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WIJSMAN LACUNARY IDEAL INVARIANT

CONVERGENCE OF DOUBLE SEQUENCES OF SETS

Erdinç Dündar∗ and Nimet Pancaroǧlu Akın

Abstract. In this paper, we study the concepts of Wijsman la-
cunary invariant convergence, Wijsman lacunary invariant statisti-
cal convergence, Wijsman lacunary I2-invariant convergence (IσθW2

),

Wijsman lacunary I∗
2 -invariant convergence (I∗σθ

W2
), Wijsman p-

strongly lacunary invariant convergence ([W2Nσθ]p) of double se-
quence of sets and investigate the relationships among Wijsman la-
cunary invariant convergence, [W2Nσθ]p, IσθW2

and I∗σθ
W2

. Also, we

introduce the concepts of IσθW2
-Cauchy double sequence and I∗σθ

W2
-

Cauchy double sequence of sets.

1. Introduction

Throughout the paper N denotes the set of all positive integers and R
the set of all real numbers. The concept of convergence of a sequence of
real numbers has been extended to statistical convergence independently
by Fast [14] and Schoenberg [43]. Fridy and Orhan [15] studied lacu-
nary statistical convergence. This concept was extended to the double
sequences by Mursaleen and Edely [26].

The idea of I-convergence was introduced by Kostyrko, S̆alát and
Wilczyński [18] as a generalization of statistical convergence which is
based on the structure of the ideal I of subset of N. Das et al. [5] intro-
duced the concept of I-convergence of double sequences in a metric space
and studied some properties of this convergence. A lot of development
have been made in this area after the works of [6, 7, 8, 9, 10, 11, 19, 29].

Nuray and Rhoades [30] extended the notion of convergence of set se-
quences to statistical convergence and gave some basic theorems. Ulusu
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and Nuray [48] defined the Wijsman lacunary statistical convergence
of set sequences and considered its relation with Wijsman statistical
convergence, which was defined by Nuray and Rhoades[30]. Kişi and
Nuray [17] introduced a new convergence notion, for sequences of sets,
which is called Wijsman I-convergence. Also, the concept of conver-
gence of sequences has been extended to convergence, statistical conver-
gence and ideal convergence of sequences of sets by several authors (see,
[19, 32, 46, 47]).

Several authors including Raimi [38], Schaefer [42], Mursaleen [28],
Savaş [39, 40], Pancaroǧlu and Nuray [34] and Mursaleeen and Edely [25]
have studied invariant convergent sequences. The concept of strongly
σ-convergence was defined by Mursaleen [27]. Savaş and Nuray [41]
introduced the concepts of σ-statistical convergence and lacunary σ-
statistical convergence and gave some inclusion relations. Recently, the
concept of strong σ-convergence was generalized by Savaş [39]. Nuray
et al. [33] defined the concepts of σ-uniform density of subsets A of
the set N, Iσ-convergence and investigated relationships between Iσ-
convergence and invariant convergence also Iσ-convergence and [Vσ]p-
convergence. Ulusu and Nuray [47] investigated lacunary I-invariant
convergence and lacunary I-invariant Cauchy sequence of real numbers.
Pancaroǧlu et al. [36, 37] studied Wijsman I-invariant convergence and
Wijsman lacunary I-invariant convergence of sequences of sets. Tortop
and Dündar [44] studied Wijsman I2-invariant convergence of double
sequences of sets. Also, C. akan et al. [4] investigated σ-convergence and
σ-core of double sequences.

Now, we recall the basic definitions and concepts (See [1, 2, 3, 4, 12,
13, 16, 18, 21, 22, 23, 24, 30, 31, 33, 47, 34, 35, 38, 42, 45, 49]).

A family of sets I ⊆ 2N is called an ideal if and only if

(i) ∅ ∈ I, (ii) For each A,B ∈ I we have A∪B ∈ I, (iii) For each
A ∈ I and each B ⊆ A we have B ∈ I.

An ideal is called nontrivial if N /∈ I and nontrivial ideal is called
admissible if {n} ∈ I for each n ∈ N.

