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IRREDUCIBILITY OF POLYNOMIALS WITH A LARGE

COEFFICIENT

DoYong Kwon

Abstract. A certain class of polynomials with integer coefficients
are considered. If one of the coefficients is large enough in modulus
with additional assumptions, then the irreducibility over the field
of rationals is proved.

1. Introduction and preliminaries

All too often, irreducible polynomials play what prime numbers do
in the set of integers. And no general irreducibility criterion for polyno-
mials is known just as primality test is hard. We consider single-variate
polynomials with integer coefficients, and devise irreducibility criteria
over the field of rationals Q. No serious algebra will be involved in the
proof. Instead, Rouché’s theorem in complex analysis brings forth the
main results. This situation is neither surprising nor new. In [1, 4], the
author obtained, in an analogous vein, irreducibility criteria for some
variants of reciprocal polynomials. The present paper demonstrates an-
other case where analysis proves algebra as in the proof for the funda-
mental theorem of algebra.

Let f, g : C→ C be holomorphic on and inside a simple closed contour
C. Rouché’s theorem states that the number of zeros of f(x) inside C
is robust under the perturbation g(x) as long as |g(x)| < |f(x)| on C.
That is, f(x) and f(x) + g(x) have the same number of zeros inside C.

Let f(x) ∈ Z[x] be a polynomial with integer coefficients. If one of
the coefficients is large enough compared to the others, then we prove
its irreducibility over Z, or equivalently over Q.

Received March 25, 2019. Accepted April 28, 2019.
2010 Mathematics Subject Classification. 11R09, 30C10.
Key words and phrases. irreducible polynomial, irreducibility criterion



652 DoYong Kwon

Given a polynomial f(x) = adx
d + ad−1x

d−1 + · · · + a0 ∈ C[x] with
degree d, let us write

f̃(x) := xdf(x−1) = a0x
d + a1x

d−1 + · · ·+ ad.

We mean by a cyclotomic polynomial, a monic one with integer co-
efficients all of whose zeros α satisfy αn = 1 for some positive integer
n. Suppose that a polynomial f(x) = adx

d + ad−1x
d−1 + · · ·+ a0 ∈ Z[x]

with degree d has zeros α1, α2, . . . , αd ∈ C. Then the Mahler measure
of f is defined by

M(f) := |an|
d∏
i=1

max{1, |αi|} ≥ 1.

One readily notes that any cyclotomic polynomial has its Mahler mea-
sure 1. Furthermore, the converse is almost true by the next proposition
that is due to Kronecker [3]. Because the original paper is old and writ-
ten in German, the proof is included for readers’ convenience.

Proposition 1.1. Let f(x) =
∏d
i=1(x − αi) ∈ Z[x] be monic with

f(0) 6= 0. If M(f) = 1, then f is cyclotomic.

Proof. From M(f) = 1 and f(0) 6= 0, it follows that 0 < |αi| ≤ 1 for
all i = 1, 2, . . . , d. For an integer k ≥ 1, set

fk(x) =

d∏
i=1

(x− αki ).

The coefficient of xi in fk is the elementary symmetric polynomial in
αk1 , αk2 , . . ., αkd up to ± sign, whence its absolute value assumes at

most
(
d
i

)
. Moreover, each coefficient in fk is also a symmetric polyno-

mial in α1, α2, . . . , αd. Hence, the fundamental theorem of symmetric
polynomials proves that it is a polynomial in the elementary symmetric
polynomials of α1, α2, . . . , αd, which are the coefficients of f . Gather-
ing these, one deduces that all the coefficients in fk are integers and
bounded independently of k, and then that the set {fk : k ≥ 1} is finite.
Pick k1 < k2 < · · · < kd!+1 so that fk1 = fk2 = · · · = fkd!+1

. There exist

1 ≤ m < n ≤ d! + 1 such that αkmi = αkni or αkn−kmi = 1 holds for every
i = 1, 2, . . . , d.

