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ALGEBRAICALLY CONCORDANT SEIFERT FORMS AND

KNOT CONCORDANCE

Taehee Kim

Abstract. We show that if M and V are Seifert forms such that M is

metabolic and has nontrivial Alexander polynomial, then there exists a
knot K having Seifert form M ⊕ V that is not concordant to any knot

with Seifert form V .

1. Introduction

A Seifert form is a matrix V with integer entries satisfying the condition
det(V − V t) = ±1. The Alexander polynomial of a Seifert form V , denoted
∆V (t), is defined to be det(V − tV t) ∈ Z[t±1]. It is known that ∆V (t) is well
defined up to multiplication by ±tn, n ∈ Z. For a knot K in the 3-sphere
S3, the Alexander polynomial of K, denoted ∆K(t), is defined to be ∆VK

(t)
where VK is a Seifert form associated to a Seifert surface for K. A Seifert
form V is metabolic if it has a half-rank summand for the underlying free
abelian group on which V vanishes. Seifert forms V1 and V2 are algebraically
concordant if V1 ⊕ −V2 is metabolic. Algebraic concordance is an equivalence
relation on Seifert forms, and the equivalence classes form an abelian group
under direct sum. We call it the algebraic concordance group. We also say
that two knots are algebraically concordant if their associated Seifert forms are
algebraically concordant. We note that Levine’s work on algebraic concordance
on Seifert forms [10,11] gave the classification of the high odd dimensional knot
concordance groups and revealed a rich structure of the knot concordance group
(in dimension 3).

If M and V are Seifert forms with M metabolic, the Seifert forms M ⊕ V
and V are algebraically concordant. Therefore, if knots K and J have Seifert
forms M ⊕ V and V , respectively, then (the algebraic concordance classes of)
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K and J are equal in the algebraic concordance group. Nonetheless, Livingston
showed the following theorem using Casson-Gordon invariants [1].

Theorem 1.1 ([12, Theorem 0.4 A]). If M is a metabolic Seifert form and
∆M (t) has a factor that is not a cyclotomic polynomial φn(t) where n is divisible
by three distinct primes, then for every Seifert form V there exists a knot K
such that VK = M ⊕ V but K is not concordant to any knot with Seifert form
S-equivalent to V .

In the above, S-equivalence is an equivalence relation on Seifert forms [14,15].
Two Seifert forms for a given knot are S-equivalent [15], and if V1 is S-equivalent
to V2, then ∆V1(t) = ∆V2(t). In Theorem 1.1, the condition on ∆M (t) was
necessary since for a knot K if ∆K(t) is a product of cyclotomic polynomials
φn(t) where each n is divisible by three distinct primes, then every prime power
fold cyclic cover of S3 branched alongK is a homology sphere [13, Theorem 1.2],
and therefore all Casson-Gordon invariants for K vanish.

We note that if ∆V (t) 6= 1, then there exist infinitely many mutually non-
concordant knots with Seifert form V [7, 13]. Therefore, there are infinitely
many concordance classes represented by a knot with Seifert form V , and to
show Theorem 1.1 one must obstruct for K to lying in each of those infinitely
many concordance classes.

In this paper, we extends Theorem 1.1 to the full extent as follows.

Theorem 1.2 (Main Theorem). If M is a metabolic Seifert form and ∆M (t)
is nontrivial, then for every Seifert form V there exists a knot K such that
VK = M ⊕ V but K is not concordant to any knot with Alexander polynomial
∆V (t), in particular, to any knot with Seifert form S-equivalent to V .

To prove Theorem 1.2, in place of Casson-Gordon invariants we use the
metabelian von Neumann ρ(2)-invariants introduced by Cochran-Orr-Teichner
[5], which play a key role in removing the condition on ∆M (t) in Theorem 1.1.

This paper is organized as follows. In Section 2 we review necessary ma-
terials for von Neumann ρ(2)-invariants, and in Section 3 we give a proof of
Theorem 1.2.

In this paper, all manifolds are assumed to be oriented, compact, and con-
nected unless mentioned otherwise.

2. von Neumann ρ(2)-invariants

In this section, we review the von Neumann ρ(2)-invariants which were de-
fined by Cheeger and Gromov [4] and introduced as knot concordance invariants
by Cochran, Orr, and Teichner [5]. There are several equivalent definitions of
the von Neumann ρ(2)-invariants, and in this paper we follow the approach by
Chang and Weinberger [3].

Let M be a 3-manifold and φ : π1M → Γ a representation for a (discrete)
countable group Γ. Suppose there exists a 4-manifold W with ∂W = M over
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which φ extends. Then, the von Neumann ρ(2)-invariant of (M,φ) is defined
to be

ρ(2)(M,φ) := sign
(2)
Γ (W )− sign(W ).