A family of sets F ⊆ 2N is called a filter if and only if

(i) ∅ /∈ F , (ii) For each A,B ∈ F we have A ∩ B ∈ F , (iii) For
each A ∈ F and each B ⊇ A we have B ∈ F .
I is nontrivial ideal in N if and only if F(I) = {M ⊂ N : (∃A ∈

I)(M = N\A)} is a filter in N.

A nontrivial ideal I2 of N × N is called strongly admissible ideal if
{i} × N and N× {i} belong to I2 for each i ∈ N .
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Throughout the paper we take I2 as a strongly admissible ideal in
N× N.

It is evident that a strongly admissible ideal is admissible also.
I02 = {A ⊂ N × N : (∃m(A) ∈ N)(i, j ≥ m(A) ⇒ (i, j) 6∈ A)}.

Then I02 is a strongly admissible ideal and clearly an ideal I2 is strongly
admissible if and only if I02 ⊂ I2.

Let (X, ρ) be a metric space. A sequence x = (xmn) in X is said to
be I2-convergent to L ∈ X, if for any ε > 0, A(ε) = {(m,n) ∈ N × N :
ρ(xmn, L) ≥ ε} ∈ I2. In this case, we say that x is I2-convergent and we
write I2 − lim

m,n→∞
xmn = L.

Let σ be a mapping of the set of positive integers into itself. A con-
tinuous linear functional φ on `∞, the space of real bounded sequences,
is said to be an invariant mean or a σ-mean if and only if

(1) φ(x) ≥ 0, when the sequence x = (xn) has xn ≥ 0 for all n, (2)
φ(e) = 1, where e = (1, 1, 1, ...), (3) φ(xσ(n)) = φ(xn) for all x ∈ `∞.

The mappings σ are one-to-one and such that σm(n) 6= n for all
positive integers n and m, where σm(n) denotes the mth iterate of the
mapping σ at n. Thus φ extends the limit functional on c, the space of
convergent sequences, in the sense that φ(x) = limx for all x ∈ c. In
the case σ is translation mappings σ(n) = n + 1, the σ-mean is often
called a Banach limit and Vσ, the set of bounded sequences all of whose
invariant means are equal, is the set of almost convergent sequences [20].

The double sequence θ = {(kr, js)} is called double lacunary sequence
if there exist two increasing sequence of integers such that k0 = 0, hr =
kr − kr−1 →∞ and j0 = 0, h̄u = ju − ju−1 →∞ as r, u→∞.

We use the following notations in the sequel:

kru = krju, hru = hrh̄u,

Iru = {(k, j) : kr−1 < k ≤ kr and ju−1 < j ≤ ju},

qr =
kr
kr−1

and qu =
ju
ju−1

.

A double sequence x = (xkj) is said to be lacunary invariant conver-

gent to L if lim
r,u→∞

1
hru

∑
k,j∈Iru

xσk(m),σj(n) = L, uniformly in m,n and it

is denoted by xkj → L
(
V σθ
2

)
.

Let (X, ρ) be a separable metric space. For any point x ∈ X and
any non-empty subset A of X, we define the distance from x to A by
d(x,A) = inf

a∈A
ρ(x, a).

Throughout the paper, we let (X, ρ) be a separable metric space and
A, Ak and Akj be any non-empty closed subsets of X.
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A double sequence {Akj} is said to be bounded if sup
k,j

d(x,Akj) <∞,

for each x ∈ X. The set of all bounded double sequences of sets will be
denoted by L2

∞.
A double sequence {Akj} is said to be Wijsman invariant statistical

convergent or W2Sσ-convergent to A, if for every ε > 0 and for each
x ∈ X, lim

m,n→∞
1
mn |{k ≤ m, j ≤ n : |d(x,Aσk(s),σj(t))−d(x,A)| ≥ ε}| = 0,

uniformly in s, t.
Let A ⊆ N× N and

smn := min
k,j

∣∣A ∩ {(σ(k), σ(j)
)
,
(
σ2(k), σ2(j)