In 1933, Lehmer [5] showed that an irreducible polynomial

x10 + x9 − x7 − x6 − x5 − x4 − x3 + x+ 1

has Mahler measure τ0 ≈ 1.17628, the unique real zero greater than 1,
i.e., the other zeros lie on the closed unit disk. Since then, no polynomial
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whose Mahler measure is in between 1 and τ0 is known, while it is
strongly believed none.

Let f(x) = xd + ad−1x
d−1 + · · · + a0 ∈ C[x] be a monic polynomial

with complex coefficients. Recall that each zero of f(x) is a continuous
function of the coefficients a0, a1, . . . , ad−1 [2]. We state this fact more
precisely, which is excerpted from a modern book [7, Section 1.3]. For
c ∈ C and r > 0, we write D(c, r) for an open disc centered at c with
radius r.

Proposition 1.2. Let

f(x) = xd + ad−1x
d−1 + · · ·+ a0 =

k∏
i=1

(x− αi)mi ∈ C[x],

with m1 +m2 + · · ·+mk = d, be a monic polynomial with distinct zeros
α1, α2, . . . , αk of multiplicities m1, m2, . . ., mk, respectively. Given a
positive ε < min1≤i<j≤k |αi − αj |/2, there exists a δ > 0 such that any

monic polynomial g(x) = xd + bd−1x
d−1 + · · · + b0 with |bi − ai| < δ

for all i = 0, 1, . . . , d − 1 has exactly mj zeros in each disc D(αj , ε) for
j = 1, 2, . . . , k.

2. Irreducible polynomials

Given a polynomial f(x) = adx
d + ad−1x

d−1 + · · · + a0 ∈ Z[x],
we assume, throughout the paper, that the coefficients are coprime:
gcd(ad, ad−1, . . . , a0) = 1.

We first consider polynomials with a large prime leading coefficient.

Theorem 2.1. Let f(x) = adx
d + ad−1x

d−1 + · · · + a0 ∈ Z[x] with
ad 6= 0 and a0 6= 0. Suppose that one of the following conditions holds:

(i) ad is a prime and ad >
∑d−1

i=0 |ai|,
(ii) a0 is a prime and a0 >

∑d
i=1 |ai|.

Then f(xn) is irreducible over Q for every integer n ≥ 1.

Proof. Since each f(xn) also satisfies the corresponding condition on
its coefficients, it suffices to prove irreducibility of f(x).

(i) On the unit circle in C, one notes that

(1) |adxd| = ad >

d−1∑
i=0

|ai| ≥ |ad−1xd−1 + · · ·+ a1x+ a0|.
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Now Rouché’s theorem guarantees that the number of zeros of f(x)
inside the unit circle is equal to that of adx

d in the same place. In other
words, all the zeros of f(x) lie inside the unit circle.

For some g(x), h(x) ∈ Z[x], suppose f(x) = g(x)h(x) with deg g = m,
deg h = n, and 0 < m,n < d. Since ad is a prime, either g(x) or h(x)
should be monic. One may assume that g(x) is monic. All the zeros of
g(x) lie inside the unit circle, and the absolute value of their product
is |g(0)| because g(x) is monic. Therefore, |g(0)| < 1. But g(0) is a
nonzero integer, which is a contradiction.

(ii) Suppose f(x) = g(x)h(x) as above. Then

f̃(x) = xdf(x−1) = xmg(x−1) xnh(x−1) = g̃(x)h̃(x),

which contradicts (i).

In the previous theorem, the primality of the leading coefficient is
indispensable.

Example 2.2. The coefficients of a polynomial 16x2+8x+1 satisfies
16 > 8 + 1, but 16x2 + 8x+ 1 = (4x+ 1)2 is reducible.

Next, we turn to polynomials whose second leading coefficients are
large in moduli.

Theorem 2.3. Let f(x) = xd + ad−1x
d−1 + · · · + a1x + a0 ∈ Z[x]

with a0 6= 0. Suppose |ad−1| > 1 +
∑d−2

i=0 |ai|. Then f(x) is irreducible
over Q. In addition, if ad−1 > 0, then f(x2) is also irreducible over Q.