Here, sign
(2)
Γ (W ) is the L(2)-signature of the equivariant intersection form

H2(W ;NΓ)×H2(W ;NΓ)→ NΓ

with NΓ the group von Neumann algebra of Γ, and sign(W ) denotes the ordi-
nary signature of W . The invariant ρ(2)(M,φ) is independent of a choice of W
and an extension of φ to π1W .

For a representation ψ : π1M → G for a group G, it is known that there
exist an embedding i : G → G′ for some group G′ and a 4-manifold W ′ with
∂W ′ = M such that the composition i ◦ ψ : π1M → G′ extends to π1W

′ [3].
Therefore the von Neumann ρ(2)-invariant ρ(2)(M,ψ) of M is defined for every
representation ψ on π1M .

For a knot K in S3, let M(K) denote the 0-surgery on K in S3. For a
representation φ : π1M(K)→ Γ, we define ρ(2)(K,φ) := ρ(2)(M(K), φ).

For a knotK, a choice of x ∈ H1(M(K);Q[t±1]) gives rise to a representation
φx on π1M(K) as follows (see [5, Section 3]). For the rational Alexander module
H1(M(K);Q[t±1]), let

B` : H1(M(K);Q[t±1])×H1(M(K);Q[t±1])→ Q(t)/Q[t±1]

be the rational Blanchfield form of K. Let µ be the meridian of K and
ε : π1M(K)→ Z the abelianization. Let

Γ :=
(
Q(t)/Q[t±1]

)
o Z,

where Z = 〈t〉 acts on the left summand in Γ by multiplication.
Then, for a given x ∈ H1(M(K);Q[t±1]), we define a representation

φx : π1M(K)→ Γ

by φx(y) := (B`(x, yµ−ε(y)), ε(y)). For more about Blanchfield forms and the
von Neumann ρ(2)-invariants associated to a representation φx, we refer the
reader to [5].

In [5], the following sliceness obstruction was given. For a Q[t±1]-submodule
P of H1(M(K);Q[t±1]), we say that P is self-annihilating if P = P⊥, where

P⊥ := {x ∈ H1(M(K);Q[t±1]) | B`(x, y) = 0 for all y ∈ P}.

Theorem 2.1 ([5, Theorem 4.6]). If K is a slice knot, then there exists a
self-annihilating submodule P of H1(M(K);Q[t±1]) such that ρ(2)(K,φx) = 0
for all x ∈ P .

3. Proof of Theorem 1.2

In this section we give a proof of Theorem 1.2. The following lemma will be
needed for the proof. (Compare Lemma 3.1 with Theorem 4.6 in [12].)



1040 T. KIM

Lemma 3.1. Let C > 0 and V be a Seifert form with ∆V (t) nontrivial. Then
there exists a knot K with Seifert form V such that ρ(2)(K,φx) > C for all
nontrivial x ∈ H1(M(K);Q[t±1]).

Proof. Let R be a knot with Seifert surface F whose associated Seifert form
is V . Let ηi, 1 ≤ i ≤ n, be simple closed curves in S3 \ F generating
H1(M(R);Q[t±1]). By changing crossings if necessary, we may assume that
ηi form an unlink in S3. Let CR be a constant such that |ρ(2)(M(R), φ)| < CR
for all representations φ on π1M(R). Such a constant CR exists due to [4] (also
see [2, Theorem 1.9]). Let J be a knot with∫

S1

σJ(ω)dω > C + CR,

where σJ is the Levine-Tristram signature function for J . For a choice of
J , we can take J to be the connected sum of sufficiently many copies of the
left-handed trefoil.

Now let K := R(η1, η2, . . . , ηn; J), the knot obtained from R, ηi, and J using
iterated satellite construction. We give more details. For a knot η in S3, let
N(η) denote the open tubular neighborhood of η in S3. Then, S3 \N(η) is the
exterior of η in S3. Now take the union of S3 \ N(η1) and S3 \ N(J) along
their common boundary via orientation reversing homeomorphism sending the
meridian of η1 to the longitude of J and the longitude of η1 to the meridian
of J . Then, the resulting manifold is homeomorphic to S3, and the resulting
image of K under this process becomes a new knot, say R(η1; J). We iterate
this process with the remaining ηi’s using the same knot J for each process.
The resulting knot is K = R(η1, η2, . . . , ηn; J).