)
, ...,

(
σm(k), σn(j)

)} ∣∣
and

Smn := max
k,j

∣∣A ∩ {(σ(k), σ(j)
)
,
(
σ2(k), σ2(j)

)
, ...,

(
σm(k), σn(j)

)} ∣∣.
If the following limits exists

V2(A) := lim
m,n→∞

smn
mn

and V2(A) := lim
m,n→∞

Smn
mn

then they are called a lower and an upper σ-uniform density of the set
A, respectively. If V2(A) = V2(A), then V2(A) = V2(A) = V2(A) is called
the σ-uniform density of A.

Denote by Iσ2 the class of all A ⊆ N×N with V2(A) = 0. Throughout
the paper we let Iσ2 ⊂ 2N×N be a strongly admissible ideal.

A double sequence {Akj} is said to be Wijsman invariant convergent

to A if for each x ∈ X, lim
m,n→∞

1
mn

m,n∑
k,j=1,1

d(x,Aσk(s),σj(t)) = d(x,A),

uniformly in s,t.
A double sequence {Akj} is said to be Wijsman I2-invariant con-

vergent or IσW2
-convergent to A, if for every ε > 0, A(ε, x) = {(k, j) :

|d(x,Akj)− d(x,A)| ≥ ε} ∈ Iσ2 that is, V2(A(ε, x)) = 0. In this case, we
write Akj → A(IσW2

) and the set of all Wijsman I2-invariant convergent
double sequences of sets will be denoted by IσW2

.
A double sequence {Akj} is Wijsman I∗2 -invariant convergent or I∗σW2

-
convergent to A if and only if there exists a set M2 ∈ F(Iσ2 ) (N ×
N\M2 = H ∈ Iσ2 ) such that for each x ∈ X, lim

k,j→∞
d(x,Akj) = d(x,A),

for (k, j) ∈M2.
A double sequence {Akj} is said to be Wijsman I2-invariant Cauchy

sequence or IσW2
-Cauchy sequence, if for every ε > 0 and for each x ∈ X,

there exist numbers r = r(ε, x), s = s(ε, x) ∈ N such that A(ε, x) ={
(k, j) : |d(x,Akj)− d(x,Ars)| ≥ ε

}
∈ Iσ2 , that is, V2

(
A(ε, x)

)
= 0.
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A double sequence {Akj} is I∗σW2
-Cauchy if there exists a set M2 ∈

F(Iσ2 ) (i.e., N × N\M2 = H ∈ Iσ2 ) such that for every x ∈ X and
(k, j), (p, q) ∈M2 lim

k,j,p,q→∞
|d(x,Akj)− d(x,Apq)| = 0.

A double sequence {Akj} is said to be Wijsman strongly invariant
convergent to A, if for each x ∈ X,

lim
m,n→∞

1

mn

m,n∑
k,j=1,1

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣ = 0,

uniformly in s, t.
A double sequence {Akj} is said to be Wijsman p-strongly invariant

convergent to A, if for each x ∈ X,

lim
m,n→∞

1

mn

m,n∑
k,j=1,1

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣p = 0,

uniformly in s, t, where 0 < p < ∞. In this case, we write Akj →
A([W2Vσ]p) and the set of all Wijsman p-strongly invariant convergent
sequences of sets will be denoted by [W2Vσ]p.

Let θ = {(kr, js)} be a double lacunary sequence, A ⊆ N× N and

sru = min
m,n

∣∣∣A ∩ {(σk(m), σj(n)
)

: (k, j) ∈ Iru
}∣∣∣

and

Sru = max
m,n

∣∣∣A ∩ {(σk(m), σj(n)
)

: (k, j) ∈ Iru
}∣∣∣.

If the following limits exist

V θ
2 (A) = lim

r,u→∞

sru
hru

and V θ
2 (A) = lim

r,u→∞

Sru
hru

,

then they are called a lower lacunary σ-uniform density and an upper

lacunary σ-uniform density of the set A, respectively. If V θ
2 (A) = V θ

2 (A),

then V θ
2 (A) = V θ

2 (A) = V θ
2 (A) is called the lacunary σ-uniform density

of A. Denote by Iσθ2 the class of all A ⊆ N× N with V θ
2 (A) = 0.

