 has the form x 7→ (u0(x), x). The hypersurface Mt

given by the embedding

X(·, t) : Sn → Rn+1

at time t may be represented as a graph over Sn ⊂ Rn+1, and then we can
make ansatz

X(x, t) = (u(x, t), x)

for some function u : Sn × [0, T )→ R.
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Lemma 2.1. Define p := X(x, t) and assume that a point on Sn is described
by local coordinates ξ1, . . . , ξn, that is, x = x(ξ1, . . . , ξn). Let ∂i be the corre-
sponding coordinate fields on Sn and σij = gSn(∂i, ∂j) be the metric on Sn. Let
ui = Diu, uij = DjDiu, and uijk = DkDjDiu denote the covariant derivatives
of u with respect to the round metric gSn and let ∇ be the Levi-Civita connec-
tion of Mt with respect to the metric g induced from the standard metric of
Rn+1. Then, the following formulas hold:

(i) The tangential vector on Mt is

Xi = ∂i + ui∂r

and the corresponding outward unit normal vector is given by

ν =
1

v

(
∂r −

1

u2
uj∂j

)
,

where uj = σijui, and v :=
√

1 + u−2|Du|2 with the gradient Du of u.
(ii) The induced metric g on Mt has the form

gij = u2σij + uiuj

and its inverse is given by

gij =
1

u2

(
σij − uiuj

u2v2

)
.

(iii) The second fundamental form of Mt is given by

hij =
1

v

(
−uij + uσij +

2

u
uiuj

)
and

hij = gikhjk =
1

uv
δij −

1

uv
σ̃ikϕjk, σ̃ij = σij − ϕiϕj

v2
,

where ϕ = log u.

Proof. The formulas can be derived by direct calculation. The details can be
found in [4]. �

Using techniques as in Ecker [6] (see also [9, 10]), the problem (1.9) can be
reduced to solve the following scalar equation with the corresponding initial
data:

(2.6)


∂u

∂t
=

v

u1−αF β
in Sn × (0,∞),

u(·, 0) = u0 in Sn.



A CLASS OF INVERSE CURVATURE FLOWS IN Rn+1, II 1305

Together with the homogeneous assumption on F , the first evolution equation
in (2.6) can be rewritten as1

∂

∂t
ϕ = e(α+β−2)ϕ(1 + |Dϕ|2)

1
2

1

F β(h̃ij)
:= Q(ϕ,Dϕ,D2ϕ),(2.7)

where ϕ(x, t) = log u(x, t) and

h̃ij = uhij =
1

v
(δij − σ̃ikϕjk).

By using a similar method to [9, pp. 301–303], we know that the nonnega-
tivity assumption (1.6) lets the flow equation in (1.9) or (2.6) makes sense
at the beginning of the evolution process, and the monotonicity and concav-
ity assumptions (1.4), (1.5) make sure that the flow equation is a nonlinear
second-order parabolic PDE, which implies that the ICF (1.9) is reduced to
the following scalar equation with the initial condition:

(2.8)


∂ϕ

∂t
= Q(ϕ,Dϕ,D2ϕ) in Sn × (0, T ),

ϕ(·, 0) = ϕ0 in Sn

for some T > 0. In fact, as in [9, 10], by the standard theory of second-order
parabolic PDEs, we can get the following existence and uniqueness for the
system (1.9).

Lemma 2.2. Let X0(Sn) = M0 be as in Theorem 1.1. Then there exist some

T > 0, a unique solution u ∈ Cm+2+γ,m+2+γ
2 (Sn × [0, T ]), where ϕ(x, t) =

log u(x, t), to the parabolic system (2.8). Thus there exists a unique map ψ :

Sn × [0, T ]→ Sn such that the map X̂ defined by

X̂ : Sn × [0, T )→ Rn+1 : (x, t) 7→ X(ψ(x, t), t)

has the same regularity as stated in Theorem 1.1 and is the unique solution to
the parabolic system (1.9).

Let T ∗ be the maximal time such that there exists some

u ∈ Cm+2+γ,m+2+γ
2 (Sn × [0, T ∗))

which solves (2.8). In the sequel, we shall prove a priori estimates for those
admissible solutions on [0, T ] where T < T ∗.

1LetM(Γ) be the set of all n×n matrices whose eigenvalues lie in the open cone Γ ⊂ Rn.