Remark 2.4. After having obtained the whole results in this paper,
the author recognized that the irreducibility of f(x) had been proved
by Perron [6]. All the other results in Theorem 2.3 and throughout the
paper seem to be new. Since published in 1907, Perron’s paper has been
cited 7 times according to MathSciNet (https://mathscinet.ams.org).
We include the proof for completeness.

Remark 2.5. As in Theorem 2.1, one also obtains irreducibility for
f̃(x). In the case, |a1| should be large and |a0| be equal to 1.

Proof of Theorem 2.3. On the unit circle in C, the hypothesis implies
that

|ad−1xd−1| = |ad−1| > 1 +
d−2∑
i=0

|ai| ≥ |xd + ad−2x
d−2 + · · ·+ a1x+ a0|.

From Rouché’s theorem it follows that the number of zeros of f(x) inside
the unit circle is equal to that of ad−1x

d−1. That is, the d − 1 zeros of



Irreducibility of polynomials with a large coefficient 655

f(x) lie inside the unit circle, and the only one zero is outside the unit
circle.

For some g(x), h(x) ∈ Z[x], suppose f(x) = g(x)h(x) with deg g = m,
deg h = n, and 0 < m,n < d. We may assume that h(x) has a zero
outside the unit circle. Then all the zeros of g(x) lie inside the unit
circle. Note that g(x) is monic. As before, g(0) is a nonzero integer, and
at once |g(0)| < 1. This is a contradiction.

The only zero of f(x) outside the unit circle should be real. Other-
wise, its complex conjugate is another zero outside the unit circle. Sup-
pose ad−1 > 0. If d is even, then f(−1) < 0 whereas limx→−∞ f(x) =∞.
For an odd d, we have f(−1) > 0 while limx→−∞ f(x) = −∞. In ei-
ther case, f(x) has a negative real zero α1 < −1. Let α2, α3, . . . , αd be
the other zeros. Then f(x2) has zeros ±√α1,±

√
α2, . . . ,±

√
αd. Conse-

quently, only two of them lie outside the unit circle, i.e., | ± √α1| > 1
and | ± √αi| < 1 for i = 2, 3, . . . , d. Suppose f(x2) = g2(x)h2(x) for
some nonconstant polynomials g2(x), h2(x) ∈ Z[x]. If h2(x) has one of
zeros ±√α1, then it also has the other as a zero, because ±√α1 are
complex conjugates to each other. Accordingly, all the zeros of g2(x) lie
inside the unit circle. The claimed contradiction follows.

For the irreducibility of f(x2) in the previous theorem, the positivity
of ad−1 is essential as the next example says.

Example 2.6. If ad−1 < 0 in Theorem 2.3, then the polynomial f(x2)
is not necessarily irreducible over Q. For instance, f(x) = x2 − 3x + 1
is irreducible according to Theorem 2.3, but one finds that

f(x2) = x4 − 3x2 + 1 = (x2 − x− 1)(x2 + x− 1).

Even though ad−1 > 0 in Theorem 2.3, it appears that the polynomial
f(xn) is not necessarily irreducible over Q unless n = 1, 2.

Example 2.7. By Theorem 2.3, a polynomial f(x) = x3 + 11x2 +
3x+ 1 is irreducible, but one derives that

f(x3) = x9+11x6+3x3+1 = (x3+2x2+1)(x6−2x5+4x4+2x3−2x2+1).

Similarly, both g1(x) = x2 + 14x + 1 and g2(x) = x2 + 34x + 1 are
irreducible, but g1(x

4) and g2(x
4) are reducible, and have irreducible

factors as follows:

g1(x
4) = x8+14x4+1 = (x4−2x3+2x2+2x+1)(x4+2x3+2x2−2x+1),

g2(x
4) = x8+34x4+1 = (x4−4x3+8x2−4x+1)(x4+4x3+8x2+4x+1).
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3. Reducible polynomials

This section specifies, via some (counter-)examples, the limitations
of the theorems proved in Section 2. First, the inequalities in Theorem
2.1 cannot be improved as the next theorem and examples say.

Theorem 3.1. Let f(x) = adx
d + ad−1x

d−1 + · · · + a0 ∈ Z[x] with
ad 6= 0 and a0 6= 0. Suppose that one of the following conditions holds:

(i) ad is a prime and ad =
∑d−1

i=0 |ai|,
(ii) a0 is a prime and a0 =

∑d
i=1 |ai|.