Throughout the paper we take Iσθ2 as a strongly admissible ideal in
N× N.

A double sequence x = (xkj) is said to be lacunary I2-invariant con-

vergent or Iσθ2 -convergent to the L if for every ε > 0, the set

Aε :=
{

(k, j) ∈ Iru : |xkj − L| ≥ ε
}
∈ Iσθ2 ,

i.e., V θ
2 (Aε) = 0. In this case, we write Iσθ2 − limxkj = L or xkj →

L
(
Iσθ2
)
. The set of all Iσθ2 -convergent sequences will be denoted by Iσθ2 .
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A double sequence x = (xkj) is lacunary I∗2 -invariant convergent

or Iσθ2∗ -convergent to L if and only if there exists a set M2 ∈ F(Iσθ2 )
(N× N\M2 = H ∈ Iσθ2 ) such that

(1) lim
k,j→∞
(k,j)∈M2

xkj = L.

In this case, we write Iσθ2∗ − limxkj = L or xkj → L
(
Iσθ2∗
)
.

An admissible ideal I2 ⊂ 2N×N satisfies the property (AP2) if for every
countable family of mutually disjoint sets {E1, E2, ...} belonging to I2,
there exists a countable family of sets {F1, F2, ...} such that Ej∆Fj ∈ I02 ,
i.e., Ej∆Fj is included in the finite union of rows and columns in N×N
for each j ∈ N and F =

⋃∞
j=1 Fj ∈ I2 (hence Fj ∈ I2 for each j ∈ N).

2. Main Results

In this section, we study the concepts of Wijsman lacunary invariant
convergence, Wijsman lacunary invariant statistical convergence, Wijs-
man lacunary I2-invariant convergence, Wijsman lacunary I∗2 -invariant
convergence, Wijsman p-strongly lacunary invariant convergence dou-
ble sequence of sets and investigate the relationships among Wijsman
lacunary invariant convergence, [W2Nσθ]p, IσθW2

and I∗σθW2
. Also, we in-

troduce the concepts of IσθW2
-Cauchy double sequence and I∗σθW2

-Cauchy
double sequence of sets.

Definition 2.1. A double sequence {Akj} is said to be Wijsman
lacunary invariant convergent to A, if for each x ∈ X,

lim
r,u→∞

1

hru

∑
(k,j)∈Iru

d(x,Aσk(s),σj(t)) = d(x,A),

uniformly in s, t.

Definition 2.2. A double sequence {Akj} is said to be Wijsman

lacunary I2-invariant convergent or IσθW2
-convergent to A, if for every

ε > 0,

A(ε, x) = {(k, j) ∈ Iru : |d(x,Akj)− d(x,A)| ≥ ε} ∈ Iσθ2
that is, V θ

2 (A(ε, x)) = 0. In this case, we write Akj → A(IσθW2
) and the

set of all Wijsman lacunary I2-invariant convergent double sequences of
sets will be denoted by IσθW2

.
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Theorem 2.3. Let {Akj} is bounded sequence. If {Akj} is IσθW2
-

convergent to A, then {Akj} is Wijsman lacunary invariant convergent
to A.

Proof. Let r, u ∈ N be arbitrary and ε > 0. For each x ∈ X, we
estimate

z(k, j, r, u, x) :=

∣∣∣∣ 1

hru

∑
(k,j)∈Iru

d(x,Aσk(s),σj(t))− d(x,A)

∣∣∣∣.
Then, for each x ∈ X we have

z(k, j, r, u, x) ≤ z1(k, j, r, u, x) + z2(k, j, r, u, x),

where

z1(k, j, r, u, x) :=
1

hru

∑
(k,j)∈Iru

|d(x,A
σk(s),σj(t)

)−d(x,A)|≥ε

|d(x,Aσk(s),σj(t))−d(x,A)|

and

z2(k, j, r, u, x) :=
1

hru

∑
(k,j)∈Iru

|d(x,A
σk(s),σj(t)

)−d(x,A)|<ε

|d(x,Aσk(s),σj(t))−d(x,A)|.