Then one can define a function F on M(Γ) such that F(aij) = F (λi), where (λi) are

the eigenvalues of the matrix (aij). By the abuse of notations, we still use F to represent

the function F , which implies that, in (2.7), F (h̃ij) is essentially F(h̃ij). As shown in [2], the

monotonicity and concavity assumptions (1.4), (1.5) on F implies that
(
∂F
∂aij

)
n×n

is positive

definite, and
(

∂2F
∂aij∂ars

)
n×n

is negative semi-definite, which can be used to show that (2.7)

is a second-order parabolic PDE.
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3. C0, ϕ̇ and gradient estimates

3.1. C0 estimates

We first show clearly the evolution of spheres under the flow (1.9). Fix
a point o ∈ Rn+1, consider the polar coordinates {r, ξi, . . . , ξn−1} around o,
which leads to the fact that the standard Euclidean metric of Rn+1 can be
expressed as

ds2 = dr2 + r2σijdξ
idξj ,

where, as in Lemma 2.1, σij = gSn(∂i, ∂j) denotes the round metric on Sn.
Spheres with center p0 and the radius r are umbilical, their second fundamental
forms are given by

h̄ij = r−1ḡij ,

which implies, in this setting, the flow equation in (1.9) degenerates into

(3.1)
∂r

∂t
=

1

r1−α(nr−1)β
= rα+β−1n−β .

If α+ β 6= 2, then solving the ODE (3.1) yields2

r(t) =

(
2− α− β

nβ
t+ r0

2−α−β
) 1

2−α−β

,

where r(0) = r0 is the radius of the initial sphere. Therefore, we have:

Lemma 3.1. If the initial hypersurface is a sphere, the flow (3.1) exists for
all the time if α + β ≤ 2, and converges to infinity, while in case α + β > 2,
the flow blows up at finite time

Ts =
nβ

α+ β − 2
r2−α−β
0 .

By using Lemma 3.1 and the maximum principle for second-order parabolic
PDEs, we can get the following.

Corollary 3.2. Assume that α ≤ 1 and β > 0. Let M0 = graphSnu0 be star-
shaped, u(ξ, t) be a solution of the flow (2.6) and r1, r2 be positive constants
such that

r1 < u0(ξ) < r2, ∀ξ ∈ Sn.
Then u(ξ, t) satisfies

(3.2) Θ(r1, t) < u(ξ, t) < Θ(r2, t), ∀ 0 ≤ t < min{T ∗, T ∗(r1), T ∗(r2)},

2In fact, if α ≤ 1 and α + β = 2, then we have r(t) = r0e
t

nβ by solving the ODE (3.1)
with the initial condition r(0) = r0, which leads to the fact that the barrier function Θ(r, t)

should be replaced by Θ(r, t) = re
t

nβ . Although Θ(r, t) has a different form, it is not difficult

to check that Corollary 3.2 and all the estimates in the sequel for the case α ≤ 1, β > 0,
α+ β < 2 would be still true for the case α ≤ 1, α+ β = 2. Therefore, the ranges of α, β in

Theorem 1.1 should be α ≤ 1, β > 0, α+ β ≤ 2.
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where

Θ(r, t) =

(
2− α− β

nβ
t+ r2−α−β

) 1
2−α−β

and T ∗(ri), i = 1, 2, is the maximal time for which the spherical flow with
initial sphere of radius ri will exist.

Proof. On one hand, as shown at the beginning of this subsection, it is easy
to know that spheres with radii Θ(ri, t) are the spherical solutions of the flow
(3.1) with the initial sphere of radius ri.

On the other hand, as shown in (2.6), the ICF (1.8) can be reduced to the
scalar parabolic equation

(3.3)
∂u

∂t
=

v

u1−αF β
,

which is obviously satisfied by Θ(ri, t) and can be reduced to the ODE (3.1)
provided the initial hypersurface M0 is a sphere with radius ri.

Therefore, applying the maximum principle for second-order parabolic PDEs
to the difference u(ξ, t)−Θ(ri, t), i = 1, 2, and together with the linearization
process, the conclusion of Corollary 3.2 follows. �

By applying Corollary 3.2 directly, we have the following.

Corollary 3.3. Let α ≤ 1, β > 0, α+ β ≤ 2, and r1 < r < r2. Then we have

c1 ≤ u(x, t)Θ−1(r, t) ≤ c2, ∀ x ∈ Sn, t ∈ [0, T ∗),

for some positive constants c1, c2 depending only on r1, r2, α and β. The flow
is compactly contained in Rn+1 for finite t > 0.

Conversely, we have the following:

Lemma 3.4. If α ≤ 1 and α + β > 2, then the flow (1.8) (resp., (3.3)) only
exists in a finite time interval [0, T ∗), and

(3.4) lim sup
t→T∗

max
Sn

u(·, t) =∞

holds.

Proof. For the situation α ≤ 1 and α + β > 2, the initial hypersurface is
assumed to be strictly convex, which leads to the fact that, under the ICF
(1.8) (resp., (3.3)), the evolving hypersurfaces are also convex. By the estimate
(3.2) in Corollary 3.2, the maximal time T ∗ has to be finite for the case α ≤ 1
and α + β > 2. Also we know that the flow (1.8) (resp., (3.3)) will remain
smooth with uniform estimates as long as it stays in a compact domain, which
implies that (3.4) must be valid. �

Let r0 > 0 be the radius such that for the function Θ(r0, t), where α ≤ 1
and α+ β > 2, the singularity is

(3.5) Ts(r0) = T ∗.
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We can prove the following:

Lemma 3.5. Let u be the solution of the scalar flow equation (3.3) and assume
α ≤ 1, α+ β > 2 and that (3.4) is valid. Then there exists a positive constant
c3 such that

(3.6) u(ξ, t)− c3 ≤ Θ(r0, t) ≤ u(ξ, t) + c3, ∀ ξ ∈ Sn,

and therefore

(3.7) lim
t→T∗

u(ξ, t)Θ−1(r0, t) = 1, ∀ ξ ∈ Sn

holds.