If f(xn) has no cyclotomic factor, then f(xn) is irreducible over Q.

Proof. Since each f(xn) also satisfies the corresponding condition on
its coefficients, it suffices to prove it for n = 1. We also prove only the
case of (i).

Let r > 1. For x = reiθ, one has

|ad−1xd−1 + ad−2x
d−2 + · · ·+ a0| ≤ |ad−1|rd−1 + |ad−2|rd−2 + · · ·+ |a0|

≤ rd−1
d−1∑
i=0

|ai| = rd−1ad < |adxd|.

By Rouché’s theorem, all the zeros of f(x) lie in D(0, r). Since r > 1 is

arbitrary, all the zeros of f(x) lie on the closed unit disk D(0, 1). Here,
we have used the completeness of C.

Suppose f(x) = g(x)h(x) for some nonconstant g(x), h(x) ∈ Z[x].
We may assume that g(x) is monic and that h(x) is irreducible. Then
the Mahler measure M(g) of g(x) is equal to 1. Finally, Proposition 1.1
implies that g(x) is a cyclotomic polynomial.

Under the condition of the above theorem, reducible polynomials in-
deed exist.

Example 3.2. Suppose that f(x) fulfills the hypothesis of Theorem
3.1. If f(x) = adx

d − ad−1x
d−1 − · · · − a1x − a0, where ai ≥ 0 for

i = 0, 1, . . . , d, then f(x) has a cyclotomic factor x− 1. Or if

f(x)=

{
adx

d + ad−1x
d−1 − ad−2xd−2 + · · ·+ a1x− a0, when d is even,

adx
d + ad−1x

d−1 − ad−2xd−2 + · · · − a1x+ a0, otherwise,

where ai ≥ 0 for i = 0, 1, . . . , d, then f(x) has a cyclotomic factor x+ 1.

Corollary 3.3. Let f(x) = adx
d+ad−1x

d−1+· · ·+a0 ∈ Z[x] be given
as in Theorem 3.1, and suppose that f(x) satisfies one of (i) and (ii).
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Let {0 ≤ i ≤ d : ai 6= 0} be the set of the indices of nonzero coefficients,
and assume f(1) 6= 0 and f(−1) 6= 0. If f(x) is reducible over Q, then
every element in {0 ≤ i ≤ d : ai 6= 0} is a multiple of some fixed divisor
1 < k < d of d. In particular, if gcd{0 ≤ i ≤ d : ai 6= 0} = 1, then f(x)
is irreducible over Q.

Proof. If f(x) is reducible, then it necessarily has a zero eiθ 6= ±1 on
the unit circle. Consequently, for x = eiθ,

ade
idθ + ad−1e

i(d−1)θ + · · ·+ a0 = 0,

and hence, the inequalities in

|ad−1ei(d−1)θ + ad−2e
i(d−2)θ + · · ·+ a0| ≤ |ad−1|+ |ad−2|+ · · ·+ |a0|

≤
d−1∑
i=0

|ai| = ad ≤ |adeidθ|

are all indeed equalities. Since a0 6= 0, these equalities are possible only
if eilθ is real, i.e., lθ is a multiple of π for every l ∈ {0 ≤ i ≤ d : ai 6= 0}.
In particular, θ = mπ/d for some m ∈ {0, 1, . . . , 2d−1}\{0, d}, because
ad 6= 0 and eiθ 6= ±1. Note that there is 0 < l′ < d in {0 ≤ i ≤ d : ai 6=
0}. Otherwise, if {0 ≤ i ≤ d : ai 6= 0} = {0, d}, then the coefficients of
f(x) are no more coprime. Suppose θ = mπ/d = nπ/k for some positive
n, k ∈ Z with gcd(n, k) = 1. Then 1 < k < d. If gcd(m, d) = 1, then the

fact that eil
′θ is real implies that d divides ml′, and so divides l′, which

is a contradiction.
Now, for every l ∈ {0 ≤ i ≤ d : ai 6= 0}, we find that eilnπ/k is real,

whence k divides l.