Therefore, we have z2(s, t, r, u, x) < ε, for each x ∈ X and for every
s, t = 1, 2, . . . . The boundedness of {Akj} implies that there exists L > 0
such that |d(x,Aσk(s),σj(t))− d(x,A)| ≤ L, ((k, j) ∈ Iru; s, t = 1, 2, . . . ).
Then, this implies that

z1(k, j, r, u, x) ≤ L

hru
|{(k, j) ∈ Iru : |d(x,Aσk(s),σj(t))−d(x,A)| ≥ ε}|

≤ L
max
s,t
|{(k, j) ∈ Iru : |d(x,Aσk(s),σj(t))−d(x,A)|≥ε}|

hru

= L
Sru
hru

.

Hence, {Akj} is Wijsman lacunary invariant convergent to A.

Definition 2.4. A double sequence {Akj} is Wijsman lacunary I∗2 -
invariant convergent or I∗σθW2

-convergent to A if and only if there exists

a set M2 ∈ F(Iσθ2 ) (N × N\M2 = H ∈ Iσθ2 ) such that for each x ∈ X,
lim

k,j→∞
d(x,Akj) = d(x,A), for (k, j) ∈M2.
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Theorem 2.5. If a sequence {Akj} is I∗σθW2
-convergent to A, then

{Akj} is IσθW2
-convergent to A.

Proof. Since I∗σθW2
− lim

k,j→∞
d(x,Akj) = d(x,A), there exists a set

M2 ∈ F(Iσθ2 ) (N × N\M2 = H ∈ Iσθ2 ) such that for each x ∈ X,
lim

k,j→∞
d(x,Akj) = d(x,A), for (k, j) ∈ M2. Let ε > 0. Then, there

exist k0 ∈ N such that for each x ∈ X, |d(x,Akj)− d(x,A)| < ε, for all
(k, j) ∈M2 and k > k0, j > k0. Hence, for every ε > 0 and each x ∈ X,
we have

T (ε, x) = {(k, j) ∈ N× N : |d(x,Akj)− d(x,A)| ≥ ε}

⊂ H ∪
(
M2 ∩

(
({1, 2, ..., k0} × N) ∪ (N× {1, 2, ..., k0})

))
.

Since Iσθ2 ⊂ 2N×N is a strongly admissible ideal,

H ∪
(
M2 ∩

(
({1, 2, ..., k0} × N) ∪ (N× {1, 2, ..., k0})

))
∈ Iσθ2 ,

so we have T (ε, x) ∈ Iσθ2 that is V θ
2 (T (ε, x)) = 0. Hence,

IσθW2
− lim
k,j→∞

d(x,Akj) = d(x,A).

Theorem 2.6. Let Iσθ2 ⊂ 2N×N be a strongly admissible ideal with
property (AP2). If {Akj} is IσθW2

-convergent to A, then {Akj} is I∗σθW2
-

convergent to A.

Proof. Suppose that Iσθ2 satisfies property (AP2). Let {Akj} is IσθW2
-

convergent to A. Then,

(2) T (ε, x) = Tε = {(k, j) ∈ N× N : |d (x,Akj)− d (x,A)| ≥ ε} ∈ Iσθ2
for every ε > 0 and for each x ∈ X. Put

T1 = T (1, x) = {(k, j) ∈ N× N : |d (x,Akj)− d (x,A)| ≥ 1}
and

Tv = T (v, x) =

{
(k, j) ∈ N× N :

1

v
≤ |d (x,Akj)− d (x,A)| < 1

v − 1

}
for v ≥ 2 and v ∈ N. Obviously Ti ∩ Tj = ∅ for i 6= j and Ti ∈ Iσθ2 for
each i ∈ N. By property (AP2) there exits a sequence of sets {Ev}v∈N
such that Ti∆Ei is included in finite union of rows and columns in N×N
for each i and E =

∞⋃
i=1

Ei ∈ Iσθ2 .
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We shall prove that for M2 = N × N\E we have lim
k,j→∞

d(x,Akj) =

d(x,A), for (k, j) ∈M2.