Proof. Without loss of generality, assume that the origin is inside the convex
body enclosed by M0, since when α ≤ 1 and α + β > 2, M0 is assumed to
be strictly convex. Inspired by the works of Gerhardt [11] and Urbas [21], we
know that the support function

(3.8) ū = 〈X, ν〉

of the flow hypersurfaces Mt can be looked at as being on the Gauss image of
Mt and ū satisfies the parabolic equation

(3.9)

{
∂ū
∂t = (

√
ū2 + |Dū|2)α−1F̃ β(D2ū+ ūI), on Sn × [0, T ∗),

ū(·, 0) = 〈X0, ν0〉, in Sn,

where F̃ is defined as follows

(3.10) F̃ (aij) =
1

F (λ−1
1 , . . . , λ−1

n )
,

with λ1, . . . , λn the eigenvalues of [aij ] and (λ1, . . . , λn) ∈ Γ+.
First we need to show that there exists a constant c4 > 0, depending only

on ū0 := ū(·, 0), such that

(3.11) oscū ≤ c4.

For this purpose, we apply the Aleksandrov’s reflection principle (see, e.g., [3]).
Fixing a direction a ∈ Sn and λ > 0, we consider the reflection of x with respect
to the hyperplane {z ∈ Rn+1 : z · a = 0} ⊂ Rn+1

x∗ = x− 2〈x, a〉a

and define a new function

u∗(x, t) = ū(x∗, t).

Given λ > 0, we define

uλ(x, t) = u∗(x, t) + λ〈x, a〉.(3.12)
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Let Ωt, Ω∗t and Ωλt be the convex bodies whose support functions are re-
spectively ū(·, t), u∗(·, t) and uλ(·, t). Clearly, Ωλt is a translation and a re-
flection of Ωt and Ωλt and Ωt are symmetric with respect to the hyperplane
Πλ = {z ∈ Rn+1 : z · a = λ

2 }. Set

Π+
λ =

{
z ∈ Rn+1 : z · a ≥ λ

2

}
and Π−λ =

{
z ∈ Rn+1 : z · a ≤ λ

2

}
.

Since the initial data Ω0 is compact, there exists λ = λ(u0) > 0 which depends
only on ū0 (is independent of a) such that

Ω0 ∈ int
(
Π−λ
)

and Ωλ0 ∈ int
(
Π+
λ

)
.(3.13)

Then, for any x ∈ Sn+ := {y ∈ Sn : y · a ≥ 0}, we have

uλ(x, 0) ≥ ū(x, 0)

and the equality holds only on ∂Sn+. We claim that for any (x, t) ∈ Sn+× [0, T ),

uλ(x, t) ≥ ū(x, t).(3.14)

In order to prove the claim (3.14), let ô = λa and uλ, ô(·, t) be the support
function of Ωλt with respect to the center ô. Then

uλ, ô(·, t) = u∗(·, t).
Thus, we obtain

∂

∂t
uλ(x, t) =

∂

∂t
u∗(x, t) =

(√
(u∗)2 + |Du∗|2

)α−1

F̃ β(D2u∗ + u∗I)

=

(√
(uλ, ô)2 + |Duλ, ô|2

)α−1

F̃ β(D2uλ, ô + uλ, ôI)(3.15)

on Sn × [0, T ).
For Ωt and Ωλt , denote by ν−1

Ωt
and ν−1

Ωλt
the corresponding inverse Gauss map.

Let M+
t = ν−1

Ωt
(Sn+) and Mλ,+

t = ν−1
Ωλt

(Sn+). For x0 ∈ int
(
Sn+
)
, let t0 ∈ [0, T )

be the time such that

• ν−1
Ωt0

(x0) = ν−1
Ωλt0

(x0) := z0;

• ν−1
Ωt

(x0) 6= ν−1
Ωλt

(x0) for all t ∈ [0, t0) and uλ(·, t0) ≥ u(·, t0) near x0.

If for any x0 ∈ int
(
Sn+
)
, no such t0 exists, then one infers by (3.13) that

int
(
M+

t

)
∩ int

(
Mλ,+

t

)
= ∅

remains for all t ∈ [0, T ∗). Therefore, (3.14) follows immediately. Suppose t0
exists. Then,

D2uλ(x0, t0) ≥ D2ū(x0, t0).(3.16)

By the symmetry, it is easy to see that z0 ∈ P+
λ . Hence,

|z0 − o| ≥ |z0 − ô|,(3.17)
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where o is the origin and ô = λa given as above. Since α ≤ 1 and β > 0, we
have by using (3.15), (3.16) and (3.17)

∂

∂t
uλ(x0, t0) = |z0 − ô|α−1F̃ β(D2uλ + uλI)(x0, t0)

≥ |z0 − o|α−1F̃ β(D2ū+ ūI)(x0, t0)

=
∂

∂t
u(x0, t0).