The next special case immediately follows.

Corollary 3.4. Suppose that f(x) satisfies all the hypotheses in
Corollary 3.3. If, in addition, the degree d of f(x) is an odd prime, then
f(x) is irreducible over Q.

Example 3.5. Let f(x) = 17x13 + a12x
12 + · · · + a0 ∈ Z[x] with

f(±1) 6= 0. Then f(x) is irreducible over Q as long as
∑12

i=0 |ai| ≤ 17.

The example below verifies both Theorem 3.1 and Corollary 3.3.

Example 3.6. Let f(x) = 5x3 + 4x2 + 1. Then f(x) satisfies the
condition of Theorem 3.1. Noting f(x) = (x+ 1)(5x2 − x+ 1), we find
that f(x2n) is factored into the following polynomials:

f(x2n) = 5x6n + 4x4n + 1 = (x2n + 1)(5x4n − x2n + 1).
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Here, 5x4n − x2n + 1 is irreducible by Theorem 2.1, while x2n + 1 is a
cyclotomic polynomial that is not necessarily irreducible.

Next, we turn to Theorem 2.3. We discuss the case where the equality
holds in Theorem 2.3.

Example 3.7. Let ai be nonnegative integers for i = 0, 1, . . . , d −
1, and suppose ad−1 = 1 +

∑d−2
i=0 ai. Then f(x) = xd − ad−1x

d−1 +

ad−2x
d−2 + ad−3x

d−3 + · · ·+ a0 has a factor x− 1. On the other hand,

f(x) =



xd + ad−1x
d−1

+ ad−2x
d−2 − ad−3xd−3 + · · · − a1x+ a0, when d is even,

xd + ad−1x
d−1

+ ad−2x
d−2 − ad−3xd−3 + · · ·+ a1x− a0, otherwise

has a factor x+ 1.

The next theorem tells us that the above example is the only ex-
ception to the irreducibility when the coefficients satisfy |ad−1| = 1 +∑d−2

i=0 |ai|.

Theorem 3.8. Let f(x) = xd+ad−1x
d−1+ · · ·+a1x+a0 ∈ Z[x] with

a0 6= 0. Suppose |ad−1| = 1 +
∑d−2

i=0 |ai|. If f(1) 6= 0 and f(−1) 6= 0,
then f(x) is irreducible over Q.

Proof. Pick a sequence of complex vectors

bk = (bd−1,k, bd−2,k, . . . , b0,k) ∈ Cd

so that |bd−1,k| > 1 +
∑d−2

i=0 |bi,k| for any k ≥ 1 and

lim
k→∞

bk = (ad−1, ad−2, . . . , a0).

For each k ≥ 1, let us define fk(x) = xd + bd−1,kx
d−1 + · · ·+ b1,kx+ b0,k.

A similar argument as in the proof of Theorem 2.3 shows that, for each
k ≥ 1, d−1 zeros of fk(x) lie inside the unit circle whereas only one zero
is outside the unit circle. Since each zero of a polynomial is a continuous
function of the coefficients (Proposition 1.2), at least d− 1 zeros of f(x)

belong to the closed unit disk D(0, 1).
Suppose f(x) = g(x)h(x) for some nonconstant g(x), h(x) ∈ Z[x].

We may assume that all zeros of g(x) lie on D(0, 1), and thus its Mahler
measure is equal to 1. From Proposition 1.1, it follows that g(x) is a
cyclotomic polynomial, i.e., eiθ 6= ±1 is a zero of f(x) for some θ ∈ R:

eidθ + ad−1e
i(d−1)θ + · · ·+ a1e

iθ + a0 = 0.
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But the equality |ad−1| = 1 +
∑d−2

i=0 |ai| leads us to find that eilθ is a real

numbers whenever the coefficient of xl in f(x) is nonzero. In particular,

both eidθ and ei(d−1)θ should be real. Therefore, one has θ = mπ/d =
nπ/(d− 1) for some m,n ∈ Z, which is followed by dn = (d− 1)m. So,
d divides m, or equivalently, eiθ = ±1, which is a contradiction.
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