Let η > 0 be given. Choose v ∈ N such that 1
v < η . Then,

{(k, j) ∈ N× N : |d (x,Akj)− d (x,A)| ≥ η} ⊂
v⋃
i=1

Ti.

Since Ti∆Ei, i = 1, 2, ... are included in finite union of rows and columns,
there exists n0 ∈ N such that
(3)( v⋃
i=1

Ti
)
∩
{

(k, j) : k ≥ n0∧j ≥ n0
}

=
( v⋃
i=1

Ei
)
∩
{

(k, j) : k ≥ n0∧j ≥ n0
}
.

If k, j > n0 and (k, j) /∈ E, then (k, j) /∈
v⋃
i=1

Ei and (k, j) /∈
v⋃
i=1

Ti

so, |d (x,Akj)− d (x,A)| < 1
v < η. Hence, we have lim

k,j→∞
d(x,Akj) =

d(x,A), for (k, j) ∈M2.

Now, we define the concepts of Wijsman lacunary I2–invariant Cauchy
and Wijsman lacunary I2-invariant Cauchy double sequence of sets.

Definition 2.7. A double sequence {Akj} is said to be Wijsman

lacunary I2-invariant Cauchy sequence or IσθW2
-Cauchy sequence, if for

every ε > 0 and for each x ∈ X, there exist numbers r = r(ε, x), s =
s(ε, x) ∈ N such that

A(ε, x) =
{

(k, j) ∈ Iru : |d(x,Akj)− d(x,Ars)| ≥ ε
}
∈ Iσθ2 ,

that is, V θ
2

(
A(ε, x)

)
= 0.

Definition 2.8. A double sequence {Akj} is I∗σθW2
-Cauchy if there

exists a set M2 ∈ F(Iσθ2 ) (i.e., N × N\M2 = H ∈ Iσθ2 ) such that for
every x ∈ X, lim

k,j,p,q→∞
|d(x,Akj)− d(x,Apq)| = 0, for (k, j), (p, q) ∈M2.

We give following theorems which show relationships between IσθW2
-

convergence, IσθW2
-Cauchy sequence and I∗σθW2

-Cauchy sequence. The
proof of them are similar to the proof of Theorems in [6, 31], so we
omit them.

Theorem 2.9. If a double sequence {Akj} is IσθW2
-convergent, then

{Akj} is an IσθW2
-Cauchy double sequence of sets.
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Theorem 2.10. If a double sequence {Akj} is I∗σθW2
-Cauchy double

sequence, then {Akj} is IσθW2
-Cauchy double sequence of sets.

Theorem 2.11. Let Iσθ2 has property (AP2). Then, the concepts
IσθW2

-Cauchy sequence and I∗σθW2
-Cauchy sequence of sets coincides.

Definition 2.12. A double sequence {Akj} is said to be Wijsman
strongly lacunary invariant convergent to A, if for each x ∈ X,

lim
r,u→∞

1

hru

∑
(k,j)∈Iru

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣ = 0,

uniformly in s,t.

Definition 2.13. A double sequence {Akj} is said to be Wijsman
p-strongly lacunary invariant convergent to A, if for each x ∈ X,

lim
r,u→∞

1

hru

∑
(k,j)∈Iru

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣p = 0,

uniformly in s, t, where 0 < p < ∞. In this case, we write Akj →
A([W2Nσθ]p) and the set of all Wijsman p-strongly lacunary invariant
convergent sequences of sets will be denoted by [W2Nσθ]p.

Theorem 2.14. Let Iσθ2 ⊂ 2N×N be a strongly admissible ideal and
0 < p <∞.

(i): If Akj → A([W2Nσθ]p), then Akj → A(IσθW2
).