This implies (3.14).
Then, given any two points x1, x2 ∈ Sn with x1 6= x2, let

a =
x2 − x1

|x2 − x1|
.

Then, x∗2 = x2 − 2〈x2, a〉a = x1. Thus, we have in view of (3.14),

uλ(x2, t) = u(x1, t) + λ〈x2, a〉 ≥ u(x2, t),

which, by noticing 〈x2, a〉 = |x2−x1|
2 , implies

u(x2, t)− u(x1, t)

|x2 − x1|
≤ λ

2
.

Then (3.11) follows. Since u(t, ξ) = ū(t, ξ) when ξ is an extremal point, we
have

oscū ≤ c4.
Using a similar argument to that of [19, Lemma 5.1], it follows that for any
t ∈ [0, T ∗), there exists ξt such that

u(ξt, t) = Θ(r0, t).

Conclusions (3.6) and (3.7) follow directly by combining the facts oscu ≤ c4
and u(ξt, t) = Θ(r0, t). This completes the proof. �

Proof of Theorem 1.2. Clearly, Theorem 1.2 is a consequence of Lemmas 2.2
and 3.5. �

3.2. ϕ̇ estimate

We shall show that ϕ̇(x, t)Θ(t)2−α−β keeps bounded during the flow evolu-
tion.

Lemma 3.6. Assume that α ≤ 1, β > 0, α+ β ≤ 2, and let ϕ be a solution of
(2.8). Then

min

{
inf
Sn
ϕ̇(·, 0) ·Θ(0)2−α−β ,

1

nβ

}
≤ ϕ̇(x, t)Θ(t)2−α−β

≤ max

{
sup
Sn

ϕ̇(·, 0) ·Θ(0)2−α−β ,
1

nβ

}
.
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Proof. Set

M(x, t) = ϕ̇(x, t)Θ(t)2−α−β .

Differentiating both sides of the first evolution equation of (2.8), it is easy to
get that ϕ̇ satisfies

(3.18)


∂M

∂t
= QijDijM +QkDkM + (2− α− β)Θα+β−2

(
1

nβ
−M

)
M

in Sn × (0, T ),

M(·, 0) = ϕ̇0 ·Θ(0)2−α−β on Sn,

where Qij = ∂Q
∂ϕij

and Qk = ∂Q
∂ϕk

. Then, we have

∂M

∂t
= QijDijM +QkDkM + (2− α− β)Θα+β−2

(
1

nβ
−M

)
M.

For the lower bound, on the domain {(x, t) ∈ Sn × (0, T ) |M(x, t) < 1
nβ
}, we

have

(2− α− β)Θα+β−2

(
1

nβ
−M(x, t)

)
≥ 0,

which, by applying the maximum principle, implies

M(x, t) ≥ inf
Sn
ϕ̇(·, 0) ·Θ(0)2−α−β

for any (x, t) ∈ {(x, t) ∈ Sn × (0, T ) |M(x, t) < 1
nβ
}. So

M(x, t) ≥ min

{
inf
Sn
ϕ̇(·, 0) ·Θ(0)2−α−β ,

1

nβ

}
.

Similarly, we have

M(x, t) ≤ max

{
sup
Sn

ϕ̇(·, 0) ·Θ(0)2−α−β ,
1

nβ

}
.

Therefore, we complete our proof. �

3.3. The gradient estimate

Lemma 3.7. Let α ≤ 1, β > 0, α+β ≤ 2, and ϕ be a solution of (2.8). Then
we have

(3.19) |Dϕ| ≤

(
c′3

2−α−β
nβ

t+ c′3

)nβc′4
sup
Sn
|Dϕ(·, 0)|, ∀ x ∈ Sn, t ∈ [0, T ],

where c′3 and c′4 are positive constants.

Proof. Set ψ = |Dϕ|2
2 . By differentiating the function ψ, we have

∂ψ

∂t
=

∂

∂t
DmϕD

mϕ = Dmϕ̇D
mϕ = DmQD

mϕ.
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Then

∂ψ

∂t
= QijDijmϕD

mϕ+QkDkmϕD
mϕ+ (α+ β − 2)Q|Dϕ|2.

Interchanging the covariant derivatives, we have

Dijψ = Dj(DmiϕD
mϕ)

= DmijϕD
mϕ+DmiϕD

m
j ϕ

= (Dijmϕ+RljmiDlϕ)Dmϕ+DmiD
m
j ϕ.

Therefore, we can express DijmϕD
mϕ as

DijmϕD
mϕ = Dijψ −RljmiDlϕD

mϕ−DmiϕD
m
j ϕ.