We show that the knot K satisfies the desired properties. Firstly, since ηi
lie in S3 \ F , the knot K also has the Seifert form V . Secondly, we show that
ρ(2)(K,φx) > C for all nontrivial x ∈ H1(M(K);Q[t±1]). Let x be a nontrivial
element in H1(M(K);Q[t±1]). (The module H1(M(K);Q[t±1]) is nontrivial
since ∆K(t) = ∆V (t) is nontrivial.) Then, by [8, Lemma 3.3] and using the
arguments in the paragraph preceding [8, Lemma 3.3], one can see that

ρ(2)(K,φx) = ρ(2)(R,φ) +

n∑
i=1

ρ(2)(J, φi)

for some representations φ and φi where

ρ(2)(J, φi) =


0 if φx(ηi) = e ∈ Γ,∫
S1

σJ(ω)dω if φx(ηi) 6= e ∈ Γ.

But since the curves ηi generate H1(M(K);Q[t±1]) and the rational Blanch-
field form of M(K) is nonsingular, there exists some ηi such that φx(ηi) 6= e.
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Therefore,

ρ(2)(K,φx) = ρ(2)(R,φ) +

n∑
i=1

ρ(2)(J, φi)

> −CR +

n∑
i=1

ρ(2)(J, φi)

≥ −CR +

∫
S1

σJ(ω)dω

> C. �

Now we are ready to give a proof of Theorem 1.2.

Proof of Theorem 1.2. Let K1 and K2 be knots with Seifert forms M and V ,
respectively, and let R := K1#K2, Then, VR = M ⊕ V . Since ∆M (t) is
nontrivial, the Alexander polynomial ∆M⊕V (t) = ∆M (t)∆V (t) is nontrivial.

By Lemma 3.1 and its proof, using the iterated satellite construction for R
we obtain a knot K such that VK = VR = M ⊕ V and ρ(2)(K,φx) > 0 for all
nontrivial x ∈ H1(M(K);Q[t±1]).

Let J be a knot with Alexander polynomial ∆V (t) and suppose that J is
concordant to K. Then L := K#−J is a slice knot with Alexander polynomial
∆M⊕V ∆−V (t) = ∆M (t)(∆V (t))2. It is well known that there is an isomorphism

H1(M(L);Q[t±1]) ∼= H1(M(K);Q[t±1])⊕H1(M(−J);Q[t±1])

and the rational Blanchfield form of L decomposes into the direct sum of the
rational Blanchfield forms of K and −J , similarly.

Since L is slice, by Theorem 2.1, there exists a self-annihilating submodule
P of H1(M(L);Q[t±1]) such that ρ(2)(L, φx) = 0 for all x ∈ P . For brevity, let
A := H1(M(K);Q[t±1]) and B := H1(M(−J);Q[t±1]).

Lemma 3.2. There exists (a, 0) ∈ A⊕B such that a is nontrivial and (a, 0) ∈
P .

Proof. Suppose that (a, 0) ∈ P implies a = 0. Then, it also implies that for
every b ∈ B, if (ai, b) ∈ P for i = 1, 2, then a1 = a2. This is easily seen
since (a1 − a2, 0) ∈ P . Therefore, the projection map ψ : P → B defined by
ψ(a, b) = b is injective. Recall that for a finitely generated Q[t±1]-module

Q ∼=
n⊕
i=1

Q[t±1]/〈pi(t)〉,

we define the order of Q to be the product
∏n
i=1 pi(t) ∈ Q[t±1]. Since the

map ψ is injective, the order of P divides the order of B, which is ∆V (t). But
since the submodule P is self-annihilating, it follows that the order of P is√

∆L(t) =
√

∆M (t)∆V (t). Since ∆M (t) is nontrivial, it follows that the order
of P cannot divide ∆V (t), which is a contradiction. �
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By the above lemma, there exists (a, 0) ∈ P with a nontrivial. By our choice
of P and Theorem 2.1, we have ρ(2)(K#− J, φ(a,0)) = ρ(2)(L, φ(a,0)) = 0. It is
well known that

ρ(2)(K#− J, φ(a,0)) = ρ(2)(K,φa) + ρ(2)(−J, φ0).

(For instance, see the last two paragraphs of the proof of [9, Theorem 3.1].)
Since φ0 is the trivial representation, it follows that ρ(2)(−J, φ0) = 0 (see [6,
Property (2.5)]). Therefore, it follows that ρ(2)(K,φa) = 0, which contradicts
to our choice of K that ρ(2)(K,φx) > 0 for all nontrivial x. Therefore, the knot
K is not concordant to J , as we desired. �

Acknowledgements. The author thanks an anonymous referee for helpful
comments.

References

[1] A. J. Casson and C. McA. Gordon, Cobordism of classical knots, in À la recherche de
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