
Honam Mathematical J. 42 (2020), No. 2, pp. 213–218
https://doi.org/10.5831/HMJ.2020.42.2.213

A REMARK ON THE NUMBER OF FROBENIUS

CLASSES GENERATING THE GALOIS GROUP OF

THE MAXIMAL UNRAMIFIED EXTENSION

Seokho Jin and Kwang-Seob Kim∗

Abstract. Assume that K is a number field and Kur is the max-
imal unramified extension of it. When Gal(Kur/K) is an infinite
group. It is known that Gal(Kur/K) is generated by finitely many
Frobenius classes of Gal(Kur/K) by Y. Ihara. In this paper, we
will give the explicit number of Frobenius classes which generate
whole group Gal(Kur/K).

1. Introduction

Let K be a number field and and Kur be the maximal unramified
extension of K. Assume that Gal(Kur/K) is infinite. It is conjectured
that Gal(Kur/K) is topologically finitely generated but not many things
are known yet. However, it is proved that Gal(Kur/K) is topologically
generated by finitely many conjugacy classes, by Y. Ihara [1]:

Theorem 1.1. (Proposition 1 of [1]) Let K be a number field and
M/K is an infinite extension unramified everywhere. Let p be a finite
prime of K and f(p) be the residue extension degree of p in M/K. Define
T (M/K) := {p|p ∈ Spec OK , f(p) < ∞}. Let dK be the discriminant
of K and

βp =

{
1
2(log 4π + γ) if p ∈ S∞ is real.
log 2π + γ if p ∈ S∞ is complex,

where γ is the Euler constant. Finally, we set

α(K) =
1

2
log |dK | −

∑
p∈S∞

βp.
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Then, we have ∑
p∈T (M/K)

logN(p)

N(p)f(p) − 1
≤ α(K)

especially, the expression on the left is convergent.

From the above theorem, we know that the Galois group Gal(Kur/K)
is generated by finitely many Frobenius classes by the proof of Corol-
lary 10.9.11 of [2]. (Note that a conjugacy class does not need to be a
Frobenius class in the case of infinite extensions.)

In the proof of Ihara’s theorem, there is something that comes close
to a bound of the set of Frobenius classes generating Gal(Kur/K), but
not really. Hence there arises a natural question: What is the minimal
number of generators?

Since the sum of logN(p)/(N(p)−1) over all nonarchimedean primes
p of K is divergent, we can find primes p1, p2, ..., pn such that

n∑
i=1

logN(pi)

N(pi)− 1
> α(K).

In this article, we prove the following theorem.

Theorem 1.2. Let K be a number field and Kur be the maximal
unramified extension. Let Cl(K) be the class group ofK with abelianiza-
tion of rank r. Assume that Gal(Kur/K) is infinite. Then, Gal(Kur/K)
can be topologically generated by at most n + r (or n + 1 if r = 0)
Frobenius classes.

2. Proof of Theorem 1.2

By our assumption, Kur/K is infinite. As we seen earlier, we can find
primes p1, p2, ..., pn of K such that

n∑
i=1

logN(pi)

N(pi)− 1
> α(K).

Now let M/K be the maximal unramified extension of K which is
completely decomposed at all primes pi, i = 1, ..., n. The extension
M/K cannot be infinite by Theorem 1.1. Thus the normal subgroup
(Gp1 , Gp2 , ..., Gpn) generated by the decomposition groupsGpi =〈Frobpi〉,
i = 1, ..., n has finite index in Gal(Kur/K).
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The remaining task is to count the number of Frobenius classes gen-
erating Gal(M/K).

Define

T := {p|p is a prime number and p-part of Cl(K) is nontrivial}.
Since Cl(K) is a finite group, T is a finite set, i.e., T = {p1, p2, ..., pm}.
Let us consider the finite quotients of Gal(Kur/K). Then, they can be
roughly classified as follows:

-The largest elementary abelian pi-quotient of Gal(Kur/K) for each
pi ∈ T .

-A finite nonabelian simple quotient of Gal(Kur/K).

(Note that every quotient of Gal(Kur/K) has at least one quotient in
the above.) Now, let us define some field extensions of K.

i) Let Pi be the largest elementary abelian pi-quotient of Gal(Kur/K)
for each pi ∈ T . Then, Pi corresponds to a Galois extension Fi/K, i.e.,

Pi ' Gal(Fi/K) ' Gal(Fi,1Fi,2 · · · Fi,ri/K) '
ri∏
j=1

Gal(Fi,j/K).

where ri is the rank of Pi and Fi,j is a Z/piZ-extension of K for each
j. We easily verify that r := max(r1, r2, ..., rm) is the rank of Cl(K).
Define Li := Fi,1 and Gi := Gal(Fi,j/K) for 1 ≤ i ≤ m.

ii) A finite nonabelian simple quotient of Gal(Kur/K) corresponds to
a finite nonabelian simple extension of K, which is unramified over all
primes. Now we consider the following set K defined by

K := {N |N/K is unramified and Gal(N/K) is nonabelian simple}.
Then K is finite, and let K = {N1, ..., Nl}. Define Lm+i := Ni and
Gm+i := Gal(Ni/K) for 1 ≤ i ≤ l.