Then, in view of the fact Rjmil = σjiσml − σljσim on Sn, we have

(3.20)

∂ψ

∂t
= QijDijψ +QkDkψ −Qij(σij |Dϕ|2 −DiϕDjϕ)

−QijDmiϕD
m
j ϕ+ (α+ β − 2)Q|Dϕ|2.

Since the matrix Qij is positive definite, the third and the fourth terms in the
RHS of (3.20) are non-positive. The last term in the RHS of (3.20) can be
estimated if α+ β ≤ 2 by using Lemma 3.6, i.e.,

(2− α− β)Q|Dϕ|2 = 2(2− α− β)ψΘα+β−2QΘ2−α−β

≥ 2(2− α− β)
c4

2−α−β
nβ

t+ c3
ψ.

So we get the equation about ψ as follows:
∂ψ

∂t
≤ QijDijψ +QkDkψ − 2(2− α− β)

c′4
2−α−β
nβ

t+ c′3
ψ in Sn × (0, T ],

ψ(·, 0) =
|Dϕ(·, 0)|2

2
in Sn.

Using the maximum principle, we get the gradient estimate of ϕ in Lemma
3.7. �

Corollary 3.8. Under the assumptions of Theorem 1.1, the evolving hyper-
surface Mt is always star-shaped.

Proof. We just need to show 〈
X

|X|
, ν

〉
=

1

v

is bounded from below by some positive constant, which is clearly implied by
the estimate (3.19) in Lemma 3.7. �

Combining the gradient estimate with ϕ̇ estimate, we can obtain:
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Corollary 3.9. Under the assumptions of Theorem 1.1, if ϕ satisfies (2.8),
then we have

0 < c5 ≤ F (h̃ij) ≤ c6 < +∞,(3.21)

where c5 and c6 are positive constants independent of ϕ.

For the case α ≤ 1, α+β > 2, one can also get a gradient estimate as follows.

Lemma 3.10. Let α ≤ 1, α+ β > 2 and assume (3.4) to be satisfied. Then

v − 1 ≤ c7Θ−1,

i.e.,
lim
t→T∗

|Du| = 0.

Proof. Let ū be the support function defined as (3.8) and let ũ = uΘ−1, ˜̄u =
ūΘ−1. Then by Lemma 3.5, we have

v − 1 = (u− ū)ū−1 = (ũ− 1)˜̄u−1
+ (1− ˜̄u)˜̄u−1 ≤ cΘ−1,

which implies the conclusion of Lemma 3.10. �

4. C2 estimates

Set Ψ = 1
|X|1−αFβ , χ = 〈X, ν〉−1 , F ij = ∂F

∂hij
and F ij,kl = ∂2F

∂hij∂hkl
.

Lemma 4.1. Under the flow

∂

∂t
X =

1

|X|1−αF β
ν,

we have the following evolution equations:

∂

∂t
gij = 2Ψhij ,

∂

∂t
gij = −2Ψhij ,

∂

∂t
ν = −∇Ψ,

∂th
j
i − βΨF−1F klhji,kl = βΨF−1hjiF

klhml hkm −Ψ
β(β + 1)FiF

j

F 2

− (1 + β)Ψhikh
kj

− (1−α)βΨ(∇i log u∇j logF +∇j log u∇i logF )

− (α−1)Ψu−1uji−(α−1)(α−2)Ψ∇i log u∇j log u

+ βΨF−1F kl,rshkl,
jhrs,i + βΨF−1F klhmk himh

j
l

− βΨF−1F klhmjhikhlm,

and

∂tχ− βΨF−1F klχkl = (β − 1)χ2Ψ− 2βΨF−1χ−1F klχkχl
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− βΨF−1F klhml hkmχ+ (α− 1)Ψχ2∇l log u〈X,Xl〉.

Proof. The first three evolution equations are easy to get, and we omit the
derivation process here. Now, we show how to get the last two equations.

On one hand, using the Gauss formula (2.1), we have

∂thij = ∂t〈∂i∂jX,−ν〉

= 〈∂i∂j(Ψν),−ν〉 − 〈Γkij∂kX − hijν, ∂tν〉

= −∂i∂jΨ−Ψ〈∂i∂jν, ν〉+ ΓkijΨk

= −∇2
ijΨ−Ψ〈∂i(hkj ∂kX), ν〉

= −∇2
ijΨ + Ψhikh

k
j .(4.1)

On the other hand,

∇2
ijΨ = Ψ

(
− β
F
Fij +

β(β + 1)FiFj
F 2

)
+ (1− α)βΨ(∇i log u∇j logF +∇j log u∇i logF )

+ (α− 1)Ψu−1uij + (α− 1)(α− 2)Ψ∇i log u∇j log u,

where Fij = F klhkl,ij + F kl,rshkl,ihrs,j .
Since

F klhij,kl = Fij + Fhimh
m
j − hijF klhml hkm − F kl,rshkl,ihrs,j

+ F klhmk himhlj − F klhmj hikhlm,

we have

∇2
ijΨ = (1− α)βΨ(∇i log u∇j logF +∇j log u∇i logF )