(ii): If {Akj} ∈ L2
∞ and Akj → A(IσθW2

), then Akj → A([W2Nσθ]p).

(iii): If {Akj} ∈ L2
∞, then {Akj} is IσθW2

-convergent to A if and only
if Akj → A([W2Nσθ]p).

Proof. (i) : Assume that Akj → A([W2Nσθ]p), for every ε > 0 and
for each x ∈ X. Then, we can write∑

(k,j)∈Iru

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣p

≥
∑

(k,j)∈Iru
|d(x,A

σk(s),σj(t)
)−d(x,A)|≥ε

|d(x,Aσk(s),σj(t))− d(x,A)|p

≥ εp|{(k, j) ∈ Iru : |d(x,Aσk(s),σj(t))− d(x,A)| ≥ ε}|
≥ εp max

s,t
|{(k, j) ∈ Iru : |d(x,Aσk(s),σj(t))− d(x,A)| ≥ ε}|
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and

1

hru

m,n∑
(k,j)∈Iru

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣p

≥ εp
max
s,t
|{(k, j) ∈ Iru : |d(x,Aσk(s),σj(t))− d(x,A)| ≥ ε}|

hru

= εp
Sru
hru

for every s, t = 1, 2, . . . . This implies limr,u→∞
Sru
hru

= 0 and so {Akj} is

(IσθW2
)-convergent to A.

(ii) : Suppose that {Akj} ∈ L2
∞ and Akj → A(IσθW2

). Let 0 < p <

∞ and ε > 0. By assumption we have V θ
2 (A(ε, x)) = 0. Since {Akj}

is bounded, {Akj} implies that there exists L > 0 such that for each
x ∈ X, |d(x,Aσk(s),σj(t)) − d(x,A)| ≤ L for all (k, j) ∈ Iru and every
s, t = 1, 2, . . . . Then, for every s, t = 1, 2, . . . we have

1

hru

hru∑
(k,j)∈Iru

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣p

=
1

hru

∑
(k,j)∈Iru

|d(x,A
σk(s),σj(t)

)−d(x,A)|≥ε

|d(x,Aσk(s),σj(t))− d(x,A)|p

+
1

hru

∑
(k,j)∈Iru

|d(x,A
σk(s),σj(t)

)−d(x,A)|<ε

|d(x,Aσk(s),σj(t))− d(x,A)|p

≤ L
max
s,t
|{(k, j) ∈ Iru : |d(x,Aσk(s),σj(t))− d(x,A)| ≥ ε}|

hru
+ εp

≤ LSru
hru

+ εp,

for each x ∈ X. Hence, for each x ∈ X we have

lim
r,u→∞

1

hru

∑
(k,j)∈Iru

∣∣d(x,Aσk(s),σj(t))− d(x,A)
∣∣p = 0,

uniformly in s, t.

(iii) : This is immediate consequence of (i) and (ii).
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Now, we define Wijsman lacunary invariant statistical convergence of
double sequences of sets we shall state a theorem that gives a relation
betweeen W2Sσθ and IσθW2

without proof.

Definition 2.15. A double sequence {Akj} is said to be Wijsman

lacunary invariant statistical convergent or W2S
θ
σ-convergent to A, if for

every ε > 0 and for each x ∈ X,

lim
r,u→∞

1

hru
|{(k, j) ∈ Iru : |d(x,Aσk(s),σj(t))− d(x,A)| ≥ ε}| = 0,

uniformly in s,t.

Theorem 2.16. A sequence {Akj} is W2S
θ
σ-convergent to A if and

only if it is IσθW2
-convergent to A.
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[37] N. Pancaroǧlu, E. Dündar and U. Ulusu, Wijsman Lacunary I-Invariant Con-
vergence of Sequences of Sets, Proceedings of the National Academy of Sciences,
India Section A: Physical Sciences (Accepted).

[38] R. A. Raimi, Invariant means and invariant matrix methods of summability,
Duke Math. J. 30 (1963) 81–94.
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