Now, let L̂ be the compositum of all Li’s (1 ≤ i ≤ m+ l). Then,

Gal(L̂/K) '
m+l∏
i=1

Gal(Li/K).

Each Gal(Li/K) can be represented as a union of two sets Ci,1 and Ci,2

where Ci,1 is the set of the identity {e} and Ci,2 is the union of all non-
trivial conjugacy classes of Gal(Li/K). Let Si be the set of primes of K,
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which split completely in Li/K and Ni be the set of primes of K which
do not split completely in Li/K. (Note that Spec OK = Si∪̇Ni).
By the Chebotarev density theorem, there is a natural correspondence
between these subsets of Spec OK and those of Gal(L̂/K):

(2.1) Si ←→ Ci,1 ×
m+l∏

k=1,k 6=i

Gal(Lk/K)

and

(2.2) Ni ←→ Ci,2 ×
m+l∏

k=1,k 6=i

Gal(Lk/K).

Define X as ∩m+l
i=1 Ni. Now, let us select a nontrivial element p ∈ X.

Then p is contained in Ni for all i, i.e., p does not split completely
in all Li/K. Since each Gal(Li/K) is a simple group and the Frobe-
nius element of p is nontrivial, the Frobenius element of p generates
Gal(Li/K) for all i. Now, let us think about the Frobenius element of p

and recall the Galois group Gal(L̂/K). This Galois group is the direct
product of the abelian part

∏m
i=1 Gal(Li/K) and the non-solvable part∏m+l

i=m+1 Gal(Li/K) .

Now we prove that the Frobenius element of p gener-
ates Gal(L̂/K). Let us first consider the abelian part. Since∏m

i=1 Gal(Li/K) '
∏m

i=1 Z/piZ and each pi’s are distinct, we eas-
ily verify that the Frobenius element of p generates the whole group∏m

i=1 Gal(Li/K). Next we consider the non-solvable part. Since each
Gal(Li/K) is a non-abelian simple group and the Frobenius element of
p corresponds to a non-trivial conjugacy class in each Gal(Li/K),
the normal subgroup generated by the Frobenius element of p

is
∏m+l

i=m+1 Gal(Li/K), which implies that the Frobenius element of p

generates
∏m+l

i=m+1 Gal(Li/K). Therefore, we conclude the Frobenius el-

ement of p generates Gal(L̂/K).

Now, let us recall the definition of Fi,j ’s. To simplify the notation,
we write

(∏m
i=1

∏ri
j=2 Fi,j

)
as F ′. Then, we can easily check that the

rank of Gal(F ′/K) is r − 1. Since F ′/K is a finite abelian extension,
there exist r − 1 conjugacy classes of the Frobenius elements Frobpn+1 ,
Frobpn+2 ,..., Frobpn+r−1 , which generate Gal(F ′/K). (Note that r − 1 is
the minimal number of generators.) The primes pn+1, pn+2,..., pn+r−1



A remark on the number of Frobenius classes 217

can be chosen to be distinct from p by Chebotarev density theorem.

Finally, we know that the conjugacy classes of the Frobenius ele-
ments of pn+1, pn+2,..., pn+r−1, p generate Cl(K) and every nonabelian
simple quotient of Gal(M/K). Thus, we know that Gal(Kur/K) can
be generated by conjugacy classes of the Frobenius elements Frobp1 ,
Frobp2 ,..., Frobpn ,Frobpn+1 , Frobpn+2 ,..., Frobpn+r−1 , Frobp. This com-
pletes the proof of the theorem.

3. An examples

The following example is for the imaginary quadratic number field

K = Q(
√
−3 · 5 · 7 · 11 · 13 · 17) = Q(

√
−255255),

which has an infinite 2-class field tower. Since K has an infinite Hilbert
class field tower, |Gal(Kur/K)| is infinite. Now, let us think about the
number of Frobenius classes generating Gal(Kur/K). First,

α(K) =
1

2
log |dK | −

∑
p∈S∞

βp =
1

2
log(255255)− (log 2π + γ)

=6.22500.......− (1.837877066.......+ 0.57721.....) = 3.80992.....

(3.1)

Let S := {p ∈ OK |p ∩ Z = 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47,
or 53}. We can check that |S| = 20. By computer program, we know
that ∑

p∈S

logN(p)

N(p)− 1
> α(K) = 3.80992.....(3.2)

By computer program, we can check that the class group Cl(K) is iso-
morphic to C16×C2×C2×C2×C2, thus rank Cl(K) = 5. Then by our
main theorem, we know that Gal(Kur/K) can be generated by at least
25 Frobenius classes.
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