+ (α− 1)Ψu−1uij + Ψ
β(β + 1)FiFj

F 2

+ (α− 1)(α− 2)Ψ∇i log u∇j log u

− βΨF−1(−Fhikhkj + hijF
klhml hkm + F klhij,kl + F kl,rshkl,ihrs,j

− F klhmk himhlj + F klhmj hikhlm).(4.2)

Combining (4.1) and (4.2) yields

∂thij = (α− 1)βΨ(∇i log u∇j logF +∇j log u∇i logF )

− (α− 1)Ψu−1uij −Ψ
β(β + 1)FiFj

F 2

− (α− 1)(α− 2)Ψ∇i log u∇j log u

− βΨhikh
k
j + βΨF−1hijF

klhml hkm + βΨF−1F klhij,kl

+ Ψhikh
k
j + F kl,rshkl,ihrs,jβΨF−1

+ βΨF−1F klhmk himhlj − βΨF−1F klhmj hikhlm,
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which implies

∂thij − βΨF−1F klhij,kl

= βΨF−1hijF
klhml hkm

+ (1− β)Ψhikh
k
j −Ψ

β(β + 1)FiFj
F 2

− (1− α)βΨ(∇i log u∇j logF +∇j log u∇i logF )

− (α− 1)Ψu−1uij − (α− 1)(α− 2)Ψ∇i log u∇j log u

+ βΨF−1F kl,rshkl,ihrs,j + βΨF−1F klhmk himhlj − βΨF−1F klhmj hikhlm.

Hence, we can obtain

∂th
j
i − βΨF−1F klhji,kl

= βΨF−1hjiF
klhml hkm

−Ψ
β(β + 1)FiF

j

F 2
− (1 + β)Ψhikh

kj

− (1− α)βΨ(∇i log u∇j logF +∇j log u∇i logF )

− (α− 1)Ψu−1uji − (α− 1)(α− 2)Ψ∇i log u∇j log u

+ βΨF−1F kl,rshkl,
jhrs,i + βΨF−1F klhmk himh

j
l − βΨF−1F klhmjhikhlm.

By direct calculation, one has

∂tχ = −χ2Ψ + χ2Ψ((α− 1)∇i log u− β∇i logF )〈X,Xi〉,(4.3)

χij = 2χ3〈X, ν〉i〈X, ν〉j − χ2〈X, ν〉ij .(4.4)

Using the Weingarten equation (2.2), we have

〈X, ν〉i = hki 〈X,Xk〉,(4.5)

and

〈X, ν〉ij = hki, j〈X,Xk〉+ hij − hki hkj〈X, ν〉(4.6)

= hij,k〈X,Xk〉+ hij − hki hkj〈X, ν〉.

Substituting (4.5) and (4.6) into (4.4) results in

χij = −χ2hij + 2χ−1χiχj + χhki hkj − χ2hij,k〈X,Xk〉,

which, together with (4.3), implies

∂tχ− βΨF−1F klχkl = (β − 1)χ2Ψ− 2βF−1χ−1ΨF klχkχl

− βΨF−1F klhml hkmχ+ (α− 1)Ψχ2∇i log u〈X,Xi〉.

This completes the proof. �

We try to get a priori estimate for the second order derivatives of ϕ.
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Theorem 4.2. Let ϕ be a solution of the flow (2.8) and α ≤ 1, β > 0,
α + β ≤ 2. Then, there exists a constant C := C(α, β, n,M0), depending only
on α, β, n and M0, such that

|Θκi| ≤ C(α, β, n,M0), ∀(x, t) ∈ Sn × [0, T ∗).

Proof. Define functions

ζ = sup{hijηiηj | gijηiηj = 1}
and

w = log ζ + logχ+ 2 log Θ.

We claim that w is bounded. Fix 0 < T < T ∗. Suppose that w attains a
maximal value at (t0, ξ0), that is,

sup
Sn×[0,T ]

w = w(t0, ξ0), t0 > 0.

Choose Riemannian normal coordinates at (t0, ξ0) such that at this point we
have

gij = δij , hij = κiδij , κ1 ≤ κ2 ≤ · · · ≤ κn.(4.7)

Since ζ is only continuous in general, we need to find a differential version
instead. Set

ζ̃ =
hijη

iηj

gijηiηj
,

where η = (0, . . . , 0, 1). There holds at (t0, ξ0),

hnn = hnn = κn = ζ = ζ̃.

By a simple calculation, we get

∂

∂t
ζ̃ =

( ∂∂thij)η
iηj

gijηiηj
− hijη

iηj

(gijηiηj)2

(
∂

∂t
gij

)
ηiηj

and

∂

∂t
hnn =

∂

∂t
(hnkg

kn) =

(
∂

∂t
hnk

)
gkn − gki

(
∂

∂t
gij

)
gjnhnk.

Clearly, in a neighborhood of (t0, ξ0),

ζ̃ ≤ ζ
holds, and we find at (t0, ξ0),

∂

∂t
ζ̃ =

∂

∂t
hnn

and the spatial derivatives also coincide. This implies that ζ̃ satisfies the same
evolution as hnn. Without loss of generality, we treat hnn as a scalar and pretend
that w is defined by

w = log hnn + logχ+ 2 log Θ.
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By Lemma 4.1, we have

∂th
n
n − βΨF−1F klhnn,kl = βΨF−1hnnF

klhml hkm

−Ψ
β(β + 1)FnF

n

F 2
− (1 + β)Ψ(hnn)2

− 2(1− α)βΨ∇nϕ∇n logF

− (α− 1)Ψu−1unn − (α− 1)(α− 2)Ψ∇nϕ∇nϕ

+ βΨF−1F rs,klhrs,
nhkl,n + βΨF−1F klhmk hnmh

n
l

− βΨF−1F klhmnhnkhlm.

Writing it in another form, and using the (4.7), we have

∂t log hnn − βΨF−1F kl(log hnn)kl ≤ βΨF−1F kl∇k log hnn∇l log hnn

+ βΨF−1F klhml hkm − (1 + β)Ψhnn

− β(β + 1)Ψ(hnn)−1∇n logF∇n logF

− 2(1− α)βΨ(hnn)−1∇nϕ∇n logF

− (α− 1)Ψ(hnn)−1u−1unn

− (hnn)−1(α− 1)(α− 2)Ψ|∇nϕ|2.
Clearly,

(1− α)∇nϕ∇n logF ≤ β + 1

2
|∇n logF |2 +

(1− α)2

2(β + 1)
|∇nϕ|2.

A direct computation gives

un =
1

u
〈Xn, X〉

and

unn =
1

u
(−χhnn + 1− (unn)2) ≤ 1

u
.

Therefore, we have

∂t log hnn − βΨF−1F kl(log hnn)kl ≤ βΨF−1F kl∇k log hnn∇l log hnn

+ βΨF−1F klhml hkm − (1 + β)Ψhnn

− (α− 1)Ψ(hnn)−1u−2

+
(α− 1)

β + 1
(2 + β − α)Ψ(hnn)−1∇nϕ∇nϕ.(4.8)

Writing the evolution equation of χ in Lemma 4.1 in another form

∂t logχ− βΨF−1F kl(logχ)kl(4.9)

= (β − 1)χΨ− βΨF−1F kl∇k logχ∇l logχ

− βΨF−1F klhml hmk + (α− 1)Ψχ∇l log u〈X,Xl〉.
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Note that, at (t0, ξ0),

∇ log hnn +∇ logχ = 0.(4.10)

Thus, at (t0, ξ0), combining (4.8), (4.9) and (4.10) yields

0 ≤ ∂tw − βΨF−1F klwkl

≤ (β − 1)χΨ− (1 + β)Ψhnn − (α− 1)Ψ(hnn)−1u−2

+ (α− 1)Ψχ∇k log u〈X,Xk〉+ 2
1

nβ
Θα+β−2.(4.11)

By Lemma 3.7 and Corollary 3.9, we know that

|∇k log u〈X,Xk〉| ≤ |∇u| ≤ C.

Substituting the above estimate into (4.11) results in

(1 + β)Ψhnn ≤ (α− 1)Ψ(hnn)−1u−2 + CΨχ+
2

nβ
Θα+β−2,

which implies

uhnn ≤ C.
This completes the proof. �

Theorem 4.3. Under the hypothesis of Theorem 1.1, we have

T ∗ = +∞.

Proof. From the first evolution equation in (2.8), we have

∂ϕ

∂t
= Q(x, ϕ,Dϕ,D2ϕ).

Set F̃ ij = ∂F

∂h̃ji

. By a simple calculation, we get

∂Q

∂ϕij
= βe(α+β−2)ϕF−(β+1)F̃ il

(
σjl − ϕjϕl

v2

)
,

which is uniformly parabolic on finite intervals from C0-estimate (3.2), C1-
estimate (3.19) and the estimate (3.21). Then by Krylov-Safonov estimate [14]
(or the results in [17, Chapter 14]), we have

|ϕ|
C2+γ,1+

γ
2 (Sn×[0,T∗])

≤ C(n,M0, T
∗),

which implies the maximal time interval is unbounded, i.e., T ∗ = +∞. �

Remark 4.1. Considering the case α ≤ 1, α+β > 2, if furthermore α = 1, then
β > 1 and the anisotropic ICF (1.8) degenerates into the ICF (1.10). Gerhardt
successfully applied the evolution equation of Ψ = uα−1F−β = F−β (see [11,
(3.64)]) to get lower bounds for F and the rescaled curvature function FΘ
respectively, and then obtained upper bound estimates for principal curvatures
and also rescaled ones, which leads to the convergence of the rescaled flow.
However, this method is invalid for α < 1, α + β > 2. The reason is the



A CLASS OF INVERSE CURVATURE FLOWS IN Rn+1, II 1319

following: under the situation α < 1, α+β > 2, the evolution equation of Ψ has
terms involving the second-order derivatives of u, which cannot be controlled.
This leads to the fact that it is impossible to give lower bounds for F , FΘ, and
meanwhile principal curvatures’ estimates cannot be obtained also.

5. Convergence of the rescaled flow for the case α ≤ 1, β > 0,
α+ β ≤ 2

Now, we define the rescaled flow by

X̃ = XΘ−1.

Thus

ũ = uΘ−1,

ϕ̃ = ϕ− log Θ,

and the rescaled curvature function is given by

F̃ = FΘ.

Then by a direct computation, we have

∂

∂t
ũ =

v

ũ1−αF̃ β
Θα+β−2 − ũ

nβ
Θα+β−2.

Defining s = s(t) by the relation

ds

dt
= Θα+β−2

such that s(0) = 0, we conclude that s ranges from 0 to +∞ and ũ satisfies

∂

∂s
ũ =

v

ũ1−αF̃ β
− ũ

nβ
,

or equivalently,

(5.1)
∂

∂s
ϕ̃ =

v

ũ2−αF̃ β
− 1

nβ
= Q̃(ϕ̃,Dϕ̃,D2ϕ̃),

with ϕ̃ = log ũ. Since the spatial derivatives of ϕ̃ are identical to those of ϕ,
(5.1) is a nonlinear second-order parabolic PDE with a uniformly parabolic

and concave operator F̃ . Then, similar to what we have done in (3.19), we can
deduce a decay estimate of ϕ̃(·, s) as follows:

Lemma 5.1. Let ϕ be a solution of (2.8), and α ≤ 1, β > 0, α+β ≤ 2. Then
we have

(5.2) |Dϕ̃(x, s)| ≤ e−λ(2−α−β)s sup
Sn
|Dϕ̃(·, 0)|,

where λ is a positive constant.

Thus, we can apply the Krylov-Safonov estimate [14] and thereafter the
parabolic Schauder estimate to conclude:
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Lemma 5.2. Let ϕ be a solution of the flow (2.8). Then

ϕ̃(·, s)

converges to a real number for s→ +∞.

So, we have:

Theorem 5.3. The rescaled flow

dX̃

ds
=

1

|X̃|1−αF̃ β
ν − X̃

nβ

exists for all time and the leaves converge in C∞ to a round sphere.
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https://doi.org/10.1007/978-0-8176-8210-1

[7] Y. Ge, G. Wang, and J. Wu, Hyperbolic Alexandrov-Fenchel quermassintegral inequal-

ities II, J. Differential Geom. 98 (2014), no. 2, 237–260. http://projecteuclid.org/

euclid.jdg/1406552250

[8] Y. Ge, G. Wang, J. Wu, and C. Xia, A Penrose inequality for graphs over Kottler

space, Calc. Var. Partial Differential Equations 52 (2015), no. 3-4, 755–782. https:

//doi.org/10.1007/s00526-014-0732-y

[9] C. Gerhardt, Flow of nonconvex hypersurfaces into spheres, J. Differential Geom. 32

(1990), no. 1, 299–314. http://projecteuclid.org/euclid.jdg/1214445048

[10] , Curvature problems, Series in Geometry and Topology, 39, International Press,

Somerville, MA, 2006.

https://doi.org/10.1002/cpa.21556
https://doi.org/10.1007/s12220-017-9848-6
https://doi.org/10.1007/s12220-017-9848-6
https://doi.org/10.1090/proc/14686
https://doi.org/10.1007/978-0-8176-8210-1
http://projecteuclid.org/euclid.jdg/1406552250
http://projecteuclid.org/euclid.jdg/1406552250
https://doi.org/10.1007/s00526-014-0732-y
https://doi.org/10.1007/s00526-014-0732-y
http://projecteuclid.org/euclid.jdg/1214445048


A CLASS OF INVERSE CURVATURE FLOWS IN Rn+1, II 1321

[11] , Non-scale-invariant inverse curvature flows in Euclidean space, Calc. Var.

Partial Differential Equations 49 (2014), no. 1-2, 471–489. https://doi.org/10.1007/

s00526-012-0589-x

[12] G. Huisken and T. Ilmanen, The inverse mean curvature flow and the Riemannian Pen-

rose inequality, J. Differential Geom. 59 (2001), no. 3, 353–437. http://projecteuclid.
org/euclid.jdg/1090349447

[13] , Higher regularity of the inverse mean curvature flow, J. Differential Geom. 80

(2008), no. 3, 433–451. http://projecteuclid.org/euclid.jdg/1226090483
[14] N. V. Krylov, Nonlinear elliptic and parabolic equations of the second order, translated

from the Russian by P. L. Buzytsky [P. L. Buzytskĭı], Mathematics and its Applications
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